






'i^^







c'C yt. J/. . ;



CAMBRIDGE :

PRINTED BY W. METCALFE AND SON, TRINITY STREET AND ROSE CRESCENT.



LESSONS

INTRODUCTORY TO THE

MODERN HIGHER ALGEBRA.

a

BY

GiEORGE SALMON, D.D.,
REGIUS PROFESSOR OP DIVINITY IN THE UNIVERSITY OF DUBLIN.

OFTH.

UNIVERSi
OF

FOURTH EDITION,

HODGES, FIGGIS, AND CO., GEAFTON STEEET,
BOOKSELLERS TO THE UmVEESITY.

1885e



S3



TO

A. CAYLET, ESQ., AND J. J. SYLVESTEE, ESQ.,

I BEG TO INSCRIBE

THIS ATTEMPT TO RENDER SOME OP THEIR DISCOVERIES BETTER KNOWN,

OF

THE OBLIGATIONS I AM UNDER, NOT ONLY TO THEIR PUBLISHED WRITINGS^

BUT ALSO

TO THEIR INSTRUCTIVE CORRESPONDENCE.

1G5039





PEEFACE.

The pressure of other engagements having

prevented me from taking any part in the pre-

paration of this new edition of my Higher Algebra^

I have to express my obligations to the good offices

of my friend Mr. Cathcart in revising the work

and superintending its progress through the press.

A comparison of the number of pages will show

that he has made several additions to the Contents

of the last edition. These will chiefly be found

in ^^Applications to binary quantics,'' which aro

now divided into Lessons xvii., xviii.

GEO. SALMON.
Trinity College, Dublin,

May, 1885.





CONTENTS.

LESSON I.

DETERMINANTS.—PRBLIMINART ILLUSTRATIONS AND DEFINITIONS.
PAOK

Rule of signs .....•• ^

Sylvester's umbral notation . . . . • ^

LESSON n.

REDUCTION AND CALCULATION OF DETERMINANTS.

Minors [called by Jacobi partial determinants] . . .10
Examples of reduction . . ... . • 1^

Product of differences of n quantities expressed as a determinant . 14

Reduction of bordered Hessians . . . • 1"''

Continuants ....... 1^

LESSON III.

MULTIPLICATION OF DETERMINANTS.

The theorem stated as one of linear transformation . . ,21
Extension of the theorem . . . . . .22
Examples of multiplication of determinants ... 23

Product of squares of differences of n quantities . . .23
Radius of sphere circumscribing a tetrahedron . . 26

Relation connecting mutual distances of points on a circle or sphere . 26

Of five points in space .... 27

Sylvester's proof that equation of secular inequahties has all roots real . 28

LESSON IV.

MINOR AND RECIPROCAL DETERMINANTS.

Relations connecting products of determinants ... 29

Solution of a system of linear equations . . . .29
Reciprocal systems ...... 30

Minors of reciprocal system expressed in terms of those of the original . 30

Minors of a determinant which vanishes .... 82

Forms for expanding a determinant of the fourth order . . 32

LESSON V.

SYMMETRICAL AND SKEW SYMMETRICAL DETERMINANTS.

Differentials of a determinant with respect to its constituents . . 34

If a symmetric determinant vanishes, the same bordered is a perfect square 37

Skew symmetric determinants of odd degree vanish . . .37
Of even degree are perfect squares .... 38

Nature of the square root [see Jacobi, Cf-elle, ii. 354; xxix. 236] 39

Orthogonal substitutions . . . . . .41
Number of terms in a symmetrical determinant ... 45



X CONTENTS.

LESSON VI.

DISCRIMINATING SYMMETRICAL DETERMINANTS.

New proof that equation of secular inequalities has all its roots real

Sylvester's expressions for Sturm's functions in terms of the roots

Borchardt's proof .....
PAOR

48

49

64

LESSON yn.

SYMMETRIC FUNCTIONS.

Newton's formulas for sums of powers of roots

Improvement of this process , ,

Determinant expression for sums of powers
Rules for weight and order of a symmetric function .

Formula for sum of powers of differences of roots

Differential equation of functions of differences

Symmetric functions of homogeneous equations
Differential equation when binomial coefficients are used

Serret's notation

57

57

57

68

60

61

62

64

65

LESSON vin.

ORDER AND WEIGHT OP ELIMINANTS

Eliminants defined .....
Elimination by symmetric functions

Order and weight of resultant of two equations

Symmetric functions of common values for a system of two equations

Extension of principles to any number of equations .

66

67

69

72

75

LESSON IX.

EXPRESSION OP ELIMINANTS AS DETERMINANTS.

Elimination by process for greatest common measure . . , 76

Euler's method . . . . . . 77

Conditions that two equations should have two common factors . . 78

Sylvester's dialytic method . . . . . 79

Bezout's method . . , . . . .81
Cayley'B statement of it , , . . . . 83

Jacobians defined . . . . . . .84
Jacobian and derived equations satisfied by common system which satisfies

equations of same degree ..... 8i

Expression by determinants, in particular cases, of resultant of three equations 85

Cayley's method of expressing resultants as quotients of determinants . 87

LESSON X.

DETERMINATION OP COMMON ROOTS.

Expression of roots common to a system of equations by the differentials of

the resultant . . . . . ,
• 91

Equations connecting these differentials when the resultant vanishes . 91

Expressions by the minors of Bezout's matrix ... 93

General expression for differentials of resultant with respect to any quantities

entering into the equations . . . . ,96
General conditions that a system may have two common roots . 97



CONTENTS. XI

LESSON XL

DISCRIMINANTS.

Order and weight of discriminants

Discriminant expressed in terms of the roots

Discriminant of product of two or more functions

Discriminant is of form ao(p + a^y^r

Formation of discriminants by the differential equation

Method of finding the equal roots when the discriminant vanishes

Extension to any number of variables

Discriminant of a quadratic function

101

101

102

103

104

106

107

LESSON XII.

LINEAR TRANSFORMATIONS.

Invariance of discriminants

Number of independent invariants....
Invariants of systems of quantics

Covariants ......
Every invariant of a covariant is an invariant of the original

Invariants of emanants are covariants

Contravariants .....
Differential symbols are contragredient to variables

a;^ + y^ + &c. absolutely unaltered by transformation

Mixed concomitants . . . .

Evectants . . ...
Evectant of discriminant of a quantic whose discriminant vanishes

108

110

112

114

114

116

117, 120

119

120

121

122

123

LESSON XIII.

FORMATION OF INVARIANTS AND COVARIANTS.

Method by symmetric functions . .

Concomitants which vanish when two or more roots are equal

Method of mutual differentiation of covariants and contravariants .

Differential coefficients substituted for the variables in a contravariant give

covariants ......
For binary quantics, covariants and contravariants not essentially distinct

Invariants and covariants of second order in coefficients

Cubinvariant of a quartic .....
Every quantic of odd degree has an invariant of the 4** order .

Cubicovariant of cubic .....
Method of the differential equation ....
Weight of an invariant of given order

Binary quantics of odd degree cannot have invariants of odd order

Coefficients of covariants determined by the differential equation

Skew invariants ......
Investigation of number of independent invariants by the differential equation
Source of product of two covariants is product of their sources

Cayley's definition of covariants .....
Extension to any number of variables . . . .

124

125

126

127

127

129

129

129

130

130

130

130

131

131

132

134

135

136



xu CONTENTS.

LESSON XIV.

SYMBOLICAL REPRESENTATION OF CONCOMITANTS.

MetHod of formation by derivative symbols
Order of derivative in coeflB.cients and in the variables

Table of invariants of the third order

Hermite's law of reciprocity ....
Derivative symbols for ternary quantic8

Symbols for evectants . . , , .

Method of Aronhold and Clebsoh

PAOB
137

140

141

142

144

146

147

LESSON XV.

CANONICAL FORMS.

Generality of a form examined by its number of constants . . 150

Eeduction of a quadratic function to a sum of squares . . 161

Principle that the number of negative squares is unaffected by real substitution 151

Reduction of cubic to its canonical form . . . .152
Discriminant of a cubic and of its Hessian differ only in sign . 153

General reduction of quantic of odd degree .... 153

Methods of forming canonizant . . . . .154, 155

Condition that a quantic of order 2re be reducible to a sum of n, IvP* powers . 156

Canonical forms for quantics of even order . . . 157

Canonical forms for sextic and octavic .... 159

Eor ternary and quaternary cubics . . . 160

LESSON XVI.

SYSTEMS OF QUANTICS.

Combinants defined, differential equation satisfied by them

Number of double points in an involution

Geometrical interpretation of Jacobian

Factor common to two quantics is square factor in Jacobian

Order of condition that u + hv may have cubic factor

Nature of discriminant of Jacobian

Discriminant of discriminant of m + hv

Proof that resultant is a combinant

Discriminant with respect to x, y, of a function of «, v

Discriminant of discriminant of m+ hv for ternary quantics

Tact-invariant of two curves

Tact-invariant of complex curves

Osculants ....
Covariants of a binary system connected with those of a ternary

161

162

162

162

163

164

165

166

167

169

169

170

171

172

LESSON XVII.

APPLICATIONS TO BINARY QUANTICS.

Invariants when said to be distinct

Number of independent covariants

Cayley's method of forming a cou-plete system

The quadric ....
Resultant of two quadrics ....

176

175

177

178

180



CONTENTS. Xlll

System of three or more qtjadrics

Extension to quantics in general of theorems concerning quadrics

The cubic ......
Geometric meaning of covariant cubic

Square of this cubic expressed in terms of the other covariants

Solution of cubic .....
System or cubic and quadrio
Geometrical illustrations ....
The quartio......
Catalecticants .....
Discriminant of a quartic ....
Relation of covariants of cubic derived from that of invariants of a quartic

Sextic covariant geometrical meaning of .

Eelations connecting quadratic factors of .

Reduction of quartic to its canonical form

Relation connecting covariants of quartic , , ,

Symmetrical solution of quartic ....
Criteria for real and imaginary roots ....
The quartic can be brought to its canonical form by real substitutions

Conditions that a quartic should have two square factors

Cayley's proof that the system of invariants and covariants is complete

Application of Bumside's method ....
Covariants of system of quartic and its Hessian

Hessian of Hessian of any quantic ....
System of quadrio and quartio
System op two cubics .....
Resultant of the system ....
Condition that m + Xu may be a perfect cube

Mode of dealing with equations which contain a superfluous variable

Jacobian and simplest linear covariants

Any two cubics may be regarded as differential coefficients of same quartic

Invariants of invariants of u+Xv are combinants

Process of obtaining concomitant of system from concomitant of single quantic

Complete list of covariants of system
Plane geometrical illustration of system of two cubics

System of pour cubics

Illustration of twisted cubics , . ,

System op quartic and cubic .

System op two quartics
Their resultant ....
Condition that u + \v should be perfect square
Condition that u + Xv should have cubic factor

Special form when both quartics are sums of two fourth powers
Three quadrics derived functions of a single quartic .

Three quadrics quadric covariants of two cubics

PAOB
181

182

183

184

186, 192

186

187, 225

189

189

190

190

191

193

194

194

195

196

197

197

198

199

200

201

202

202, 267

204

205

205

207

209

210

211

212

213

214

215

216

226

219

220

220

221

223

224

225

218,

LESSON xvm.
applications to higher binary quantics.

Thequintic ......
Canonical form of quintic ....
Condition that two quartics be first differentials of the same quintic

227

227

228



XIV CONTENTS,

Discriminant of quintic ....
Fundamental invariants of quintic

Conditions for two pairs of equal roots

All invariants of a quantic vanish if more than half its roots be all equal

Hermite's canonical form ....
Hermite's skew invariant

Its geometrical meaning ....
Covariants of quintic for canonical form

Cayley's arrangement of these forms

Cayley's canonical form

Sign of discriminant of any quantic determines whether it has an odd or

number of pairs of imaginary roots

Criteria furnished by Sturm's theorem for a quintic

If roots all real, canonizant has imaginary factors

Invariant expression of criteria for real roots

Sylvester's criteria .....
Conditions involving variation within certain limits of a constant

Cayley's modification of Sylvester's method

Hermite's forme-type ....
The Tschimhausen transformation

Modified by Hermite and Cayley

Apphed to quartic .....
Apphed to quintic ....
Sextic resolvent of a quintic . ,

Harley's and Cockle's resolvent

Expression of invariants in terms of roots

The sextic—its invariants and simplest covariants

Conditions for cubic factor or for two square factors

The discriminant ....
Simplest quartic covariant ....
Quadric covariants ....
The skew invariant expressed in terms of other invariants

Functions likely to afford criteria for real roots

System of two quartics ....
Jacobian identified with any sextic by means of a quintic

Functional determinant of three quartics . ,

Can be similarly identified . , ,

New canonical forms of sextic by Brill

Also by Stephanos ....
Factors of discriminant of Jacobian

Sextic covariant of third order in coefficients

Canonical form referred to ternary system
Condition for sextic to be sextic-covariant of quartic

to be Hessian of quintic

LESSON XIX.

ON THE ORDER OP RESTRICTED SYSTEMS OF EQUATIONS.

Order and weight of systems defined .... 284

Eestricted systems .....•• 285

Determinant systems, k rows, k + \ columns . . • 287

Order and weight of conditions that two equations have two common roots . 291



CONTENTS. XV
PAOR

System of conditions that three equations should have a common root . 293

Systems of conditions that equation have cubic factor or double square factor 294

Intersection of quantics having common curves.... 295

Case of distinct common curves ..... 297

Number of quadrics passing through five points and touching four planes . 298

Eank of curve represented by a system of k rows, ^ + 1 columns . 299

System of conditions that two equations should have three common roots . 300

System of quantics having a surface common . . . 301

Having common surface and curve . . . .303
Having common two surfaces .... 305

System of conditions that three ternary quantics have two common points 306, 309

Eule when the constants in systems of equations are connected by relations 307

Number of curve triplets having two common points . . 310

Mr. S. Eoberts' method . . , , . . 3ia

LESSON XX.

APPLICATIONS OF SYMBOLICAL METHODS.

Sjnnbolical expression for invariant or covariant

Clebsch's proof that every covariant can be so expressed

Formulae of transformation ....
Eeduction to standard forms . . ,

Transvection ......
Symbohcal expression for derivative of derivative

Forms of any order obtained by transvection from forms of lower order

Gordan and Clebsch's proof that the number of irreducible covariants is finite

Every invariant symbol has {ab)P as a factor, where p is at least half n .

Symbolical expression for resultant of quadratic and any equation

Investigation of equation of inflexional tangents to cubic . ,

Application of symbolical forms to theory of double tangents to plane curves

Typical exposition of an even binary quantic

of a quantic of order 3p , . ,

NOTES.

History of determinants .

Commutants

On rational functional determinants

Hessians

Symmetric functions

EHmination

Discriminants

Bezoutiants

Linear transformations

Canonical forms

Combinants

Applications to binary quantics

Table of transvectants

M. Eoberts' table of sums of powers of differences

Table of resultants

Hirsch and Cayley's tables of symmetric functions

Index ....

314

315

316

31»

320

321

323

324

326

326

330

333

335

337

338

339

340

341

342

342

342

343

343

345

34S

345

346

347

348

350

357



Errata.

PAOB

40, line 1 after first determinant, insert "
conjugate

"
before

"
imaginary."

63, Art. 62 line 4, and p. 64 line 2, writeybr X, Xy : also in third linefoUowingybr X, \x,

135, last sentence of Art. 148^ interchange
*' order in the coefl&cients"

with "
degree in the variables."

189, line 4 from end of Art. 153, read "coefficient ".

196, line 12, add after " thus " " the squares of the factors of U are the values of
"

: also

in Ex. 3 and p. 201 Ex. 2 read *' the squares of the factors."

215, line 5, after K^ put a semicolon.

226, Ex. 10, for Art. " 216" read " 2195."

236, line 10 from bottom, add " of T and U."

243, line 2 begins, ''h<p' (a) + £x|^ (a)."

247, Hne 2, read "+ i JD.", as on p. 260.

269, Add as footnote to Art. 260, on E as given in the second Edition,
" where the following corrections should be made

p. 259, col. 3 line 6, coefficient - 96 should be + 24,

p. 265 „ 3 „ 13, „
- 360 „ „ + 20800."

279, Ex. 3, at end add " of Art. 266."

279, Ex. 4, the third determinant form for^ should have - before it,

280, Ex. 5, Hne 2, read "(Art. 257)."

300, Art. 285, lines 1 and 8,/or "the last article" read "Art. 272."
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LESSONS ON HIGHER ALGEBEA.

LESSON I.

DETERMINANTS.—PRELIMINARY ILLUSTRATIONS.

1. If we are given n homogeneous equations of the first

degree between n variables, we can eliminate the variables, and

obtain a result involving the coefficients only, which is called the

determinant of those equations. \ We shall, in what follows,

give rules for the formation of these determinants, and shall

state some of their principal properties ;
but we think that the

general theory will be better understood if we first give

illustrations of its application to the simplest examples.

Let us commence, then, with two equations between two

variables ^-

Adding the first equation multiplied by h^ to the second

multiplied by -
5^,

we get afi^
—
ap^ = 0, the left-hand member

of which is the determinant required. The ordinary notation

for this determinant is

%i \
We shall, however, often, for brevity, write [ap^ to express

this determinant, leaving the reader to supply the term with

the negative sign ;
and in this notation it is obvious that

(a^JJ
=

-i- (a^^J. The coefficients a^ h^^ &c., which enter into

the expression of a determinant, are called the constituents of

that determinant, and the products ap^^ &c., are called the

elements of the determinant.
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: .'DETERMINANTS.

/"^ ^^/ It (;s.n[b^ verified at once that we should have obtained

the same result if we had eliminated the variables between

the equations

a^ + a^ = Oj h^x + Z>.^
= 0.

In other words

«2^ K
«1) «2

or the value of the determinant is not altered if we write the

horizontal rows vertically, and vice versa.

3. If we* are given two homogeneous equations between

three variables,

a^x + a^y + a^z
=

0, \x + h^y + \z = 0]

these equations are sufficient to determine the mutual ratios of

flj, y, z. Thus, by eliminating y and x alternately, we can

express x and y in terms of z, when we find

(«,^J ^ = («A) ^1 i^A) y = («^3^) ^•

In other words, a;, 2/,
z are proportional respectively to [a}>^^

(agS,), (ajSg). 'Substituting these values in the original equations,

we obtain the identical relations

«, (^.^s) + % K^) + «3 («,^J
=

0. ^ Ws) + ^« («3^) + ^3 («x^J =0 ;

relations which are verified at once by writing
' them at full

length, as for instance

The notation
K M-K

{where the number of columns is greater than the number of

rows) is used to express the three determinants which can be

obtained by suppressing in turn each one of the columns, viz.

the three determinants of which we have been speaking, {ajbjj

4. Let us now proceed to a system of three equations

a^x + h^y + c^z
=

0, a,^x + \y + c^z
=

0,
•

a^x + b^y + c^z
= 0.

Then, if we*'multiply the first by [ajh^), the second by {ajb^), the

third by (^,^2), and add, the coefficients of x and y will vanish
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in virtue of the identical relations of Art. 3, and the deter-

minant required is

c,(a,y + c,(a3&J+C3(aA);

or, writing at* full length,

It may also be written in either of the forms

This determinant is expressed by the notation

though we shall often use for it the abbreviation [afi^f^.

It is useful to observe that

(^.^s^J
= K^.A)) but [afi^c^)

= -
(a^J^cJ.

For, by analogy of notation,

(«2Vi)
=

«2 (^s<^i) + ^sl^i^a) + «i (Va)) which is the same as [a^\c^,

while

(<^i^3^2) =^1 (^^2) + «3 (^a^'i) + ^aC^i^^s)) which is the same as -
(a^SjCg).

5. We should have obtained the same result of elimination

if we had eliminated between the three equations
'

a^x + a,^ + a^z
=

0, \x + h^ + \z = 0,; c^x + c,?/ + c^z
= 0.

For if, proceeding on the same system as before, we multiply the

first equation by (^./g),
tke second by [c^a^^ and the third by

(a^Jg),
and add, then the coefficients of y and z vanish, and the

determinant is obtained in the form

which, expanded, is found to be identical with [afi^c^. Hence

«17 K ^t



DETERMINANTS.

6. Using the notation

^O ^2^ ^3^ *4

to denote the system of determinants obtained by omitting i»

turn each one of the columns, these four determinants are

connected by the relations

«1 («2^3^4)
- % («3Vl) + «3 («A^?)

-
«4 ["^M = %

K i^A^,)
- K («3Vt) + K («4^«J

- h («i^2^3)
=

o»

^1 (^2^4)
-

^2 (^3^1) + ^3 («4^1^2)
-

^4 («1^^3)
= ^•

These relations may be either verified by actual expansion of the

determinants, or else may be proved by a method analogous to

that used in Art. 3. Take the three equations

a^x + a^y + a^z + a^w = 0,

b^x + h^ + h^z 4- h^ = 0,

c^x + c^y 4 c^z + c^w
= 0.

Then (as in Art. 5) we can eliminate y and z by multiplying

the equations by (^gCg), (c^ag), (fl'g^g), respectively, and adding,

when we find
(^^j^^^j ^ _^ («^j^^j ^ = 0.

In like manner, multiplying by (^gCj, (CgaJ, («3^J respectively,

we get («A^J2^ + («AO^-^ = 0-

And in like manner,

(flg^^cj
z + (a,5^cj i^ = 0.

Now, attending to the remarks about signs (Art. 4), these

equations are equivalent to

{aj)^c^) a; = - (a.JgCj w, [afi^c^ y = {aj)^c^ w^ [afi^f^]
^ =-

{aj}^c,)w^

or
07, ^, 2;,

w are respectively proportional to (ojb^c^),
—

[aT)^c^\ ^

['^J^f^i
"

i'^iK'^a) J substituting which values in the original

equations we obtain the identities already written.

7. If now we have to eliminate between the four equations
'

a^x + h^y + Cj2 + d^w = 0,

a^x + h^ + c^z + d^w
=

0,

r/^
r + ^^?y + r^z + o^^w

=
0,



SIGN OF AN ELEMENT. 5

we Lave only to multiply the first by {a^fi^cj^ the second by
-
(agVJj the third by {aj)^c^)^ the fourth by - [afi^c^)^ and add,

when the coefficients of
ic, y, z vanish identically, and the

determinant is found to be

or, writing it at full length, and altering all signs,

«,^M - ^A¥, + «2^3^1<
-

«2^1^3^4 + «3^t^.A
-
«3Vl^4

+ «3Vl^2
-

^3^.^4^2 + «4^1^3^2
"

«4^3Cl^2 + ^A^A " «1Va^.

+ aA^3^1
-

«2^4^1 + «4^3^.A
-

«4^2-^3^i + ^3^4^ - «3V'A •

8. There is no difficulty in extending to any number of equa-

tions the process here employed ;
and the reader will observe

that the general expression for a determinant is 2 ± ap,p^d^ &c.,

where each product must include all the varieties of the n letters

and of the n suffixes, without repetition or omission, and the

determinant contains all the 1.2.3...W such products which

can be formed. With regard to the sign to be affixed to each

element of the determinant, the following is the rule : We give
the sign + to the term cip.f^d^ &c., obtained by reading the

determinant from the left-hand top to the right-hand bottom

corner
;

and then "
the sign + or — is affixed to each other

product according as it is derived from this leading term hy an

even or odd number of permutations of suffixes.'''^ Thus, in the

last example, the second term afip^d^ differs from the first

only by a permutation of the suffixes of h and c; it therefore

has an opposite sign. The third term, apf^d^^ differs from

the second by a permutation of the suffixes of a and c; it

therefore has an opposite sign to the second, but it has the

same sign with the first term, since it can be derived from it by
twice permuting suffixes.

Ex. In the determinant {aih^^d^e^, what sign is to be prefixed to the element

From the first term, permuting the suffixes of a and c, we get a.^.f-^d^e^., the first

constituent of which is the same as that in the given term
j
next permuting the

suffixes of h and e, we get ajy^c^d^e^^ Avhich has two constituents the same as the

. given term
j next, permuting c and e, we get a^^c^d^e^^ ; lastly, permuting d and e, we

get the given term ajj^c^d^e^. Since, then, there has been an even number (four) of

permutations, the sign of the term is +. In fact, the signs of the series of terms are

aJ)^c^d^er,
—

a^li^c^d^e^ + Oih^Cyd^e^
—

o^b.^c^diei + o^h^c.^d^e^.
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The rule of signs may otherwise be presented thus: we
take for each suffix so often as it comes after a superior suffix

the sign
—

,
and compound these into a single sign + or —

.

Thus comparing the elements aj^f^d^e^^ afif^d^e^^ it will be

seen that the suffix 1 which came first in the former element,

is in the latter preceded by three constituents
;
that the suffix 2

is preceded by two which came after it before, and the suffix 4

by one. The total number of displacements is therefore six,

and this being an even number, the sign of the term is positive.

Thus the rule
is,

that the sign of the term is positive when

the total number of displacements, as compared with the order

in the leading term, is even, and vice versa. The same result*

will be obtained
if, writing the suffixes always in the order

1, 2, 3, &c., we permute the letters, giving to each arrange-
ment of the letters its proper sign + or —

according to the

rule of signs. Thus the determinant of Art. 7 might be written

9. A cyclic interchange of suffixes alters the sign when the

number of factors in the product is everij but not so when the

number offactors is odd. Thus aJ)^^ being got from afi^ by one

interchange of suffixes, has a different sign ;
but ajb^c^

has the

same sign with a^b^c^^ from which it is derived by a double

permutation. For, changing the suffixes of a and
Z>, a^b^c^

becomes
a,J)^c^^

and changing the suffixes of b and c, this again

becomes aj)^c^. In like manner ci}>fA ^^^ ^^ opposite sign

to afi^c^d^^ being derived from it by a triple permutation, viz.

through the steps aj)^c^d^^ a}ff^d^^ apf^d^.

This rule enables us easily to write down the terras of a

determinant with their proper signs, by taking the cyclic

permutations of each arrangement. Thus, for three rows the

arrangements of suffixes are evidently + 123, + 231, -f 312, and

— 213,-132,-321. For four rows the arrangements are

+ 1234 - 2341 + 3412 - 4123
;
- 1243 + 2431 - 4312 + 3124

;

- 1324 + 3241 - 2413 + 4132
; -f 1423 - 4231 + 2314 - 3142.

10. We are now in a position to replace our former definition

of a determinant by another, which "we make the foundation
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of the subsequent theory. In fact, since a determinant is

only a function of its constituents a^, &j, c^, &c., and does not

contain the variables x, y, 0, &c., it is obviously preferable to

give a definition which does not introduce any mention of

equations between these quantities a?, y^ z.

*Let there be n^ quantities arrayed in a square of n columns

and n rows, then the sum with proper signs (as explained, Art. 8)

of all possible products of n constituents, one constituent being

taken from each column and each row, is called the determinant

of these quantities, and is said to be of the n*^ order. Con-

stituents are said to be conjugate to each other, when the

place which either occupies in the horizontal rows is the same as

that which the other occupies in the vertical columns. A deter-

minant is said to be symmetrical when the conjugate constituents

are equal to each other
;

for example.

a,
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LESSON 11.

REDUCTION AND CALCITLATION OF DETERMINANTS.

12. We have in the last Lesson given the rule for the forma-

tion of determinants, and exemplified some of their properties in

particular cases. We shall in this Lesson prove these pro-

perties in general, together with some others, which are most

frequently used in the reduction and calculation of determinants.

The value of a determinant is not altered if the vertical

columns he written horizontally^ and vice versa (see Arts. 2, 5).

This follows immediately from the law of formation (Art. 10),

which is perfectly symmetrical with respect to the columns and

rows. One of the principal advantages of the notation with

double suffixes is that it exhibits most distinctly the symmetry
which exists between the horizontal and vertical lines.

13. If any two rows [or two columns) he interchanged^ the sign

of the determinant is altered.

For the effect of the change is evidently a single permutation

of two of the letters (or of two of the suffixes), which by the

law of formation causes a change of sign.*

14. If two rows [or if two columns) he identical, the deter-

minant vanishes.

For these two rows being interchanged, we ought (Art. 1 3)

to have a change of sign, but the interchange of two identical

lines can produce no change in the value of the determinant.

* It may be remarked that a determinant is a function which is determined

(except for a common factor) by the properties that it is linear in respect of the

constituents of each row and of each column, and that it merely changes sign if two

rows or columns be interchanged. Thus for two rows, the most general lineo-linear

function of the rows and columns is

and the condition that it is to change sign when we interchange a^ and 5j, a^ and d^y

gives A = D =
{)^
B + C= 0. The function is therefore C {a^b^

—
a^b^), and if we

agree that the coefficient of afi.^^ is to be unity, the function is aj)^
—

a^b^ as before.

C
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Its value, then, does not alter when its sign is changed ;
that is

to say, it Is = 0.

This theorem also follows immediately from the definition of

a determinant, as the result of elimination between n linear

equations. For that elimination is performed by solving for the

variables from w — 1 of the equations, and substituting the values

so found in the n^. But if this n^ equation be the same as one

of the others, it must vanish identically when these values are

substituted in it.

15. // every constituent in any row [or in any column) he

multiplied hy the same factorj
then the determinant is multiplied

hy that factor.

This follows at once from the fact that every term in the

expansion of the determinant contains, as a factor, one, and but

one, constituent belonging to the same row or to the same column.

Thus, for example, since every element of the determinant

«1J
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column may be called first minors
;
those formed by erasing two

rows and two columns, second minors, and so on.

We have, In the last article, observed that if the constituents

of one column of a determinant be a^, a^^ ^3, &c., the deter-

minant may be written in the form a^A^ + a^A^ + a^A^ + &c.

And it is evident that A^ is the minor obtained by erasing the

line and column which contain Gj, &c. For every element of

the determinant which contains a^ can contain no other con-

stituent from the column a or the line (1); and a^ must be

multiplied by all possible combinations of products of w — 1

constituents, taken one from each of the other rows and

columns. But the aggregate of these form the minor A^,

Compare Art. 7. In like manner the determinant may be

written a^A^ + hfi^-\- c^O^-^ &c., where
J5,

is the minor formed

by erasing the row and column which contain
h^.

17. If all the constituents hut one vanish in any row or column

of a determinant of the n^^ order
^

its calculation is reduced to the

calculation of a determinant of the n — V-^ order. For, evidently,

if ^2) ^8> &c., all vanish, the determinant a^A^ + a^A^ + &c.,

reduces to the single term a^A^ ;
and A^ is a determinant having

one row and one column less than the given determinant.

Conversely, a determinant of the n — 1*^ order may be written

as one of the n^^ or higher order. Thus

&c.
h , c
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Thus we have

«17
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Thus

Arc,, c,, C3

But the last two determinants vanish (Cor., Art. 15).

21. A determinant is not altered if we add to each constituent

of any row or column the corresponding constituents of any of the

other rows or columns multiplied respectively hy constant factors.

Thus

c^+hc^-^lc^, c,, c.

K K K
ka^-¥la^, a„ a,

Jcb^ 4 lb,, h,, b.

9, 13, 17,
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N.B.—It is in all cases possible to make all actual constituents in any row of the

same value—by multiplying each and the terms in its column by the product of the

others. In this way a determinant can, as in this example, be reduced to one of

lower order, and this process is generally the best for numerical calculation.

Ex. 2. The calculation of the following is necessary (Surfaces, Art. 234) :

5,

10,

11,

0.

10,

11,

12,

4,

11,

12,

11,

2,

10

6,
-

2, 1

32, 7, 1

1. 1, 8

4

2

-6

10

5,
-

10,

32, -35,

11, 12,

1, 5,

5,
-

2, 1

27, 9,

-
39, 17,

11,

34,

11, 2

3,

90

= -2

3, 1

39. 17

5,

32,

1.

10, 11

35, 34

5, 3

= 90 (51 + 39) = 8100.

The first transformation is made by subtracting double the third row from the second,

and adding the sum of the second and third to the fourth. In the next step it will

be observed, that since the sign of the term a^h^c^d^ is opposite to that of a^b^c^di,

when C4 is the only constituent of the last column which does not vanish, the deter-

minant becomes — C4 [a^h^d^. In the next step, we add the second and third columns,
we take out the factor 5 common to the second column, and the sign

— common to

the second row. We then subtract the first row from the second, and eight times

the first row from the last, and the remainder is obvious.

Ex.3.

Ex.4.

7,
-

2, 0, 6

2, 6,
-

2, 2

0,
-

2, 6, 3

6, 2, 3, 4

25,
-

15, 23,
- 5

-
15,

-
10, 19, 5

23, 19,
-

15, 9

-
5, 5, 9,-5

= - 972 {Surfaces, Art. 225).

194100 (Surfaces, Art. 234).

Ex. 6. Given n quantities a, (3, y, &c., to find the value of

1, 1, 1, 1, &c.

a, (3, y, ^, <fec.

02, /S2, y2, 52, &c.

/3n- "S 5»-» &c.

It is evident (Art. 14) that this determinant would vanish if a = p, therefore a — /3

is a factor in it. In like manner so is every other difference between any two of the

quantities o, /3, &c. The determinant is therefore

=
(/3
-

a) (y
-

a) (S
-

a)...(y
-

ft) (S
-

fi)...(S
-

y)...&C.

For the determinant is either equal to this product or to the product multiplied by
some factor. But there can be no factor containing a, /3, (fee, since the product con-

tains a"-*, /3"-i, &c.
;
and the determinant can contain no higher power of a, /?, <fec. ;

and by comparing the coefficients of a"-' it will be seen that the determinant contains

no numerical factor. This example may also be treated in the same way ad the

next example.
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Ex. 6. To calculate 1, 1, 1, 1

a, /3, 7, d

a', /32, y^, 6^

a*, ^, y*, ^*

Subtract the last column from each of the first three and the determinant becomes

divisible by (5
-

a) {d
—

/3) (5
—

y), the quotient being

1, 1, 1

a + S, /3 + a, y + S

a» + a^a + 0^2 + ^s, /33 + /323 + /952 + a', y^ + y^6 + y6^ + 6^

Subtract again the last column from the two preceding and the determinant is seen

to be divisible by (a
—

y) {fi
—

y), and its value is thus at once found to be

{a-6)(^-S){y-d)(ia-y){p-y){a-P){a + p + y + 6)*

Ex. 7. In the solution of a geometrical problem it became necessary to determine

X from the equation

(a + \)' {b + xy, (c + \)'

{2a + \y, (2b + \y, {2c + xy =o.

Subtract the first row from the second, and divide by \
;
subtract 8 times the first

row from the last and divide by \
;

then subtract the second row from the third

and divide by 3
; and, lastly, subtract this last row from the second and divide by \,

when the determinant becomes

b* c^

2a + A, 2* + A, 2c + \

3o2 + a\, 3b^ + b\, 3c« + c\ = 0.

Again, subtract the first column from the second and third, and divide by b — a,

c — a; then subtract the second from the third, and divide hj c — b; and then from

the first column subtract a times the second and add ab times the last
j
and from

the second column take (a + b) times the last, and we have finally

abc,
—

{ab -\-bc + ca), a + b + c

\, 2

0, X, 3

which reduced is

(a + 6 + c) X' + 3 {ab + bc + ca)\ + 6abc - 0.

Ex.8. {b + cy,

b\

a
>

{c + ay

Cy {a + by - 2abc {a + b + c)'.

Ex. 9. 1, 1,

sin a, sin/3,

cos a, cosjS,

1

siny

cosy 4 sin |(a - ;3) sin ^ (^
-

y) sin ^ (a
—

y).

* On the general theory of which this and the preceding example fdrm part, see

note at end on Eational Functional Determinants.
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Similarly, by Ex. 5,

sin^a, Bin'a cos a, sin a cos^a, cos'a,

sin^/S, sin^jS^cos /Si,
sin /? cos^^, cos^/S,

sin^y, sin^ycosy, sinycos^y, cos'y,

sin35, sin^^ cos 6, sin d coa'^S, cos^^,

sin (a
-

/3) sin (a
-

y) sin (a
-

5) sin (/3
-

y) sin QS
-

^) sin (y
-

S).

Ex. 10.

Ex. 11.

cos (a
—

^), cos f/3
—

y), cos (y
—

a)

cos (a + /3), cos (/3 + y), cos (y + a)

sin (a + /3), sin (^ + y), sin (y + a) = 2 sin (a
—

/8) sin (/3
- y) sin (a

- y ) .

Bin a, cos a, sm a COS a

sin /3, COS /?, sin
/S" cosp

siny, cosy, siny cosy

= 2 sin i
(/3
-

y) sinHr -
«) sin H« -

P) (sin (a + /3) + sin (jS + y) + sin (y + a)}.

This follows at once from the identities

(a'b" + a"V + a"h + ah" + aJ' + a'h)

a'b" + a"6' — 2a&, a, J

a"6 + ab" —
2a'b', a', h'

ab' + a'b — 1a"b" a", b"

1, a'2, 6'2

1, a"2, 6"2
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Ex. 14. Prove 0, 1, 1, 1

1, 0, 0S y'

1, «^ 0, a;2

1, y\ x\

0, a?, y, z

X, 0, z, y

y, z, 0, X

z, y, X,

and

t, X, y, z

X, t, z, y

y, z, t,
X

z, y, X, t

-{t + x + y + z){t + x-y -z){t-x + y-z){t-x-y + z)

Ex. 15. a, X, \ X, &c.

X, b, X, X, &c.

X, X, c, X, &c.

X, X, X, d, &c.

&c.

where all the constituents are equal except those in the principal diagonal, is

<p{k) X j^ j
where

<{> (X) is the continued product (a
—

X) (6
—

X) &c.

Ex. IG. Let M be a homogeneous function of the n}^ order in any number of

variables; and let Mj, Mj, W3, &c., denote its differential coefficients with regard to

the variables Xi, x^, x^, &c.
;
and in like manner, let Wj u,, denote the differ-

ential coefficients of Wj, &c. Then, by Euler's theorem of homogeneous functions,

we have

nu — UyXi + u^2 + '"'3^3 + &c., (n
—

1) «j = x^u^^ + x^Uy^ + a?3«t3 + &c., &c.

We shall hereafter speak at length of the determinant (called the Hessian)
formed with the second differential coefficients, whose rows are Wu, Wjj, «i3, &c. j

W21, «22> ^^23» <^c., &c. At present our object is to shew how to reduce a class of

determinants of frequent occun-enee, which are formed by bordering the Hessian,
either with the first differential coefficients, or with other quantities, as for example

"ZIJ "22J "'•Zil

'31> "32> "33>

«1, W2) «3» ^>

«1, OZJ «3 0, 0,

In this example we only take three variables, and the determinant formed by the

first three rows and columns is the Hessian, which we shall call //, but the processes

which we shall employ are applicable to the case of any number of variables.

We denote the above determinant by the abbreviation
( j

,
and use

[ j
^

[ j ,
f

j

to denote the determinants of four rows, formed by bordering the Hessian with

a single row and column, either both w's or both a's, or one u and the other a. We
also write a^Xy + a^x^, + OjXg — a. If now we multiply the first column of the above

written determinant by x^, the second by ccj, the third by Xj, and subtract the sum
from n — i times the fourth column, the first three terms vanish, the fourth becomes
—

nu, and the fifth — a. Again, multiply the fourth row by n — \, and subtract

in like manner the sum of the first, second, and third rows multiplied by x^, x^, x^

respectively, then the first three terms vanish, the fourth remains unchanged,
and the last becomes — a. Thus then {n — ly times the determinant originally

D
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The rule of formation is, take the product ahcde of all the constituents, and omit from

it in every possible way the pairs of consecutive literal constituents. Thus, in the

last case, the omitted pairs are de, cd, be, ah, (be, de), {ab, de), {ab, cd).

Determinants of the class here described occU|r in the theory of continued frac-

tions; for it is obvious that the successive approximations to the value of the

continued fraction c? + 7-7 -7-; , &c., are

(«

+ c +

(a, b) (a, b, c) (a, b, c, d)
'' ~W ' 1^7^ '

(^ 0, d)
,
<&c.

Ex. 18. Find the number of terms in a continuant of the n'** order. From the

equation {a, b, c, d,t) — a {b, c, d, e) + (c, <?, e), it is obvious that if (n) be the n,umber

required, we have the relation (w) = (ti
—

1) + (n
—

2); and that therefore for the

orders 1, 2, 3, <fec., we have the series of numbers 1, 2, 3, 5, 8, 13, &c.; and generally

fl 4. J(5)i»
if < —^ > = An + Bn J(5), the number required ia Ap, + Bn;

LESSON III

MULTIPLICATION OF DETERMINANTS.

22. The product of two determinants may be at once

written down as a determinant whose order is the sum of

their orders. For instance, the product of [afi^^ {"^ATs) ™^7
be written down

«..
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For example, the product of the determinants {afif^ and

(a,/5,73) is

a,a, + ^.^t + c^7,, «.a. + ^,/3, + c.,72, (^,% + 5.^/33 + 0,73

«3a, + ^3^1 + ^3%? «3«. + ^3/3, + C37., «3«3 -^ ^3^3 + ^3^3

The proofs which we shall give for this particular case will

apply equally in general. Since the constituents of the deter-^

minant just written are each the sum of three terms, the de-

terminant can (by Art. 19) be resolved into the sum of the 27

determinants, obtained by taking any one partial column of the

first, second, and third columns. We need not write down the

whole 27, but give two or three specimen terms :

«.«.» K^,^ ^.73

Now it will be observed that in all these determinants each

column has a common factor, which (Art. 15) may be taken out

as a multiplier of the entire determinant. The specimen terms

already given may therefore be written in the form

«i«ij ^i7„ ^A
«2«P ^272? K^S

«3«1» ^3725 ^3^3

+ &C.

+ aii^273

«1» h ^1
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23. On account of the Importance of tins theorem, we give

another proof, founded on our first definition of a determinant.

The determinant which we examined in the last Article is

the result of elimination between the equations

(a,a, -1- \^, + c,7J X + [a^a^+ hfi^+ 0,7,)y+ [a^a^+ h^0, + c^%) ^= 0,

(a^a, + hfi, + c,7J ^+ (^.a^+ ^.^2+ ^.^i V + («2«3+ K^z+ ^^73)
^= 0,

[a^a^ + ^^3/3, + C37,) X + (a^a,+ ^^3^,+ c^y,)y + (a,a3+ ^3^3+ C373)
z= 0.

2!^ow if we write

a^x + a^y + otg^j
= X,

71^5 + 722/ + 73^
= ^j

the three preceding equations may be written

from which, eliminating X, Y, Z, we see at once that {afi^c^

must be a factor in the result. But also a system of values of

ic, ?/,
z can be found to satisfy the three given equations, provided

a system can be found to satisfy simultaneously the equations

J:=0, F=0, Z=0. Hence {oLfi^y^=^0^ which is the con-

dition that the latter should be possible, is also a factor in the

result. And since we can see without diflSculty that the degree

6f the result in the coefficients is exactly the same as that of the

product of these quantities, the result is [afi^c^ {^1^2^a)
•

So in general the product of any number of determinants

may be expressed as a determinant whose order does not exceed

the highest of the orders of the given determinants, and whose

elements are rational functions of the elements of the given
determinants.

It appears from the present Article that the theorem con-

cerning the multiplication of determinants can be expressed in

the following form, in which we shall frequently employ it:

Jfa system of equations

a,X + Z', F-i- c,Z= 0, a,Z+ b^ 7.+ c,^== 0, a^X+ ^3F + c^Z=^
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he transformed hy the substitutions

then the determinant of the transformed system will be equal to

[aj),f^ the determinant of the original system^ multiplied by

(aj/SgY,), which we shall call the modulus of transformation,

24. The theorems of the last Articles may be extended as

follows : We might have two sets of constituents, the number

of rows being different from the number of columns; for

example

«lr ^.J ^t
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let us form the determinant

«l«3+^^8) «2«3 + ^2^37 «3«3 + ^^3
Then when we proceed to break this up into partial determinants

in the manner already explained, it will be found impossible to

form any partial determinant which shall not have two columns

the same. The determinant^ therefore^ will vanish identically. Or

this may be seen immediately by adding a column of cyphers to

each matrix and then multiplying, when we get the determinant

last written as the product of two factors each equal zero.

26. A useful particular case of Art. 22
is, that the square of

a determinant is a symmetrical determinant (see Art. 10). Thus

the square of [afi^c^ is

<' ^K +<') «,«2 + ^^2 + ^A) «l«3+^^3 + <^A

«l«2 + ¥2 + CA> < +V +<% «.«3 + ^2^ + C2^3

«l«3+^^3+Cl^3l «2«3 + ¥3 + ^2^85 ^ + K

Again, it appears by Art. 24, that the sum of the squares of the

determinants {hyC^'^ + [c^cl^"^ + [(^PS is the determinant

a^ + ^x + c," , a^a^ + \h^ + c^c^

«,«2 + ^^2 + ^i^a> < -^K +<^2'

Ex. 1. If aj, 6i, Cj ; a^, h^, c^ be the direction-cosines of two lines in space, and 8

their inclination to each other, cos = a^a^ + byb2 + e^c^ ;
and the identity last proved

gives sin^e = {h^c^f + {c^a^Y + (01*2)'.

Ex. 2. In the theory of equations it is important to express the product of the

squares of the differences of the roots; now the product of the differences of n

quantities has been expressed as a determinant (Ex. 5, p. 14), and if we form the

square of this determinant we obtain

*i> *»> ^3 ••• ^»

*2> ^3; ^4 •••Sn+i

Sn^ 1> ^n> ^n+i»

where Sp denotes the sum of the^^*^ powers of the quantities a, /3, «&c.

Ex. 3. In like manner it is proved, by Art. 2i, that the determinant

5i, 52

«0,
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We thus form a series of determinants, the last of which is the product of the

squares of the differences of a, /3, &c.
;
all similar determinants beyond this vanish

identically by Art. 25. This series of determinants is of great importance in the

theory of algebraic equations.

Ex. 4. If there be any n quantities a, /3, y, &c., and a like number a,

the product may be formed
y', &c.^

o»-, ra^-\ ^r(r-l) a'-2...1
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Again,

I a', 6', c', d'\ ~\aa'+ bb'+ cc'+ dd', a'^ + 6'^ + c'« + c^'M + (a<^')' + (&^')' + ("^O' J

I

ad' — a'd, a, a'

but (be') (ad') + (ca') {bd') + {ab') {cd')
= bd' - b'd, b, b' = Oj

I

cd' — c'd, c, c'

hence the right side may be written

{{be') + (ad'}}^ + {{ca') + (pd')Y + {iab') + {cd')Y,

and the identity exhibits the product

(a2 + ^2+^2 + ^) (a'2 + J'2 + c'2 + d'%
as the sum of four squares, a theorem due to Euler.

Ex. 7. The relation among six distances from a point alongf a line to points which

form an involution is that the determinant.

1, a, + flj, CiOj

1, *i + ^2, 61*2

1, Ci + C2, C1C2

may vanish. {Conies, Note, p. 310).

Multiplying this by

we get

x2, -x,l
y\ -

y. 1

(x
-

a,) (a;
-

a^), (y
-

ai) (y
-

02), («
-

Cj) («
-

a,)

(X
-

b,) {X
-

62), (i^
-

61) (y
-

62), (2
-

b,) {z
-

b,)

(x
-

ci) (x
-

C2), (y
-

<?,) (y
-

cj), (2
-

ci) («
-

C2)

by taking the values a^ for x, bi for y, Cj for z, this reduces to

0. (^1
-

«i) (*i
-

«2), (<^i
-

«i) (<?!
-

Oj)

(«i
-

*i) («i
-

*2)» 0, (Ci
-

bi) (Ci
-

^2)

(«!
-

Ci) («!
-

c^), (Jj
-

^i) (J,
-

C2),

=
(^1

-
Ci) (^1

-
fli) {ai

-
ii) {(«!

-
b^) {bi

-
C2) (Ci

-
a^) + (cf.2

-
b^) {b^

-
c,) (^2

-
aj}^

whence the original determinant is expressed as the sum of the last two products,
or as

0, 6,2
—

^1, c,
—

ffj

«!
—

b^i 0, ^2
—

<^i

^2
-

ffi, ii
-

C2,

Ex. 8. Let the origin be taken at the centre of the circle circumscribing a triangle,

whose radius is R
;
and let M be the area of the triangle, then

2MR =
x',
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Ex. 9. The same process may be used to find an expression for tte radius of the

sphere circumscribing a tetrahedron. Starting with the expression for the Tolume

of the tetrahedron

x\ y', z\ 1

x", y'\ z", 1

x"', y'", X'", 1
6F =

We find, as before, if a, ^; b, e] c,/sire pairs of opposite edges of the tetrahedron

0, c2, J«, <P

- 36i22F2 = _L ^^ 0»' «^ ^'

b% a2, o,/2

d^, e% f\
whence if a^f + Je + c/= 2^; by Ex. 13, p. 16, we find

36722F2 = S{S-a^{S- be)\S - cf).

Ex. 10. The above proofs by Mr. Bumside were suggested by the following proof

by Joachimsthal of an expression for the area of a triangle inscribed in an ellipse.

Multiply the equations
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preceding) whose four rows are such as 1, x', j/, x"^ + y"^, and the first term of the

product determinant vanishes, the second being («'
— x"Y + {y'

—
y"Y' If then the

square of the distance between two of the points be (12)^, the product determinant ia

0, (12)2, (13)2^ (14)2

(21)2, 0, (23)2, (24)2

(31)2, (32)2, 0, (34)2

(41)2, (42)2, (43)2 =0,

which is the relation required. As has been already seen, this determinant expanded
gives the well-known relation (12) (34) + (13) (24) + (14) (23) = 0. The relation

connecting five points on a sphere is the corresponding determinant with five rows.

Ex. 12. To find a relation connecting the mutual distances of three points on a line,

four points on a plane, or five points in space. We prefix a unit and cyphers to the

two determinants which we multiplied in the last example, thus

1,
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If we substitute for each cosine, cos ^
5, 1 — ^—^ + &c., and then suppose r the radius

of the sphere to be infinite, we derive from the determinant of this article the relation

of last article connecting four points on a plane.

Ex. 14. If
<jy (\) K * - X, /, ,

calculate </> (X) . <^ (- X). The new

9j f, c-\\
determinant is one of like form with X^ instead of X, the first line being

A -
X*, H, G, &c., where

F = gh+/{b + c), G = hf+g{c + a), II=fg + h {a + b),

and the expanded determinant equated to cypher gives X' — LX* + i/X' — JV= 0, where

L = a-' + b^ + c^ + 2 (/2 + ^2 + ^2)^

M = {bo -PY + {ca
-

^2)2 +^a5 - h'f + 2 {of- ghf + 2{bg- h/f + 2 {ch -fg)\

and N is the square of th^ original determinant with X in it =
; L, M, N are then

all essentially positive quantities. In like manner if <^ (X) be formed similarly from

any symmetrical determinant, <p (X) ^ (— X) equated to nothing, gives an equation for

X^j whose signs are alternately positive and negative, which therefore, by Des Cartes's

rule, cannot have a negative root. The above constitutes Sylvester's proof that

the roots of the equation </> (X) = are all real. It is evident, from what has been

just said, that no root can be of the form
ft J(- 1), and in order to see that no root

can be of the form a + /3 4(— 1), it is only necessary to write a — o = a', 6 — « = 6',

<i
— o = c', when the case is reduced to the preceding.

LESSON IV.

MINOR AND RECIPROCAL DETERMINANTS.

27. We have seen (Art. 16) that the minors of any deter-

minant are connected with the corresponding constituents by
the relation

a^A^ + a^A^ + a^A^ + &c. = A,

and these minors are connected with the other constituents by
the identical relations

h^A^ + M2 + K^z + &c. = 0,

c,^j + c,^3 -I c,4, + &c. = 0, &c.
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For since the determinant is equal to a^A^ + a^A^ 4 &c., and since

A^, A^^ &c. do not contain a^, a^i ^^-j therefore b^A^ + h,^A^ + &c,

is what the determinant would become if we were to make in it

a^
=

b^j a^
=

Z>2,
&c. ;

but the determinant would then have two

columns identical, and would therefore vanish (Art. 14).

28. From the above can be deduced useful identical equations

connecting the products of determinants formed with the same

constituents. Thus writing down the two identical equations

(Art. 3)

a [bc)-vb {ca) + c {ab')=0,

a'{bc')-]-b'{ca')-\-c'{a¥)=0',

multiplying the first by d\ the second by d; and, subtracting,

we have

{ad') [be') + [bd') [ca!) + {cd') [aV)
= 0.

Similarly from the three equations

a (bcd'')-b {cdW')-]-c {da'b'')-d (a5V0=O,

a' (bc'd'')
- b' {cdW) + c' [da'U')

- & [a¥c'')
=

0,

a!' [bc'^)
- r {cd'a!') + c" [da'U')

- d" [abV')
=

0,

multiplying these respectively by (e^), (e'^), (e/"), and adding,

we deduce the identity

(aeT') [bc'd'')
-

{beT') [cdW) + (ce'/'O {da'¥')
-

[de'f') (a5V')
=

;

and so on.

29. We can now briefly write the solution of a system of

linear equations

a^x -f \y + c^z -f &c. = f,

a^x + b^y + c^z + &c. =
f, &c.,

for, multiply the first by A^, the second by A^, &c., and add,

the coefficients of y, z, &c. will vanish identically, while the

coefficient of x will be a^A^-\-a^A^^-{-&c., which is the deter-

minant formed out of the coefficients on the left-hand side of
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the equation, which we shall call A. Thus we get

Ace = A^^ 4 A^rj + ^3^+ &c.,

A2=(7,f4 0,7;+03?+&c.,&c.

30. The reciprocal of a given determinant is the determinant

whose constituents are the minors corresponding to each con-

stituent of the given one. Thus the reciprocal of
[afi^c^)

is

A, s„ c,

A, A; C, .

where -4,, B^^ &c., have the meanings already explained. If we

call this reciprocal A', and multiply it by the original deter-

minant A, by the rule of Art. 22, we get

a^A^-hb,B^ + c,C,, a^A^ + h^B^-^c^G^, «3^3 + ^3^3 + ^3 ^3

But (Art. 27) a^A^ + \B^ + c, C'l
= A, a^A^ + \B^ + ^i <^2

=
^) &c.

This determinant, therefore, reduces to

A, 0,

0, A, = A^

0, 0, A

Hence (a^) iA^A) = {^A^.r ',

tl^erefore (^^^^3) = ^^3)*'-

And in general. A'A = A"
;
therefore A' = A" \

31. If we take the second system of equations in Art. 29,

and solve these back again for f, 17, &c., in terms of Aaj, Ay, &c.,

we get
A'l = a, Aic 4- b^Ay + c^Az + &c.,

where a^, b^, c, are the minors of the reciprocal determinant.

But these values for ^, 77, f, &c., must be identical with the ex-

pressions originally given ; hence, remembering that A' = A"~\

we get, by comparison of coefficients,

a,
=

A"-'''a,, b,
=

A"-=^Z.,, c,
=

A^-'-'c,, &c.,

which express, in terms of the original coefficients, the first

minors of the reciprocal determinant.
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32. We have seen that, considering any one column a of a

determinant, every element contains as a factor a constituent

from that column, and therefore the determinant can be written

in the form 2a,,Af,. In like manner, considering any two

columns a, b of the determinant, it can be written in the form

2 (apbg) Ap ^,
where the sum 2 {apb^) is intended to express all

possible determinants which can be formed by taking two rows

of the given two columns.

For every element of the determinant contains as factors a

constituent from the column a, and another from the column b
;

and any term a^bgCrdsj &c., must, by the rule of signs, be accom-

panied by another,
—

agbpCrdg, &c. Hence we see that the form

of the determinant is 2 {apbg) Ap g ; and, by the same reasoning

as in Art. 16, we see that the multiplier Ap ^
is the minor formed

by omitting the two rows and columns in which «p, bg occur.

In like manner, considering any p columns of the determi-

nant, it can be expressed as the sum of all possible determinants

that can be formed by taking any p rows of the selected

columns, and multiplying the minor formed with them, by the

complemental minor
;
that is to say, the minor formed by erasing

these rows and columns. For example,

+ («A)(^1<^J
-
^^4) {<^A^^ + («A)(^1^8^4) + («3^4) {^A^^

The sign of each term in the above is determined without diffi-

culty by the rule of signs (Art. 8).

It is evident, as in Art. 27, that if we write in the above a

c for every J, the sum 2 (a^cj [c^d^e^ must vanish identically,

since it is what the determinant would become if the c column

were equal to the b column.

33. The theorem of Art. 31 may be extended as follows:

Any minor of the order p which can be formed out of the inverse

constituents A^^ B^^ &c. is equal to the complementary of the cor^

responding minor of the original determinant^ multiplied by the

[p
—

Vf power of that determinant.
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For example, in the case where the original determinant is

of the fifth order,

^A) = A (cA^J, {A^B^O,)
= A''^ ««,), &c.

The method in which the general theorem is proved will be

sufficiently understood from the proof of this example. We
have

Ax = A^^ -f A^v + ^3?+ A« + -^5^)

Therefore

AB,x -AA^y = (^,SJ f + (A,B^) ?+ (A^B.) m + {Afi^, v.

But we can get another expression for x in terms of the same

five quantities y^ ^, ^i «», v. For, consider the original equations,

f = a,£c -f% + c^z + c?,r^7 + 6,w,

}^=a^x-\-h^-\- c^z + c?3?^; -f e^w,

and eliminate z^ w^ w, we get

K^a^A) ^+ (^i^3^/'5) 3/
= ipA^) ?- (^X^i) ?+ fe^.^3) « - (^i^sO ^

;

and since [a^c^d^e^ is by definition = B^^ comparing these equa-

tions with the former, we find {A^B^ = A [c^d^e^], &c., Q.E.D.

Ex. 1. If a determinant vanish, its minors Ay, A2, &c
,
are respectively proportional

to Bi, B2, &c. For we have just proved that A^B^ — A^B^ = AC, where C is the

second minor obtained by suppressing the first two rows and columns. If then

A = 0, we have A^ -. A^ -. : Bi : B^, &c.

Ex. 2. A particular example of the above, which is of frequent occurrence, is

obtained by applying these principles to the determinant considered, Ex. 16, p. 17. We

thus find, using the notation of that example \)\o)
—

\o\
~
^\ tj)' (^®^ Surfaces,

Art. 80).

Ex. 3. As in Art. 32, the determinant {a^b^c^d^ may be written

(ajJg) {c^d^) + (ai^a) [c^d^) + (a,*J (c^d^) + (agJ^) {c^d^) + (a^ij) (^1^3) + {ajb^) (cidt).

Ex. 4. If six arbitrary quantities p, q, r, s, t,
u be assumed, and we denote by {ah)

the quantity

pW>^) + q (aj*i) + r (ai6,) + s {ajb^ + t {ajb^) + w (a,5J.
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Bimilarly letting (cd) = p (c^d,) + q (c^di) + r {c^d^ + e {c^d^ + t {c^^^ + u {c^d^, &c.,

with like meanings for six such functions, then it is easily seen by the identical

vanishing of groups, as in Art. 32, when the form in Ex. 3 is written with two

or more sufl&xes the same, that

{be) {ad) + {ca) {bd) + {ab) {cd) = {ps + qt + ru) (oiVs^*)-

See Surfaces, Art. 57e.

Ex. 5. The homographic relation between two sets of four quantities o, /3, y, i

and a', /3', y', 5' is found from the relation of a one-one correspondence between

them, viz. Aaa' + Ba + Ca' + J) = 0, &c. {Conics, Art. 331) in the form of the

vanishing of the determinant

aa', a, a', 1

/^iS', A ^', 1

yy', y, y', i

i$\ a, 6', 1

Calculating this by Ex. 3, it is found

= {fi'- y') (a'
-

6') {fiy + a6) + (y'
-

o') (^'
-

6') (ya+ /3o') + (a'
-

/3') (y'
-

i') (a^ + y^),

but this is evidently

/3y + ai, 1, /3'y' + a'3'

ya+;/33, 1, y'a' + /3'<5'

a/3 + y^, 1, a'/3' + y'^'

and since (/?'
-

y') (a'
-

d') + (y'
-

a') (/3'
-

i') + {a!
-

/?') (y'
-

i')
= 0,

the determinant may also be written with the following abbreviations

A={fi~y){a-il J5=(y-a)(p-3), C = {a
- ^) {y

-
i),

.4'=03'-y')(a'-n -B' = (/ - a') (/3'
-

3'), C" = (a'
-

/3') (y'
-

i'),

in any of the forms B'C-BC -C'A-CA' = A'B - AB'.

This leads to the expansion of the involution determinant (Ex. 7, p. 25) when
5 = a, d' = a, in the form there given among others.

= 2 sin sin (<r + 0)

COsVj, COSffi, 1

cosVj, cos 0-2, 1

cosVj, cos 0-3, 1 i

Ex.6.

sin a sin (o + 0), sin a, sin (a + 0), 1

sin/3 sin (/3 + 0), sin (S, sin (/3 + 0), 1

sin y sin (y + 0), sin y, sin (y + 0), 1

sin 6 sin (5 + 0), sin S, sin {S + 0), 1

= 16 sin sin (a-+ 0) sin^ (/3- y) sin^ (y
-

a) sinj (a
-

/3) sin^ (a
-

6) sin^(/3
-

5) sin^(y
-

S),

as is easily seen by applying Ex. 3, coupling first and fourth columns and second and

third, and introducing the abbreviations

2(r = a + /3 + y + 5, 2cri = o + ^ - y - 3, 2o-2 = a-/3 + y - 5, 2o-, = a~/3-y + 8.

Ex, 7. The theorem of Art. 33 may be established otherwise as follows. Let

bi, bz, ...bn

tj, l^f ... In

A, then

"!> -"ZJ "•An

B^, B^, ...Bn,

Li, L2, ...Ln

— ^n~l

is by Art. 30 the determinant of the reciprocal, or, as Cauchy cjalled it, the adjoint

system.
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Now we have the following forms for the product

J5„ ...Bn

...U

A =

^5 •^2> -"JJ "-An

0, ^2, B^ ...Bn

0, L,, L^ ...Z„

tti-Bij J?j»

a,A«-ii

whence a factor A can be removed. Similarly the product

C3, ...Cji

Z^2

A, 0, ^s, ^4,...^„

0, ^, J?3, Bt, ...Br,

0, 0, C3, C„...Cn

0, 0, Z3, Z4, ...Ln

a^Ai+a^A^, biAi+h^A^, A^, An

a,Bi+a^B^, b^B^+h^B^, B^, Bn

a^Cy^a^C^

a^Li+aJiz, hiLi+l^^ij ^a ^*

~\Kh\ '

from which the common factor A* can be removed. And in like manner generally

for a minor of order^.

LESSON V.

SYMMETRICAL AND SKEW SYMMETRICAL DETERMINANTS.

34. In this lesson it is convenient to employ the double

BufEx notation, and to write the constituents a^, rtj^,
&c.

;
and

we, therefore, begin by expressing in this notation some of the

results already obtained. We denote the constituents of the

reciprocal determinant by a,„ a,2, &c., where, if a„ be any con-

stituent of the original, a^, is the minor obtained by erasing the

row and column which contain that constituent. The equations

of Art. 27 may then be written

a^a,, 'Ya.^o.^ •^^a,^^r^ +&c. = A,

or more briefly S,a„ar. = ^i SaA'. = ^
5
^^'^ ^s to say, the sum

of the products a„a/, (where we give every value to s from

1 to n) is = 0, when r and / are different, and = A when r = /.

Since any constituent a^, enters into the determinant only in

the first degree, it is obvious that the factor a„, which multiplies

it,
is the differential coefficient of the determinant taken with

respect to a„; similarly, that the second minor (Art. 32), which

multiplies the product of two constituents a^„, a^,, is the second

differential coefficient of the determinant taken with respect to

these two constituents, &c.
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a^, which will, of course, be a second minor of the original

determinant, then this last may be written

where"we are to give i every value except r, and Ic every value

except s. For, any element of the determinant which does not

contain the constituent «^, must contain some other constituent

from the r'* row, and some other from the s** column
;
that is to

Bay, must contain a product such as a^i^f, where i and k are

two numbers different from r and s respectively. But as we

Lave already seen, the aggregate of all the terms which multiply

o„ is a„; and the coefficient of a^jja^, (by Art. 32) differs only

in sign from that of «rA>t) that is to say, differs only in sign

from the coefficient of a.-^ in a„. Therefore —
/^^ is the value

of the coefficient in question.

Thus then if we have calculated a symmetric determinant

of the n — 1** order, we can see what additional terms occur

in the determinant of the w*^ order. Let A be the determinant,

D that obtained by suppressing the outside row and column,

p„ any minor of the latter, and we have

A = Da,, - 2.a^.Ar ~ 22,,a„,a^/9„,

where r is supposed to be different from s,
and every value Is

to be given to r and 5 from 1 to n — 1 .

Again, we have occasion often, as at p. 17, to deal with

determinants such as

«n»
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need he^ a perfect square^ when considered as a function of

\i \i \i ^^- We saw (Art. 33, Ex. 1) that when the deter-

minant vanishes a„a22
=

a'^,2, <fec.,
whence it is evident that

a,,a22, &c. must have all the same sign, and we have generally

a^^
= + /^(a^^aj. Further, since it was shewn in the same ex-

ample that when a determinant vanishes, the constituents of the

reciprocal determinant in the second row are proportional to

those in the first, it follows that the signs to be given to the

radicals are not all arbitrary. If, for instance, in the above

we wTite a,2
= 4- \/(a„a22)> «i3

= + V(a„a33), then we are forced

to give the positive sign also to the square root in a^^= Vl^aa^as^*

Substituting, then, these values in the result of the last

article, it becomes, if
a^,,

&c. be positive, the negative

square,
-
1\ v(an) + \ v(«,j + \ v(«33) -f &c.r,

and if a„, &c. be negative the determinant is a positive square.

What has been just proved may be stated a little differently.

We may consider the bordered determinant as the original de-

terminant
;
of which, that obtained by suppressing the row and

column containing \ is a first minor, and a^^ obtained by sup-

pressing the next outside row and column is a second minor.

And what we have proved with respect to any symmetrical
determinant wanting the last term

a^^^, is, that if the first minor

obtained by erasing the outside row and column vanish, then

the determinant itself and the second minor, similarly obtained,

must have opposite signs. And this will be equally true if a^„

does not vanish. For in the expansion of the determinant, a^^

is multiplied by the first minor, which vanishes by hypothesis,

and therefore the presence or absence of a„„ does not afibct the

truth of the result.

38. A sJcew symmetric determinant is one in which each

constituent is equal to its conjugate with its sign changed.
Constituents a^ in the leading diagonal, being each its own

conjugate, must in this case vanish; otherwise each could not

be equal to itself with sign changed.
A skew symmetrical determinant of odd degree vanishes. For

if we multiply each row by — 1
;

in other words, if we change
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the sign of every term, it is easy to see that we get the

same result as if we were to read the columns of the original

determinant as rows, and vice versa. Thus, then, a skew

symmetrical determinant is not altered when multiplied by

(- I)"; and, therefore, when n is odd, such a determinant must

vanish.

It is easy to see that the minor a^ differs by the sign of

each constituent from the minor a„, and therefore a^=(— l)""^a^,.

Hence a,^
= a„ when n is odd, and is equal with contrary

sign when n is even, ol^^
is itself a skew symmetric deter-

minant, and therefore vanishes when the original determinant

is of even degree.

The differential coefficient of the determinant, with regard

to any constituent a„, being a„ + ai„
~ is a^ - a„. When

therefore n is even it is = 2a„ and when n is odd it vanishes.

39. Every skew symmetrical determinant of even degree is

a perfect square, (Prof. Cayley).

It was shewn (Art. 36) that any determinant is

and in the present case a^^ vanishes, as does also
a,,„,

which is

a skew symmetric of odd degree. On this account therefore

we have, as in Art. 37, /5^,
= y3^A,; and therefore, exactly as

in that article, the determinant is shown to be

K„ V(^„) + «» VOJ + a^ V(^3.,) + &<=.}•'.

The determinant is therefore a perfect square if
^8,^, ^^^ are

perfect squares, but these are skew symmetries of the order

w — 2. Hence the theorem of this article is true for deter-

minants of order n if true for those of order w — 2, and so on.

But it is evidently true for the determinant of the second order

0,

-«i.ij

which is = a'„. Hence it is generally true.

40. We have seen that the square root of the determinant

contains one term a
, „ JiB^ , « ,), where /3^ , „ , contains no

constituent with either of the suflSxes w - 1 or w. But taking

any two of the remaining suffixes, such as n ~ 3, n - 2, we see that
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V(A.-i,n-i)
contains a term

«„.3,„-2 V(%,-3,n-a) 7
where

7^.3^ „_3 con-

tains none of the four suffixes, of which account has already
been taken. Proceeding in this manner we see that the square
root will be the sum of a number of terms such as a,ja,a^,,.a , ;

each of which is the product of \n constituents, and in which

no suffix is repeated. The form, however, obtained in the last

article a^^ V(/5„) ± %^ ^[^^^ + &c. does not show what sign is

to be affixed to each term. Thus if the method of the last

article be applied to the skew symmetric of the fourth order,
its square root appears to be

ai2«34 ± «,3«24 ± «iAa 5
^^^ i*

has not been shown which signs we are to choose. This,

however, will appear from the following considerations : When
in the given determinant we interchange any two suffixes

1, 2, since this amounts to a transposition of the first and

second row, and also of the first and second column, the

determinant is not altered. Its square root then must be a

function, such that if we interchange any two suffixes it will

remain unaltered, or at most change sign. But that it will

change sign is evident on considering any term
a^^a^^^ &c.

which, if we interchange the suffixes 1 and 2, becomes 0^2,%,

&c.
;

that is to say, changes sign, since
a^,
= —

«i2*
I* follows

then, in the particular example just considered, that the signs
of the terms are a^,fi^

—
a^^a^^ + a^p^^ ;

for if we give the second

term a positive sign, the interchange of 2 and 3, which alters

the sign of the last term, would leave the first two unchanged.
And generally the rule is, that the square root is the sum of

all possible terms derived from
«i2^84'**^».-i « ^7 interchange of

the suffixes 2, 3, ...w, where, as in determinants, we change sign
with every permutation. But it is possible, and the better

course is, to eifect the interchanges in such manner that the

signs shall be each of them + ; thus, in the particular example,
the expression may be written

«i2*^34 + «i3«42 + ^1As*

Ex. 1. To write out the skew symmetrical determinant of the sixth order.

Denoting by (1234) the expression just given with all signs positive for the square
root of that of the fourth order, if we proceed always in the same cyclical order we
write down the expressions (3456), (4562), (5623), (6234), (2345), and the expressioa

required is the square of the sum of the fifteen terms contained in

ai2 (3456) + a,3 (4562) +0,4 (5623) + a„ (6234) + a„ (2345).
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Ex. 2. If the constituents of a symmetrical determinant be each increased by
k times the corresponding constituents of a skew symmetrical, the determinant

so formed when expanded contains only eren powers of k. For, altering k to

— k does not change its value.

For instance (see Surfaces, Art. 80c) we may write

a, k — kz, g + ky, I — ka

h + kz, h, f— kx, m— k(3

9 - ^'y^ f+ ^^r ^> n-ky
I +ka, m+ kft, n + ky, d, \^^^

The same proof shews that if conjugate constituents of a determinant b6 imaginary

quantities, the value of the determinant is real.

Ex. 3. The Square of any determinant of even order may be written a9 a skew

symmetrical determinant. For instance, calculate the product

A + ^2^ + ^4 (ax + ^|/+ yzY

./> w

«1> «2> <^3> «4

K *2> K h
^1> ^2} ^3> ^4

di, t?2, c?3, d^

^4 J

~
^3) <^2>

~~
^1

^4,
-

C?3, d„ - (fj

and it is found to be of the skew symmetrical form. Or, again, for any multipliers

p, q, r, *, t, u, form the determinant product of

0, -r,

r, 0,

P,

«3> «*

Si, ^2, ^3

di, d^, d^, di

and multiply it by - «4

^3, *4

the product may be written

p, -t

0, -u
u,

^l> ^2> ^3 ^4

(?„ (fj. <^», ^^4

, {ab), {ac), (ad)

{ha), , {he), {bd)

{ca), {cb), , {cd)

{da), {dh), {dc),

in the notation of Ex. 4, Art. 33. Since {ab) = — {ha) &c., we have thus proved

{{he) {ad) + {ca) {bd) + {ah) {cd)Y = (pa + 2< + ruf {aih^c^d^)^,

which was otherwise seen in that Example,

41. We can reduce to the calculation of skew symmetric

determinants the calculation of what Prof. Cayley calls a skew

determinant, in which, though the conjugate terms are equal

with opposite signs, a,^
= —

a^,-, yet the leading terms
«,-, «^^, &c.

do not vanish. We shall suppose, for simplicity, that these

leading terms all have a common value X. We prefix the

following lemma : If in any determinant we denote by I) the

result of making all the leading terms =0, by i), what the

minor corresponding to a,, becomes when the leading terms are

all made =
0, by D-^ what the second minor corresponding to

^ii^ik becomes when the leading terms vanish, &c., then the
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given determinant, expanded as far as the leading constituents

are concerned, is

where, in the first sum i has any value from 1 to w, in the second

sum
/,
h are any binary combinations of these numbers, &c.

For, the part of the determinant which contains no leading
constituent is evidently D ;

the terms which contain an are auAn^
where -4„. is the corresponding minor, hence the terms which

contain «„. and no other leading constituents are got by making
the leading constituents = in A^- ;

and so for the other terms,

42. If this lemma be applied to the case of the skew deter-

minant defined in the last article, all the terms
i>,-j Ai» <^c.

are skew symmetric determinants
;
of which, those of odd order

vanish, while those of even order are perfect squares. The
term

«i,«22-'*^„n
i^ ^") ^^^ *^^ determinant is

A =r + x"""sz>, + r-'si), + &c.,

where D^^ i)^, &c. denote skew symmetrical determinants of the

second, fourth, &c. orders formed from the original in the

manner explained in the last article.

Ex. 1.

«2U \ «2

whfert a«i = — aio, Ac.

= X3 + X (ai2' + 0,32 + a23^)-

Ex. 2. The similar skew determinant of the fourth order expanded is

X* + X2 (ai2« + ai3^ + ai4^ + Oza' + ^U^ + f^Zi) + («12«34 + «13«42 + <iu<^izY'

43. Prof. Cayley {Crelle, vol. xxxii., p. 119) has applied
the theory of skew determinants to that of orthogonal substitu*

tions, of which we shall here give some account. It is known

(see Surfaces, p. 10) that when we transform from one set

of three rectangular axes to another, if a, h, c, &c. be the

direction-cosines of the new axes, and if

X=
ax-\-b2/-^cz, Y= ax + h'y + c'z, Z= a''x + h''i/ + c''z

;

that we have X' + Y' + Z'=^ x' +f -f z%

whence a' + a ' 4 a''' = 1
, &c., a5 + a'Z>' + a"6'' = 0, &c.

;

that also we have

x = aX^a'Y-^a''Z, y^hX^VY\WZ, z^cX^dY^d'Z^
a
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and that we have the determinant formed by

a^h,c] a', h\ c'
;
&c. = ± 1.

It is also useful (in studying the theory of rotation for example)

instead of using nine quantities a, &, c, &c. connected by six

relations, to express all in terms of three independent variables.

Now all this may be generalized as follows: If we have a

function of any number of variables, it can be transformed by
a linear substitution by writing

a(nd the substitution is called orthogonal if we have

which implies the equations

Thus the n* quantities a„, &c. are connected by ^n [n + 1) re-

lations, and there are only ^n {n
—

1) of them independent.

We have then conversely

X- a^^x + a^^y + a^^z H- &c., F=
a^^pi + a,^,^ + a^^z + &c., &c.,

equations which are immediately verified by substituting on the

right-hand side of the equations for
a?, y, z^ &c. their values.

And hence, the equation X'' + F^ + &c. = ic* + y^ + &c. gives U3

the new system of relations

^ii + «j/ + &c. = 1, a^^a^i + ^12^22 + &c. = 0.

Lastly, forming by the ordinary rule for multiplication of

determinants, the square of the determinant formed with the n'

quantities a^^, &c., each constituent of the square vanishes except
the leading constituents, which are each = 1. The value of the

square is therefore = 1. Thus the theorems which we know to

be true in the case of determinants of the third order are gene-

rally true, and it only remains to shew how to express the n^

quantities in terms of ^n[n-l) independent quantities. This

we shall effect by a method employed by M. Hermite for the

more general problem of the transformation of a quadric
function into itself. See his paper

*

Eemarques, &c.,' Camh,

and Dub, Math, Jour., vol. ix. (1854), p. 63*
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44. Let us suppose that we have a skew determinant of the

(n
-

1)*^ order, &„, h^^,
&c. where

5..,
= -

5,,, and &„
=
\^ = J.. = 1 ;

and let us suppose that we form with these constituents the

two different sets of linear substitutions,

s^
= ^«i + Kv + ^.s?+ &c., r= 5,,f + J,,i7 + hj^ &c.,

« = ^^? +M + ^33?+ &C., Z= J,3? + J^.7 + hJ-V &C.,

from adding which equations we have, in virtue of the given
relations between

5^^, J,^, &c.,

a; + Z=2f, y-\-Y=27j^&Q,

If now the first set of equations be solved for f, ^, &c. in terms

of
a;,?/, &c., we find, by Art. 29,

Af = P^^x + ^,,y + ^3,« + &c., A97 = P^^x + /3,^ + &c.

(where ^,j, ^S^^,
&c. are minors of the determinant in question) ;

and putting for 2f,
a; + X, &c., these equations give

AX= (2^,,
-
A) a; + 2^,,3/ + "^^..z + &c.,

A r=
2/3,,a; + (2/3,,

-
A) y + 2^^^z + &c., &c.,

which express X, F, &c. in terms of a;, ^, &c. But if we had

solved from the second set of equations for f , 17,
&c. in terms

ofX and F, &c. we should have found

A? = ^,,z+ ^,,r+ ^,3^+ &c., A17 = /3,x+ ^,,r+ /9,s^+ &c.,

whence, as before,

Ax = (2/9„
-

A) X+ 2/3„F+ 2/3,3^+ &c..

Ay = 2;e,,Z+ (2/3,,
-
A) r+ 2A,,Z+ &c.

Thus, then, if we write

2^n-A , 2A,-A _ .2/3,_ 2^,_

we have a;, ?/,
&c. connected with X, F, &c. by the relations

a; = ajjX + a,jF+ &c., y = a,,Z+a,,F+&c., &c.,

-3r=Oj,a; -\-a^^y +&c., F=a,,a; + a^,^ +&c., &c.

We have then
a;, y, &c., X, F, &c. connected by an orthogonal

substitution, for if we substitute in the value of x the values
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of X, F, &c. given by the second set of equations, In order that

our results may be consistent, we must have

<' + <^J + <' + &c. = 1
, a^^a^^ H- a^^a^^ + a^^a^^^ + &c. = 0, &c.

Thus then we have seen that taking arbitrarily the ^n(w- 1)

quantities, J^^j ^js? &c., we are able to express in terms of these

the coefficients of a general orthogonal transformation of the

n*'* order.

Ex. 1, To form an orthogonal transformation of the second order. Write

A =
|

1, \|
I

-
\, 1

I

= 1 + X2,

then /3ii
= /9„ = 1, (3^2

= \ /^zi
= — X, and our transformation is

{i + X^)x= (l-\2)X+2\r, (l + \2)x=(l-\2)a;-2Xy,

(l + X2)y = -2\Z+(l-\2)r, (1 + X2)F= 2Xa; + (1
-

X2) y.

Ex. 2, To form an orthogonal transformation of the third order. Write

A= 1, V,
— n

-V, 1, X

M,
-

X, 1

Then the constituents of the reciprocal system are

1 + X', V + \fx,
—

fx + Xv

v + Xfi, 1 + /*', X + fiv

fx + \v,
— X + fiv, 1 + I/'

consequently the coefficients of the orthogonal substitution hence derived are

l + X^-fjL^-v'^, 2{v + Xfi), 2 {Xv
-

fx),

2(X/i-v), l + ^2_X2_,;2, 2 0ii; + X),

2 {\V + fx), 2(ji.V-X), 1 + 1,2 _ \2 _ ^2^

where each term is to be divided by 1 + X^ + /x^ + i;2.*

45. It Is easy to see that for a symmetrical determinant of the

orders 1, 2, 3, 4 the number of distinct terms is =1, 2, 5, 17

respectively, and the question thus arises what is the number

of distinct terms in a symmetrical determinant of the order n.

This number has been calculated as follows by Professor Cayley :

• The geometric' meaning of these coefficients may be stated as follows : Write

X = a tan ^0, fx
= b tan ^6, j/ = c tan ^0, then the new axes may be derived from the

old by rotating the system through an angle 6 round an axis whose direction-cosines

are a, b, c. The theory of orthogonal substitutions was first investigated by Euler

{Nov. Comm. Petrop., vol. xv., p. 75, and vol. xx., p. 217), who gave formulae for the

transformation as far as the fourth order. The quantities X, fx, v, in the case of the

third order, were introduced by Rodrigues, Liouville, vol. r., p. 405. The general

theory, explained above, connecting Unear transformations with skew determinants,
was given by Caylej'^, Crelle, vol. XXXI I., p, 119.
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Consider a partially symmetrical determinant represented (see

bv the notationArt. 11) by the notation

aa

hh

cc

where in general fg—gf^ but all the letters/?, 2',
... are distinct

from all the letters ^', /, ... so that these letters give rise to no

equalities of conjugate terms; say, if in the bicolumn there are

m rows «a, hh^ ... and n rows;?/?', q^^^ ... this is a determinant

(m^ n] ;
and in the case w=0, a symmetrical determinant. And let

^ (w2, n) be the number of distinct terms in a determinant (w, w).

Consider ^r5^ a determinant for which n is not 0, for instance

aa
J
= aa, a5, op', a^

hh ha, bhy hp\ hq'

pp' pa, ph, pp\ pi
qq' qa, qh, qp\ qq'

then qa, qh^ qp\ qq' are distinct from each other and from every
other constituent of the determinant, and the whole determinant

is (disregarding signs) the sum of these each multiplied into a

minor determinant
;
the minors which multiply qa, qh are each

of the form (1, 2) ;
those which multiply qp\ qq' are each of the

form (2, 1) ;
and we thus obtain

<^ (2, 2)
=

2(^(1, 2) + 2(^(2,1),

and so in general

^ [m, n)
=

m(f) {m
-

1, w) + n(f) {m, n — 1),

whence in particular

<^ (w, 1)
=

m(f) (w — 1, 1) + ^ (w, 0).

Next, if n = 0, let us take for instance the symmetrical de-

terminant
aa
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We have here terms multiplied by dd] ad.da^ hd.dh^ cd.dc,

and by the pairs of equal terms ad,db + hd,daj ad.dc-\- cd.da^

bd.dc + cd,db.f the other factors being in the three cases minors

of the forms (3, 0), (2, 0), and (1, 1) Respectively ;
thus we have

<l> (4, 0)
= * (3, 0) + 3^ (2, 0) + Sep (1, 1),

and so in general

^ (w, 0)
=

(^ (w - 1, 0) + (m
-

1) (^ (m - 2, 0)

+ i(m-l)(wi-2)^(w-3, 1),

which last equation combined with the foregoing

^(w, l)=w?</)(m-l, l) + <l>{m, 0)

gives the means of calculating <j) (wz, 0), </> (m, 1); and then the

general equation (f> (w, n)
= m<t>{m—lyn)-\- ncp (w, w — 1) gives

the remaining quantities (w?, n).

It is easy to derive the equation

20(»2, 0)-^ (w-1, 0)-{m-l) (l>{m-2, 0)= <^ (m-1, 0)

+ (m-1) (f) (w-2, 0)

+(m-l)(m-2)(^(m-3,0)

+

-f-(m-l)... 3.2.1 0(0,0).

And hence, using the method of generating functions, and

assuming

« = .^ (0, 0) + ? ^ (1, 0) +— -^ (2, 0)...+ Y-g-^ <^K 0) +...,

/. -. ^du u
we find at once 2 -5

u-xu =
,dx \-x'

that is 2 — =
(1 4 cc +

] dx^u \ 1- xj
'

or, integrating and determining the constant, so that for a; =

u shall become = 1, we have

e

^"V(i-^}'
whence ^(m, 0), the number of terms in a symmetrical deter-

minant of the order
tti,

is

= 1.2...m coefficient of ic'" in

V(l
-

^)
*
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The numerical calculation by this formula is, however, somewhat

complicated; and it is practically easier to use the equations
of differences directly. We thus obtain not only the values of

(j) {in J 0), but the series of values

<^(0,0),

<^(1,0), 0(0,1),

</>(2,0), </>(l,l), (/>(0,2),

</) (3, 0), &c.,

which are found to be

1,



(
48

)

LESSON VI.

DISCEIMINATING SYMMETRICAL DETERMINANTS.

46. If we add the quantity \ to each of the leading terms

of a symmetrical determinant, and equate the result to 0, we
have an equation of considerable importance in analysis.* We
have already given one proof (Sylvester's) that the roots of

this equation are all real (Ex. 14, p. 28), and we purpose in

this Lesson to give another proof by Borchardt (see Liouville^

vol. XII. p. 50), chiefly because the principles involved in this

proof are worth knowing for their own sake. First, however,
we may remark that a simple proof may be obtained by the

application of a principle proved in Art. 37. Take the de-

terminant
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that if \ be taken so as to make any of these minors vanish,

the two adjacent functions in the series will have opposite signs.

It follows, then, precisely as in the proof of Sturm's theorem,
that if we diminish X regularly from -f go to — oo

,
when X

passes through a root of any of these minors, the number of

variations in the series will not be affected
;
and that a change

in the number of variations can only take place when X passes

through a root of the first equation, namely, that in which X
enters in the n^'* degree. The total number of variations, there-

fore, cannot exceed the number of real roots of this equation.

But, obviously, in all these functions the sign of the highest

power of X is positive ; hence, when we substitute + co
,
we get

no variation
;

when we substitute — co
,

the terms become

alternately positive and negative, and we get n variations;

the equation we are discussing must, therefore, have n real

roots. It is easy to see, in like manner, that the roots of each

function of the series are all real, and that the roots of each

are interposed as limits between the roots of the function next

above it in the series.

47. It will be perceived that in the preceding Article we
have substituted, for the functions of Sturm's theorem, another

series of functions possessing the same fundamental property,
viz. that when one vanishes, the two adjacent to it have

opposite signs. Borchardt's proof, however, which we now

proceed to give, depends on a direct application of Sturm's

theorem.

The first principle which it will be necessary to use is a

theorem given by Sylvester [Philosophical Magazine^ December,

1839), that the several functions in Sturm's series, expressed

in terms of the roots of the given equation, differ only by

positive square multipliers from the following. The first two

(namely, the function itself and the first derived function) are,

of course, [x
—
a)[x

—
fi) [x

—
7) &c., 2

(a?
—

yS) (a;
—

7) &c.
;
and

the remaining ones are

S(a~;8)Xa;-7)(aj-S)&c.;2(a-/3y^(/3-7)X7-a)'(a3-S)&c.,&c.,

where we take the product of any k factors of the given
H
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equation, and multiplying by the product of the squares of

the differences of all the roots not contained in these factors,

form the corresponding symmetric function. We commence

by proving this theorem.*

48. In the first place, let U be the function, V its first

derived function, R^^ R^^ &c., the series of Sturm's remainders;

then it is easy to see that any one of them can be expressed

in the form AV-BU. For, from the fundamental equations

r=<?,F-i?„ V=Q,R,-B,, B=Q,B,-It„&c.,
we have

B.^=Q,V-U,

and so on. We have then in generalf ^i = ^F- ^Z7, where,

since all the §'s are of the first degree in
a?,

it is easy to see

that A is of the degree ^-1, and B of the degree ^- 2, while

Rj^ is of the degree n — L
But this property would suffice to determine

i?^, R^^ &c.,

directly. Thus, if in the equation J?^
=

Q^ V— U, we assume

Q^
— ax-^ Z>,

where a and b are unknown constants, the condition

that the coefficients of the highest two powers of x on the rights

hand side of the equation must vanish (since R^ is only of the

degree n - 2) is sufficient to determine a and b. And so in

* I suppose that Sylvester must have originally divined the form of these

functions from the characteristic property of Sturm's functions, viz. that if the

equation has two equal roots a = /3, every one of them must become divisible by

X — a. Consequently, if we express any one of these functions as the sum of a

number of products {x
—

a) [x
-

/3) &c., every product which does not include either

X— a or X- (H must be divisible by (a
—

(By ;
and it is evident in this way that

the theorem ought to be true. The method of verification here employed does not

differ essentially from Sturm's proof, Liouville, vol. vii. p. 356.

t The theory of continued fractions, which we are virtually applying here, shews

that if we have Ei: = AkV- BkU, Rk+i = Ak^^V - Bk+iU, then AkBk^^ - Ak^Bk is

constant and =1. In fact, since Rk+i = QkRk — Rk-\, we have

•4fc+i
= QkAk - Ak-if Bk+i = QkBk - Bk~iy

whence AkBhi \
— Ak^iBk = Ak-iBk — AkBk-i,

and by taking the values in the first two equations above, namely, where k = 2

and /fc = 3, we see that the constant value =1.
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general, if in the function AV—BU we write for A the most

general function of the [k
-

ly^ degree containing k constants,
and for B the most general function of the {k

—
2)'* degree con-

taining ^ — 1 constants, we appear to have in all 2k — I constants

at our disposal, and have in reality one less, since one of the

coefficients may by division be made =1.* We have then just

constants enough to be able to make the first 2k— 2 terms of

the equation vanish, or to reduce it from the degree n + k — 2

to the degree n — k. The problem, then, to form a function of

the degree n — ky and expressible in the form AV—BU, where

A and B are of the degrees k— I, k — 2j is perfectly definite,

and admits but of one solution. If, then, we have ascertained

that any function B^ is expressible in the form AV—BU, where

A and B are of the right degree, we can infer that R^^ must bo

identical with the corresponding Sturm's remainder, or at least

only differ from it by a constant multiplier. It is in this way
that we shall identify with Sturm's remainders the expressions
in terms of the roots. Art. 47.

49. Let us now, to fix the ideas, take any one of these

functions, suppose

2 (a
- ^T (/S

-
7)^ (7

-
a)' [x -B){x- e) &c.,

and we shall prove that it is of the form AV—BU, where A
is of the second degree, and B of the first in x. Now we can

immediately see what we are to assume for the form of A, by

making a; = a on both sides of the equation. The right-hand

side of the equation will then become

A{a-l3){oL- 7) (a- 5) (a- e) &c.,

since U vanishes
;
and the left-hand side will become

2 (a
-

/S)' (/3
-

7)'' (7
-

a)" (a
-

8) (a
-

e) &c.

It follows, then, that the supposition ic = a must reduce A to the

form 2 (/3
—

7)''*(a
—

yS) (a-7), and it is at once suggested that

we ought to take for A the symmetric function

* Just as the six constants in the naost general equation of a conic are only

equivalent to five independent constants, and only enable us to make the curve

-satisfy five conditions.
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And in like manner, in the general case, we are to take for A
the symmetric function of the product of ^— 1 factors of the

original equation multiplied by the product of the squares of the

differences of all the roots which enter into these factors. It

will not be necessary to our purpose actually to determine the

coefficients in B^ which we shall therefore leave in its most

general form. Let us then write down

S (a -0Y [13
- yf (7

-
a)' {x

-
B) &c. = S (a

-
0)' [x

-
a) (aj

-
0)

X X{x -^)[x- 7) &c. + {ax \h)[x- a) {x
-
0) &c.,

which we are to prove is an identical equation. Now, since an

equation of the
p^'' degree can only have p roots, if such an

equation is satisfied by more than p values of ic, it must be an

identical equation, or one in which the coefficients of the several

powers of x separately vanish. But the equation we have

written down is satisfied for each of the n values ic=a, a;=yS, &c.,

no matter what the values of a and b may be. And if we sub-

stitute any other two values of
a?, then, by solving for a and b

from the equations so obtained, we can determine a and J, so

that the equation may be satisfied for these two values. It
is,

therefore, satisfied for w + 2 values of
a*,

and since it is only an

equation of the {n-\-iy'' degree, it must be an identical equation.

And the corresponding equation in general, which is of the

degree w + ^— 1, is satisfied immediately for any of the n values

a; = a, &c. ;
while B being of the degree ^ — 1 we can determine

the k constants which occur in its general expression, so that

the equation may be satisfied for k other values • the equation

is, therefore, an identical equation.

50. We have now proved that the functions written in

Art. 48 being of the form AV—BU are either identical with

Sturm's remainders, or only difi'er from them by constant factors.

It remains to find out the value of these factors, which is an

essential matter, since it is on the signs of the functions that

everything turns. Calling Sturm's remainders, as before,

j?2, B,, &c., let Sylvester's forms (Art. 47) be !r„ T^, &c., then

we have proved that the latter are of the form T^
=

\B,^,

T.^
—

\R^', &c., and we want to determine \^ \^ &c. We qan
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at once determine X^ ^7 comparing the coefficients of the

highest powers of u? on both sides of the identity T^
=A,^V—B^U;

for jr" does not occur in T^, while in V the coefficient of ic""^ is w,

and the coefficient of a? is also n in A^^ which = 2
(a;
—

a) ;
hence

B,^
= n\ But the equation T^

= A^V- B^^
U must be identical

with the equation R^
—

Q^ V— U multiplied by \ ;
we have,

therefore, \ = n^.

To determine in general \ it is to be observed that since

any equation T^^^A^V- B^U is \^ times the corresponding

equation for ^^, and since in the latter case it was proved

(note, Art. 48} that
Aj^Bj^_^_^

—
A^_^_^B^= 1, the corresponding

quantity for 7"^, T^^^ must = W+i* Now from the equations

we have

A,,, T,
- A, T^,

=
(^,i?..,

-
^,,,5,) U= XA„ U.

Comparing the coefficients of the highest powers of x on

both sides of the equation, and observing that the highest power
does not occur in A^^T^^^^ we have the product of the leading
coefficients of A^^^ and T,^

=
\'^k+i* But if we write

^{a-^r = p„ S (a
-

/3r (a
-

7)'^ (^
"

7)*'
=A, &c.,

w^e have, on inspection of the values in Arts. 47, 49, the

leading coefficient in T.^=p^^ in ^3
=

^3, &c., and in A^ = nj in

^3^P2^ ^" ^4=i^3i ^^' Hence

P>\K Ps=-W^K =\\) &c., whence \=h, \ =^ j
&c.

The important matter, then, is that these coefficients are all

positive squares, and therefore, as in using Sturm's theorem

we are only concerned with the signs of the functions, we may
omit them altogether.

51. When we want to know the total number of imaginary
roots of an equation, it is well known that we are only con-

cerned with the coefficients of the highest powers of x in

Sturm's functions, there being as many pairs of imaginary roots

as there are variations in the signs of these leading terms.

And since the signs of the leading terms of T^^ T^^ &c. are the

same as those of
i?^, R^^^ &c., it follows that an equation has as
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many pairs of imaginary roots as there are variations in the

series of signs of 1, n, 2 (a
-
^)% 2 (a

- ^Y {0 - yf (7
-

a)^ &c.

This theorem may be stated in a different form by means of

Ex. 3, Art. 26, and we learn that an equation has as many pairs

of imaginary roots as there are variations in the signs of the

series of determinants

h ^^ \1 ^
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from these eliminating a;, 3/, z, we have a determinant of form

exactly similar to that which we are discussing, and which

may be written

't2»

'21)

32»

Then, of course in like manner,

^.
= K + K + K =

«n' +< +
^.s/ + 2a,; + 2aJ + 2a3;.

The same process applies in general and enables us from s,, to

compute 5^^,.
Thus suppose we have got the system of equations

XPx=d^^x-\-d^^^y-{-d^^z, '^'y^d^.x+d^y-^d^^z, '>^''z=d^,x+d^^y-\-d^^z,

from which we could deduce, as above, 5^
=

6?,^ + c?22 + ^33; then

multiplying both sides by \, and substituting for Xx^ &c. their

values, we get

X'^'x =
{d^^a^^ + d^^a^^ + d^^a^^j x + [d^^a^^ + d^^a^^ + d^^aj y

+ ««3i + <2«82+<3«83^^>
^'"« = (^8l«n + ^82^12 + ^33^13) ^ + (^31^21 + ^.2«22 + ^^ss) 2^

+ Kl«'3i + «^32«32+40^)
whence

s^^^
=

c?,,a,, + ^a,, + ^^33 + 2d^^a^^ + 2d^^a^^ ^- 2d^^a^^.

53. We shall now shew, by the help of these values for

Sp^ &c., that each of the determinants at the end of Art. 51

can be expressed as the sum of a number of squares, and

is therefore essentially positive.* Thus write down the set of

constituents

1, 1, 1, 0, 0, 0, 0, 0,

then it is easv to see that
hi ^2

is the determinant formed

* M. Kummer first found out by actual trial that the discriminant of the cubic

which determines the axes of a surface of the second degree is resolvable into a sum
of squares. {Crelle, vol. XXVI., p. 268). The general theory given here is due, a3

we have said, to Borchardt.
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from this, by the method of Art. 24, which expresses it as

the sum of all possible squares of determinants which can be

formed by taking any two of the nine columns written above.

The determinant is thus seen to be resolvable into the

sum of the squares

K - ^J +K - «J* + («^33
-

«»)' + 6 {aJ 4 aJ + a,/),

and is therefore essentially positive. Again, if we write down

1, 1, 1, 0, 0, 0, 0, 0,

<^n) «.22l «33? «237 «31J «12^ ^2H^ «31? «I2

Ki K-' Kj K'> Kj Ki K'> K" K
where

Jj,,
&c. have the meaning already explained, it will be

easily seen from the values we have found that

^0.
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viz.
«,
-

p,
=

0, s^ -p^s^ + 2p^
=

0, ^3
-

p^s^ -f
;?,.9,

-
3p,

=
0, &c.,

whence 5^=;?,, «,=;?; -2^,, s^=p; -3p^p.^ + Sp^, &c.,

and with the formulae

Sa'ySY = 5n.V.
-

^».+A
"

^m^.s^
-

s^.^s^ + 25„,^,,, &c.

We can thus calculate Sa^'/S^, &c. first In terms of the sums 5„ 5^,

&c., and ultimately In terms of the coefficients ^j, p^^ &c.*

Ex. We can get determinant expressions for the sums of powers in terms of

the coefficients, or vice versa, by solving, as in Art. 29, the system of linear equations

above written, for 5,, «2> &c., or 7?,, P2, &c. Thus we have

»3 =
Pu 1

2i?2, Pi

1 2 1) = *"
'"^^

I s„ *i 1; I.2.3.;>,

/'I, 1,
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and tbence derive the sets of equations

K =
2a/3,

JO,' =2a'+ 22a/9, .

V^
= 2a/S7,

jt?,^,= 2a'/3H-32ayS7,

'p^ =Sa'+3Sa'''/e-f62a/3y;

we thus have 1 equation to give 2a; 2 equations to give

2a/3 and 2a^
;
3 equations to give 2ayS7, 2a'''yS, 2a^, and so on.

And taking, for instance, the third set of equations, the first

equation gives Sa/Sy, the second then gives 2a''*/3, and the third

then gives 2a^; thus

2a/37 = ;7g,

2a' ^TP: -^[p,p.-^,)-^p,,

=p; -^p,p, +3^3.

The process for the formation of the successive sets of equations

is further explained and developed in Prof. Cayley's
" Memoir

on the Symmetric Functions of the Eoots of an Equation,"

FML Trans.
^
vol. CXLVil, (1857), and the original and inverse

sets of equations, for equations up to the order 10, are therein

exhibited in the form of tables (see Appendix).

56. If we have any homogeneous function of the coefficients

i^i) Fz^ ^^t "^'^ ^hsiW use the word order of that function, in

the usual sense, to denote the number of factors of which

each term consists. Thus, if any term were p^p^p^i the order

of the function would be r + s + ^. If the function be not

homogeneous, the order of the function is as usual regulated

by the order of the highest term. By the weight of a function

we shall understand the sum of the suffixes attached to each

factor. Thus, if any term were p^p^p^t the weight of the

function would be r + 25 -1- 3^
; or, again, if any terra were

PrPiPtj this term would be of the third order, while its weight
would be r + 5 + ^. In the case of every function, with which we

shall be concerned, the weight will be the same for every term.
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57. On Inspecting the expressions given above for
5,, s^^ 5,,

&c.

in terms of the coefficients, it Is obvious that the weight of every
terra in

s^
is two, in

s^
is three, and it is easy to conclude by

induction that the weight of every term in s^ Is n. In like

manner, It Is evident that the weiglit of 2a"'/S^ is m+p^ of

^ori3^y'' km+p + q, &c.

This may be proved in general as follows: If for every
root a, /S, 7, &c. we substitute X times a, X times /8, \ times 7,

&c., we evidently multiply the function 2a"*y6V by X""'"'". But

it Is known that If we multiply every root by \, we multiply

Pt by X, p^ by X', p^ by X', &c. It follows then that ^oT^Y
expressed In terms of the coefficients must be such that if we
substitute for p,, Xp,, for p^, X*/?^)

and so on, we shall multiply

every term by \'"+^+«
;
and this, in other words, is saying that

the weight of every term is m -f p + ^.

58. Since

p^
= a-\- l3 + y-\- &c., p^

= a (/3 + 7 + &c.) + /57 + &c., &c.,

and none of the coefficients, p^^ p^^ &c. contains any power
of a beyond the first. It is plain that the order of any symmetric
function 2a"/8^7' (where m Is supposed to be greater than p
or q) must be at least m. For, of course, unless there are at

least m factors, each containing a, a** cannot appear In the pro-
duct. But, conversely, any symmetric function, whose order is

M, will contain some terras involving a**. For if
q^^ q^^^ q^, &c.

be the sum, sum of products in pairs, in threes, &c. of /3, 7, 8,

&c., we have
/?j
= a + 2'^ p^

=
aq^ + q^, p^

=
aq^ + q^, &c., and the

coefficient of the highest power of a in such a term as p^p^p^^
will be qlq^ql \ and, conversely, the multiplier q[q^q* can only
arise from the term p^plpl* It therefore cannot be made to

vanish by the addition ot* other terras. It follows then that

the order of any symmetric function 2a'"/8^7^ is equal to the

greatest of the numbers m^ p^ q\ for we have proved that it

cannot be less than that number, and that it cannot be greater,

since functions of a higher order would contain higher powers
of a than a*".

By the help of the two principles just proved (that the

weight is the degree In the roots, and the order the highest
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degree in any one root), we can write down the literal part of

any symmetric function, and it only remains to determine the

coefficients. Thus if it were required to form Sa'"* (/8
-

7)*, we
see on inspection that this is a function whose weight is four,

and that it is of the second order
;
that is to say, there cannot

be more than two factors in any term. The only terms then

that can enter into such a function are p^^ P^Pxi T^-i ^'^^ ^^
calculation would be complete if we knew with what coefficients

these terms are to be affected.*

59. Symmetric functions of the differences of the roots of

equations^ being those with which we shall have most to deal,

it may not be amiss to give a theorem by which the sum of

any powers of the differences can be expressed in terms of

the sums of the powers of the roots of the given equation.

Expanding (a;
—

a)'" by the binomial theorem, and adding the

similar expansions for [x — /3)"*, &c., we have at once

2 (ic
-

a)'"
=

s^x"^
-

ms^x''-^ j^\m{m- 1) s^x''"''
- &c.

Now if we substitute a for x in S (a;
—

a)"' it becomes

(a
-

)8)"* + (a
-

7)"' + &c.
; similarly if we substitute /S for x it

becomes {fi
— of + {13- 7)'" -f &c., and so on

;
and when we add

the results of all these substitutions, if m be odd, the sura

vanishes, since the terms (a
-

yS)'", (/3
-

a)"*
cancel each other.

If m be even, the result is 22 (a -^S)"*. But when the same

substitutions are made on the right-hand side of the equation

last written, and the results added together, we get

If m be odd, the last term will be ~ s^s^^ which will cancel the

first term, and, in like manner, all the other terms will destroy

each other. But if m be even, the last term will be identical

with the first, and so on, and the equation will be divisible by
two. Thus, then, when m is even, we have

2 (a
-

/3)"^
= Vm -

^^^i^,»-i + i"^ (^
-

1) Vm-2
-

&c.,

The foregoing example of the calculation of SajSy, I^a^^, 2a', in effect shows

how we can in every case obtain for the determination of the coefficients the required

pumber of linear relations.

f Such functions have been called critical functions.
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where the coefficients are those of the binomial until we come

to the middle term with which we stop, and which must be

divided by two. Thus

S(a-y3r=V4-4v,+ 3<^ 2(a-/3)«=V6-6V5+15v.-10<^ &c.

60. Any function of the differences will of course be un-

changed if we Increase or diminish all the roots by the same

quantities, as, for instance, If we substitute ic — X for a; In the

given equation. It then becomes

aj" - {p^ + n\) x""' f f;?.^ + (n
-

1) \p^ + Jn (n
-

1) X'} x''-'

-
{i's + (^

-
2) Xp^ + &c.} a;""' + &c. = 0.

Now any function
(f)

of the coefficients p^^ p^, &c. will, when

we alter ^j into^^ + 8p^^ p^ Into p^ + Sp^^ &c., become

It then, m any function of p^^ p^, &c., we substitute p^ + n\ for

Fii Pa + (^
~

^) ^^1 + 2^ (^
~

^) ^^ ^^^ Pi^ ^^'1 ^^^ arrange the

result according to the powers of X, it becomes

But since we have seen that any function of the differences la

unchanged by the substitution, no matter how small X be. It Is

necessary that any function of the differences, when expressed
in terms of the coefficients, should satisfy the differential equation

Ex. 1. Let it be required to form S (a
—

/S)^. We know that its order and weight
are both = 2. It must therefore be of the form Ap^ + Bp^. Applying the differential

equation, we have {(re
—

1) ^ + InE] p^
—

0, whence B is proportional to w - 1 and

Ato — In. The function then can only differ by a factor from (n
—

\) p^ —
2np2.

The factor may be shewn to be unity by supposing a = 1 and all the other

roots = 0, when pi = 1, p^ — 0, and the value just written reduces to n — 1, as it

ought to do.

Ex. 2. To form for a cubic the product of the squares of the differences

(a
-

/3)' (J3
— yY (y

-
a)'. This is a function of the order 4 and weight 6. It must
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therefore be of the form

Ap^^ + Bp^p^'P^ + Cp^p.^ + Bp^^ + Ep^^p^.

Operating with 3 -7
—h2p,-—Vpo-r— it becomes

dpi '^dp^ ^^dp^

{2A + ZB) p^p^ + {2B + 9C) p^p^^ + (5 + 6Z> + 6^ p^^p^ + (C + 4^) p^p^^

and as this is to vanish identically, we must have C - — 4E, B = 18E, A — —
TIE,

D = — 4E, or the function can only differ by a factor from

p^W + ^^PiP^Ps
- 4p^ - Ap,p,^

- 21p,\

The factor may be shewn to be unity by supposing y and consequently p^ to be = 0.

61. We shall in future usually employ homogeneous equa-

tions. Thus, writing x : y for
cc,

and clearing of fractions, the

equation we have used becomes

x'-p.x'-'y +p.^x'-y...±py = 0.

We give x^ a coefficient for the sake of symmetry ;
and we find

it convenient to give the terms the same coefficients as in the

binomial theorem
;
and so write the equation

a„£c" + wa^aj""'^ + ^n {n
-

1) a^x'^'Y +•••+ ^<^„-,^/'^ "i" «„/ = ^1

or, as this may be for shortness represented,

One advantage of using the binomial coefficients
is,

that thus

all functions of the differences of the roots will, when expressed

in terms of the coefficients, be such that the sum of the numerical

coefficients will be nothing. For we get the sum of the nume-

rical coefficients by making a^
—

a^
=

a^
= &c. = l; but on this

supposition all the roots of the original equation become equal,

and all the differences vanish.

When we speak of a symmetric function of the roots of the

homogeneous equation, we understand that the equation having

been divided by a^y^j the corresponding symmetric function has

CL CL X
been formed of the coefficients — ,

—
, &c. of the equation in -

,

and that it has been cleared of fractions by multiplying by the

highest power of a^ in any denominator. In this way, every

symmetric function will be a homogeneous function of the co-

efficients a„, a^, &c.
; for, before it was cleared of fractions, it was
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a homogeneous function of the degree 0, and it remains homo-

geneous when every term is multiplied by the same quantity.

Or we may state the theory for the symmetric functions of the

roots of the homogeneous equation, without first transforming it

to an equation in x\y. If one of the roots of the latter equation
be a, that is,

if a factor of the function is a; — ay, then it is

evident that the homogeneous equation is satisfied by any

system of values
a?', y for which we have x'^ay'^ since it

is manifest that we are only concerned with the ratio x' : y\
And since the equation divided by y^ is resolvable into factors,

so the homogeneous equation is plainly reducible to a product
of factors {xy

—
yx) {xy"

—
yx') [xy"

—
yx'')^ &c. Actually mul-

tiplying and comparing with the original equation, we get

«o=2^yy"&c., 72a,
= -2a.yy''&c., in(n-lJa.,= SxVy''&c.,

a„
= ± icW" &c., wa„.,

= + 2yW" &c.

By making all the ?/'s
=

1, these expressions become the ordinary

expressions for the coefficients of an equation in terms of its

roots, x\ x\ &c. And conversely, any symmetric function ex-

pressed in the ordinary way in terms of the roots x\ x'\ may
be reduced to the other form, by imagining each x' divided by
the corresponding y\ and then the whole multiplied by such

a power of yy' &c., as will clear it of fractions. Thus the

sum of the squares of the differences 2 [x' — x^f becomes

SCicy'-z/Vjy'y' &c. And generally any function of

the differences will consist of the sum of products of deter-

minants of the form {xy" -yx") {x'y"
—
y'x") &c., by powers

of /, y\ &c.

62. The differential equation which we have given for

functions of the differences of the roots requires to be modified

when the equation has been written with binomial coefficients.

Thus, if in the equation a^x^ -f na^'^y + &c. = 0, we write ic + \v

for x^ the new a^ becomes a^ + \a^^ a^ becomes a^ -|- Tka^ + X^a^^

o^ becomes ^34 3\a^-\- 3V"^a^ + X^a^^, &c., and any function
(j>

of

the coefficients is altered by this substitution into
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Any function then of the differences, since it remains unaltered

when x + \ is substituted for Xj must satisfy the equation

In like manner any function which remains unaltered, when

y + X is substituted for y, must satisfy the equation

Functions of the latter kind are functions of the differences of

the reciprocals of the roots, and in the homogeneous notation

consist of products of determinants of the form xy' —y'x'\ &c.,

by powers of
a;', x'\ &c. Functions of the determinants

x'y''
— yx^ alone, and not multiplied by any powers of the a;'s

or the ^s, will satisfy both the differential equations.

63. It is to be observed that the condition

is not only necessary but sufficient, in order that <^ should be

unaltered by the transformation x-\-X for x. We have seen

that the coefficient of X in the transformed equation then

vanishes, and the coefficient of X* is easily found to be

deb ^ d(f) ^ d4> p ^ f d ^ d p \^
,

where, considering the second term as denoting j^^^-^^j ^^^

o^^ flj,
&c. which appear explicitly in A(^ are not to be differen-

tiated. But this being so, the two terms together are = j^^ A . A(/>,

where A.A</) denotes now the complete effect of the operation A

upon A0. For, when we operate with the symbol on itself,

the result will be the sum of the terms got by differentiating

the a^, a^i &c., which appear explicitly, together with the result

on the supposition that these a^^ a^, &c., are constant. Thus, then

A<^ vanishing identically, we have A.A^ = 0, or the coefficient

of X^ vanishes. So, in like manner, for the coefficients of the

other powers of \.
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Ex. To form for the cubic a^x^ + Za^x^y + Za^xy* + a^^, the function

2 (a-j^j
-

xiy^Y {x^y3
-

3-3^2)2 {x^i - x^y^^

This can be derived from Ex. 2, Art. 60, or else directly as follows. The function is to

be of the order 4 and weight 6. It must therefore be of the form

Operate with a^ j- + 2ai
— + Saj^ ,

and we get

(J5 + 6^) a^a^a^a^+ {ZC+2B) 03^101^;+ (2^4-6i)+35) a^a^a^a^+{4:E + ZC) a^a^a^a^^O.

Equating separately to the coefficient of each term, and taking ^ =
1, we find

£ = -6, C = 4, D = 4, ^ = -3.

64. M. Serret writes the operation a^ j + &c. in a compact

form, which is sometimes convenient. If we imagine a fictitious

variable ?, of which the coefficients
a^,, a,, &c., are such func-

tions, that

da da da ^

then evidentty -^i =a.^- + 2a, -7^ + 3a,
-~ + &G.

d^
°

da^
'

cra^
*

da^

In like manner na^ -^ + &c. may be briefly written -^, where

»7 is a variable, of which
a^,, a^, &c. are supposed to be such

functions, that

65. The above operators

may be represented by

{2/Si, {x\}

respectively, since the first of them operating on
(a^, a,...aj(a', yY

produces the same effect as yh^^ the second the same effect as

ccS . If the function be expressed in terms of its roots

K
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then the two operators may be transformed into symbols

operating on the roots, as we have

the proof of which may be supplied without difficulty.

LESSON VIII.

ORDER AND WEIGHT OF ELIMINANTS.

66. When we are given k homogeneous equations in k

variables (or, -what comes to the same thing, k non-homoge-
neous equations in Z; — 1 variables) it is always possible so to

combine the equations as to obtain from them a single equation

A = 0, in which these variables do not appear. We are then

said to have eliminated the variables, and the quantity A is

called the EUmtnant^ of the system of equations. Let us take

the simplest example, that which we have already considered in

the first lesson, where we are given two equations of the first

degree aa; + J = 0, ax + J' = Q. If we multiply the first equation

by a', and the second by a, and subtract the first equation from

the second, we get al/ — <ih — 0, and the quantity aV — ah is the

elirainant of the two equations. Now it will be observed, that

we cannot draw the inference aV — ah — Q unless the two given

equations are supposed to be simultaneous, that is to say, unless

it is supposed that both can be satisfied by the same value

of X, For, evidently, when we combine two equations 4> [x)
=

0,

ijr(a?)
=

0, and draw such an inference as Z^ (ic) + tt?^ (a;)
=

0,

it is assumed that x means the same thing in both equations.

It follows then that a}/ — a'b = is the condition, that the two

equations can be satisfied by the same value of
a?,

as may
also be seen immediately by solving both equations for Xj

and equating the resulting values. And so generally, if we

* Eliminants axe also called resuUantSt
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are given any number of equations, JJ— 0, V— 0, W— 0, &c.,

we may proceed to combine them, and draw an inference such

as lU-k- mV •\- nW— 0, only if the variables have the same values

in all the equations. And, if by combining the equations, we
arrive at a result not containing the variables, this will vanish if

the equations can be satisfied by a common system of values

of the variables, and not otherwise. Hence for any such system
of equations the eliminant may in general be defined as that

Junction of the coefficients^ whose vanishing expresses that the equa--

tions can he satisfied by a common system of values of the variables,

67. We have now to show how elimination can be performed,
and what is the nature of the results arrived at. We commence

with two equations written in the non-homogeneous form

a;"* -^^a?"-' +/?./""' ~&c. = 0, or <^(a;)
=

0,

x" -
q^x"'^ + q^x""-^'

- &c. = 0, or
>/r [x]

= 0.

The vanishing of the eliminant of these equations is,
as we have

seen, the condition that they should have a common root. If

this be the case, some one of the roots of the first equation
must satisfy the second. Let the roots of the first equation
be a, /8, 7, &c., and let us substitute these values successively
in the second equation, then some one of the results -^ (a),

-^ (;S), &c. must vanish, and therefore the product of all

must certainly vanish. But this product is a symmetric func-

tion of the roots of the first equation, and therefore can be

expressed in terms of its coefficients, in which state it is the

eliminant required. The rule then for elimination by this

method, is to take the m factors

t(a) = a"-^y-*+^,a''-«-&c.,

t (7)
= 7"

- 2^ -f 2.7"-*
-

&c., &c.,

to multiply all together, and then substitute for the symmetric
functions (a/37)", &c., their values in terms of the coefficients of

the first equation.

Ex. To eliminate x between x^ — pyX + /?a
= 0, x* — q^x + q^-=Q. Multiplying

(a«
-

q^a + g,) (^ - qxP + ?2), we get

«'/32
- q,a^ (a + ^) + ?, (a» + /J^) + q,^a^ - q,q^ (a + ^) + ?/ ;
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nnd then substituting a + (3
= p^, aft = p^, a' + 13"^

= p^ — 2^2, we have

Pi -
V\Vi<ix + ?2W -

2i?2) +i'2?i'
-

q^q-iVx + ?2^

or (;'2
-

?2)^ + iPx
-

2i) (i'l^a -i'j?!),

which is the eliminant required.

68. We obtain In this way the same result (or at most

results differing only in sign), whether we substitute the roots

of the first equation in the second, or tliose of the second in the

first. In other words, if a', /S', 7', &c. be the roots of the

.second equation, the eliminant may be writtenJat pleasure as

the continued product of </>(«'), ^{fi')i <^(70) &c., or as the

product of '^ (a), '^(/3), '^{y)^ &c. For remembering that

<f> {x)
—

[x
—

a) {x- P) (a;
-

7), &c., the first form is

(a'
-

a) (a'
-

/S) (a'
-

7) &c. (^'
-

a) {/S'
-

/3) (^'
-

7) &c.,

and the second is

(a-a')(a-/3')(a-7')&c. (/3
-

a') ((8
-

^S') (/3
-

7') &c.

In either case we get the product of all possible differences

between a root of the first equation and a root of the second
;

and the two products can at most differ in sign.

69. If the equations had been given in the homogeneous

form, with or without binomial coefficients,

o^x"^ + ma^x^'-^y + \m [m
-

1) a^x^^Y + &c. = 0,

by + nb^-'y +in{n -
1) b^-y + &c. = 0,

we can reduce them to the preceding form by dividing them re-

spectively by a^"*, b^7/'\
when we have^, = ^-, g'^

= - —'

,
&c.

We substitute then these values for p^^ $',,
&c. in the result

obtained by the method of the last article, and then clear of

fractions by multiplying by the highest power of
a^^ or b^ in

any denominator. Thus the eliminant of a^'^ + 2a^x7/ + a^^j

b^ -f 2b^xy + b,j/\
obtained in this manner from the result of

Ex., Art. 67, is
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It is evident thus that the eliminant is always a homogeneous

function of the coefficients of each equation. For before we
cleared of fractions, it was evidently a homogeneous function

of the degree 0, and it remains homogeneous when every term

is multiplied by the same quantity.

The same thing may be seen by applying to the equations

directly the process of Art. 67. Let the values which satisfy

the first equation be xy\ x'y'\ &c.
; then, if the equations have

a common factor, some one of these values must satisfy the

second equation. We must then multiply together

{h^x''' + w5^a;'''-y + &c.) (^»X'" + n\x''''-Y + &c.) (&c.),

which is a homogeneous function of the coefficients h^^ b^,
... of

the second equation, and of course remains so after substituting

for the symmetric functions (ic'ic" &c.)" &c. their values in terms

of the coefficients of the first equation. And in the same manner

the function is homogeneous as regards the coefficients of the

first equation.

70. The eliminant of two equations of the wi** and w** orders

respectively^ is of the w'* order in the coefficients of the first equa-

tion^ and of the m^^ in the coefficients of the second.

For it may be written either as the product of m factors

"^ (a), y^ (/8), &c., each containing the coefficients of the second

equation in the first degree, or else as the product of n factors

(ji (a'), <t> (yS'), &c., each containing in the first degree the coeffi-

cients of the first equation. Or confining our attention to the

form y^ [ol].'>^ (/3).&c. we can see that this form, which obviously
contains the coefficients of the second equation in the degree

772,
contains those of the first in the degree ri,

since the sym-
naetric functions which occur in it may contain the n'*,

and no

higher, power of any root (Art. 58).

71. The weight of the eliminant is mn; that is to say,

the sum of the suffixes in every term is constant and —mn.
For if each of the roots a, y5 ; a', /3', &c. be multiplied by the

same factor X, then since each of the mn differences a — a' (see



70 OKDER AND WEIGHT OF ELIMINANTS.

Art. 68) is multiplied by this factor \, the eliminant will be

multiplied by X"'". But the roots of the two equations will be

multiplied by \ if for ^„ q^ we substitute Xp^^ \q^\ ^'^^i^avS'aj

'^^Pii ^*2'2 J
^^' ^® ^^^ then, that if we make this substitution

in the eliminant, the effect will be that every term will be

multiplied by X"""
; or, in other words, the sum of the suffixes

in every term will be mn. The same thing may also be seen

to follow from the principle of Art. 57. In
>|r {x) the sum of

the index of every term and the suffix of the corresponding

coefficient is n
\

that is to say, -^^ {x) consists of the sum of a

number of terms, each of the form
q^^_iX^» If, then, we take any

term at random in each of the factors
^/r (a), -^ (/3), &c., the

corresponding term in the product will be qn-i^n-Nn-n^'^^y'^i ^^'i

and if we combine with this all other terms in which the same co-

efficients of the second equation occur, we get 2'„_i$'„_>$'„_*2a'yS'7*,

&c. The sum of the suffixesof the ^'s is w — *+7i—j + w— Ah-&c.,

or since there are m factors, the sum is mn — {{-\-j-^ k-{-&c.).

But, by Art. 57, the sum of the suffixes of the p's in the ex-

pression for 2a'/3'7*, &c. is t+j + k + &c. Therefore the sum

of both sets of suffixes is mn^ which was to be proved.

The result at which we have arrived may be otherwise stated

thus:* ff Pit q^ contain any new variable z in the first degree ;

if Vi'i 9.1
contain it in the second and lower degrees ; if p^-, q^ in

the third, and so on ; then the eliminant will in general contain

this variable in the mn*'' degree.

It is evident that the results of this and of the last article are

equally true if the equations had been written in the homo-

geneous form a^a;'" + &c., because the suffixes in the two forms

mutually correspond. And again, from symmetry, it follows that

the result of this article would be equally true if the equations

had been written in the form a^oT + ifn>a^_^x^^y + &c., where the

suffix of any coefficient corresponds to the power of x which

it multiplies, instead of to the power of y.

* Or again thus : if in the eliminant we substitute for each coefficient p^, the term

«« which it multiplies in the original equation, every term of the eliminant will be

divisible by x"»*». Or, in the homogeneous form, if we substitute for each coefficient

Ca the term x*y^*, which it multiplies, every term of the eliminant will be divisible

by ^^"M**",
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72. Since the eliminant is a function of the differences

between a root of one equation and a root of the other, it

will be unaltered if the roots of each equation be increased by
the same quantity; that is to say, if we substitute a; + \ for a?

in each equation. It follows then, as in Art. 60, that the elimi-

nant must satisfy the differential equation

JA
, ,, t/A p c?A

, ,, c?A _

dp^ dp^ d^x ^%
or, as in Art. 62, if the equations bad been written with

binomial coefficients, we have

d^ ^ d£^ p y dA ^T dA « ^

73. Given two homogeneous equations between three variables,

of the m** and n'* degrees respectively^ the number of systems of

values of the variables which can be found to satisfy simultaneously

the two equations is ww.*

Let the two equations, arranged according to powers of
a:,

be

ax^ + [by + cz) x"-' + [df + eyz + fz') a;'""" + &c. = 0,

aV + {Vy + c'z) x""' + [d'f + e'yz +fz'') x"'' + &c. = 0.

If now we eliminate x between these equations, since the co-

efficient of a;*""^ is a homogeneous function of ^ and z of the first

degree, that of x"^"^ is a similar function of the second degree,

and so on,
—it follows from the last Article that the eliminant

will be a homogeneous function of y t.nd z of the mn"" degree.

It follows then that mn values of y and af can be found which

will make the eliminant = 0. If we substitute any one of these

in the given equations, they will now have a common root when

* These equations may be considered as representing two curves of the m'* and

«** degrees respectively ;
the geometrical interpretation of the proposition of this

Article being, that two such curves intersect in mn points. The equations are re-

duced to ordinary Cartesian equations by making z = I.

t The reader will remember that when we use homogeneous equations, the ratio

of the variables is all with which we are concerned. Thus here, z may be taken

ftrbitrarily, the corresponding value of y being determined by the equation in y : x.
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solved for x (since their eliminaiit vanishes) ;
and this value of

a?,

combined with the values of y and z already found, gives one

system of values satisfying the given equations. So we plainly

have in all mn such systems of values. We shall, In Lesson x.,

give a method by which, when two equations have a common

root, that common root can immediately be found.

Ex. To find the coordinates of the four points of intersection of the two conies

ax^ + by'^ + cz^ + ^fyz + 2gzx + 2hxy = 0, a'x^ + *y + c'z^ + If'yz + Ig'zx + Vi'xy = 0.

Arrange the equations according to th6 powers of
a;,-

&tA eliminate that variable,

as in Art. 67; then the result is

{{ah') y'' + 2 {af) yz + {ac') ^f
+ 4 liflh') y+ {ag') 2] [(M') y^ + {W) + 2 (/^')} fz + {(cA') + 2 {fg')] z^y+ {eg') e^]

= 0,

where, as in Lesson i., we have written {ah') for ah' - a'b. This equation, solved for

y : z, determines the values corresponding to the four points of intersection. Having
found these, by substituting any one of them in both equations, and finding their

common root, we obtain the corresponding value of x -.z. "We might have at once

got the four values of a; : 2; by eliminating y between the equations, but substitution

in the equations is necessary in order to find which value of y corresponds to each

value of x. By making 2 = 1, what has been said is translated into the language of

ordinary Cartesian coordinates.

74. Any symmetric functions of the mn values which simul-

taneously satisfy the'two equations can he expressed in terms of
the coefficients of those equations.

In order to be more easily understood, we first consider

non-homogeneous equations in two variables. Then it is plain

enough that we can so express symmetric functions involving
either variable alone. For, eliminating y^ we have an equation

in
a?,

in terms of whose coefficients can be expressed all sym-
metric functions of the mn values of x which satisfy both equa-
tions. Similarly for y. Thus, for example, in the case of two

comes, x;y^ &c. being the coordinates of their points of intersec-

tion, we see at once how to express such symmetric functions as

^. + ^n + ^,n + ^..^ y\ + y\, + y\„ + y\.^ &«.,

and the only thing requiring explanation is how to express sym-
metric functions into which both variables enter, such as

^.y,-^^uyn-^^n.yn, + ^,.y..*

To do this, we introduce a new variable, t = \x + ^y^ and by the

help of this assumed equation eliminate both x and y from the

given equations. Thus y is immediately eliminated by substi-
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tuting in both its value derived from 7 = Xa: + /^y, and then we
have two equations of the wb^ and tl^ degrees in

ic,
the eliminant

of which will be of the mvi^ degree in
t^
and its roots will be

obviously \x, + tiy,^ \x,,^-iiy„^ &c., where x,y,^ x,,y„ are the

values of x and y common to the two equations. The coeffi-

cients of this equation in t will of course involve \ and /*. We
next form the sum of the k*'' powers of the roots of this equa*
tion in

t^
which must plainly be = (Xcc, + yLt^^)*+ (\a;^^+ /x^^^)*+ &c»

The coefficient, then, of \* in this sum will be Sic^* : the coeffi-

cient of X^'^fi gives us S^^*"^y^, and so on.

Little need be said in order to translate the above into the

language of homogeneous equations. We see at once how to

form symmetric functions involving two variables only, such as

'^yz,p„z^^^ for these are found, as explained, Art. 61, from the

homogeneous equation obtained on eliminating the remaining
variable

;
the only thing requiring explanation is how to form

symmetric functions involving all these variables, and this is

done precisely as above, by substituting t = \x-^ tiy,

Ex. To form the symmetric functions of the coordinates of the four points

common to two conies. The equation in the last Example gives at once

y,y.,yH.y,>^
-

iflc')- + 4 («</') {eg') -, z^,z„^,^ = {aby + 4 {ah') {bh') j

and, from symmetry, x,x,pi,„x,^ = (pc'f + 4 {bf) {cf),

- '^ {y.y.y.^..) = ^ {(«^') («/') + («^') {cff') + {ag') {ch^ + 2 {ag') {fg')], &c.

To take an example of a function involving three variables, let us form

2 {x^yAAnZ^,),
which corresponds to 2 {x'y) when the equations are written in the non-homogeneous
form.

By the preceding theory we are to eliminate between the given equations, and

t = \x + fxy', and the required function will be half the coeflElcient of X/i in

^ ('V^/2^//2;^*')' If the result of elimination be

At^ + {BX + Cm) t^z + (i)\2 + EXfi + i?^') «V + &c.,

2 {t\z\,z\„z\,) = {B\ + Cixf
- 2A (DX2 + EXfi + Ff,?),

^nd Z (a;,t//V^//SV)=-SC'-^^.

By actual elimination

A = {ab'f + 4 {ah') {bh'), B = 4: {{ba') {bg") + {bf) {ah') + {bh') {af) + 2 {bh') {gh')),

C = 4. {{ab') {af) + {ag') {bh') + {ah') {bg') + 2 {ah') {/h')}

E = 4. {{ac') {bh') + {be') {ah')
- 2 {af) {hf)

- 2 {bg') {hg') + 4 {hf) {hg')].

75. To form the eliminant of three homogeneous equations in

three variables of the m'^, 7i'*,
and p" degrees respectively.

The vanishing of the eliminant is the condition that a system
L
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of values of
a?, y^ z can be found to satisfy all three equations.*

When this is the case, if we solve from any two of the

equations, and substitute successively in the remaining one the

values so found for
cc, ?/, 0, some one of these sets of values must

satisfy that equation, and therefore the product of all the results

of substitution must vanish. Let x\ y\ z'
\ x'\ y'\ z'\ &c,

be the systems of values which satisfy the last two equations,

which (Art. 73) are njp in number: substitute these values

in the first, and multiply together the n'p results ^ [x\ y\ z')^

^ {x^\ ^"x^'O? ^^' ^^^ product will plainly involve only sym-
metric functions of x\ y\ z\ &c., which (Art. 74) can all be

expressed in terms of the coefficients of the last two equations ;

and, when they are so expressed, it is the eliminant required.

76. Tlie eliminant is a homogeneous function of the np^ order

in the coefficients of the first equation ; of the mp*^ in those of the

second / and of the mrt^ in those of the third.

For, each of the np factors
(j) (x\ y\ z') is a homogeneous

function of the first degree in the coefficients of the first equation ;

and the expression of the symmetric functions in terms of the

coefficients only involves coefficients of the last two equations,

from solving which x'
y y\ z\ &c. were obtained. The eliminant

is therefore of the r?p'* degree in the coefficients of the first

equation; and in like manner its degree in the coefficients of

the others may. be inferred.

77. The weight of the eliminant will he mnp ; that is to say.

If all the coefficients in the equations which multiply the firstpower

of one of the variables^ z^ he affected with a suffix 1, those which

multiply z^ with a suffix 2, and so on ; the sum of all the suffixes

in each term of the eliminant will he equal to mnp» In other

words : If all the coefficients which multiply z contain a new

variable in the first degree;
—

if those which multiply z^ contain it

in the second and lower degrees^ and so on; then the eliminant

will contain this variable in the degree mnp.

* If the three equations represent curves, the vanishing of the eliminant is the

condition that all three curves shall pass through a common point.
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This is proved as in Art. 71. In the first place, it is evident

that if a homogeneous equation of the m*^ degree be satisfied by
values x\ y\ z'

\
and if the equation be altered by multiplying

each coefficient by a power of \, equal to the power of z^ which

the coefficient multiplies, then the equation so transformed will

be satisfied by the values \x\ \y\ / ; or, in general, that the

result of substituting A^', \y\ z' in the transformed equation is

X"* times the result of substituting x\ y\ z' in the untransformed.

Thus, take the equation x^ + y^
— z^ - z^x — zy\ the transformed

is ic* + 1/*
- \V — \^z^x - \zy^ ; and, obviously, the resuft of sub-

stituting \x\ \y\ z' in the second is \^ times the result of

substituting x\ y\ z^ in the given equation. If, then, the three

given equations be all transformed by multiplying each coeffi-

cient by a power of \ equal to the power of z^ which the

coefficient multiplies, it follows, if x\ y\ z' be one of the

systems of values which satisfy the two last of the original

equations, that the transformed equations will be satisfied by

{\x\ \y\ z\ and the result of substituting these values in the

first will be X'^t^ {x\ y\ z). The eliminant, then, which is the

product of n'p factors of the form ^ {x\ y\ z') will be multiplied

by X*""''. If, then, any term in the eliminant be apfi^^ &o.,

where the suffix corresponds to the power of z^ which the

coefficient multiplies, since the alteration of a^ into X*a^, hi

into X^^^, &c., multiplies the term by X'""'',
we must have

^ + ? + &c. = mri]), Q. E. p.

78. It is proved, in like manner, that three equations are In

general satisfied by mn^ common values; that any symmetric
function of these values can be expressed in terms of their co*

efficients
;
and that we can form the eliminant of four equations

by solving from any three of them, substituting successively in

the fourth each of the systems of values so found, forming the

product of the results of substitution, and then, by the method

of symmetric functions, expressing the product in terms of the

coefficients of the equations. In this way we can form the

eliminant of any number of equations ;
and we have the follow*

ing general theorems: The eliminant of k equations in k—X

independent variables is a homogeneous function of the coefficienta
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of each equation^ whose order is equal to the product of the degrees

of all the remaining equations. If each coefficient m all the

equations he affected with a suffix equal to the power of any one

variable which it multiplies^ then the sum of the suffixes in every

term of the eliminant will he equal to the product of the degrees

of all the equations. And, again, if we are given k equations

in h variables^ the number of systems of common values of the

variables, which can he found to satisfy all the equations, will bQ

equal to the product of the orders of the
equations,

LESSON IX.

EXPRESSION OF ELIMINANTS AS DETERMINANTS,

79. The method of elimination by symmetric functions is,

in a theoretical point of view, perhaps preferable to any other,

it being , universally applicable to equations in any number of

variables
; yet as (in the absence of tables of symmetric func-

tions) it is not very expeditious in practice, and does not

yield its results in the most convenient form, we shall in

this Lesson give an account of some other methods of elimi-

nation. The following is the method which most obviously

presents itself. It is in substance identical with what is called

elimination by the process of finding the greatest common

measure. We have already seen that the eliminant of two

linear equations ax-\-b = Oj ax + 5' = is the determinant

cd) — b(f — 0. If now we have two quadratic equations

ax' + Sa; + c = 0, aV + h'x + c' = 0,

multiplying the first by a', the second by a, and subtracting,

we get

(ay)a;+(ac')
= 0;

and, again, multiplying the first by c',
the second by c, sub-

traQting, and dividing by x, we get

[ac) X -f (5c')
= 0.
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The problem is now reduced to elimination between two linear

equations, and the result is

{acy+{ba'){hc')=:0.

80. So, again, if we have two cubic equations

aaf + hx^ + cx-\-d= 0, a'oc^ + JV -f c'x + cZ' = 0,

we multiply the first by a\ the second by a, and subtract;

and also multiply the first by d\ the second by c?, subtract and

divide by x. The problem is thus reduced to elimination be-

tween the two quadratics

{a¥) x' + [ac') X -f {ad')
=

0, {ad') x^ -i- {hd') x + {cd')
= 0.

By the last article the result is

{[ady-{ah'){cd')Y^{ad'){ac')^{aV){hd')][{ad'){dh')'-{ac'){dc')]^^^

Now it is to be observed that the equation

{aV) (cl) + {ac') {d¥) + {ad') {he')
=

is identically true. Consequently when we multiply out, the

preceding result becomes divisible by {ad')j and the reduced

result is

{ad')'
- 2 {ad') {ah') {cd')

-
{ad') {ac') {hd')

+ {ac'Y {cd') + {hd'f {ah')
-

{ah') {he') {cd')
= 0.

The reason that in this process the irrelevant factor {ad') is in-

troduced is that, if ad' = a'd, and therefore a to a' in the same

ratio as d to d', we must get results differing only by a factor,

if from the first equation multiplied by a' we subtract the second

equation multiplied by a, or, if from the first equation multiplied

by d'^ we subtract the second equation multiplied by d. Thus,
on the supposition {ad')

=
0, even though the original two cubics

have not a common factor, the two quadratics to which we
reduce them would have a common factor In general then,

when we eliminate by this process, irrelevant factors are intro-

duced, and therefore other methods are preferable.

81. Euler^s Method, If two equations of the m^ and w'*

degrees respectively have a common factor of the first degree,
we must obtain identical results, whether we multiply the first
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equation by the remaining n — l factors of the second, or the

second by the remaining m— 1 factors of the first. If then we

multiply the first by an arbitrary function of the {n -ly^ degree,

which, of course, introduces n arbitrary constants
;

if we multiply
the second by an arbitrary function of the (m

—
1)'* degree, intro"

ducing thus m constants; and if we then equate, term by term,

the two equations of the {m -{ n — ly^ degree so formed, we shall

have m-\-n equations, from which we can eliminate the m + n

introduced constants, which all enter into those equations only
in the first degree ;

and we thus obtain, in the form of a deter-*

niinant, the eliminant of the two given equations.

Ex. To eliminate between ax^ + hxy + cy^ = 0, a'x^ + h'xy + c*?/^
—

0.

We are to equate, term by term,

{Ax + By) (aa;2 + hxy + oy^) and {A'x + B'y) {a'x^ + b'xy + c'y%

The four resulting equations are

Aa -A'a' = 0,

Ah-¥Ba- A'b' - B'a' = 0,

Ac+ Bh- A'c' - B'b' = 0,

Bo -B'c' = 0,

from which, eliminating A, B, A', B', the result is the determinant

a, 0,
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Ex. To find the conditions that

aic» + bx^y + cxy"^ + %' = 0, a'a^ + b'x'^y + c'xy"^ + d'y'^
= 0,

should have two common factors. Equating

{Ax + By) (aa:' + bx'^y + cxy"^ + df) = {A'x + B'y) {a'a^ + h'x^y + c'xy"^ + c^y),

we have Aa — A'a' = 0,

Ab + Ba- A'b' - B'a' = 0,

Ac+Bb- A'c' - B'b' = 0,

Ad+Bc - A'd' - B'c' = 0,

Bd -B'd' = 0,

from which, eliminating A, B, A', B', we have the system of determinants [for the

notation used, see Art. 3],

a, b, c, d,

0, a, b, c, d

a', b', c', d',

0, a', b', c', d'

0.

83. Sylvester^s dialytic method. This method is identical in

its results with Euler's, but simpler in its application, and more

easily capable of being extended. Multiply the equation of the

m^ degree by ic""\ ic^'V? ^"V ?
^^*

5
^^^ *^® second equation

by a;*""^, ic'"~^y, x"~^y\ &c., and we thus get m-Vn equations,

from which we can eliminate linearly the m-\- n quantities

^m+n-i^ ^m+n-.,^^ ^rn^n-y^ ^^^^ cousidcred as independent un-

knowns. Thus, in the case of two quadratics, multiply both

by X and by y, and we get the equations

ax^ + hx^y + cxy'
—

0,

ax^y + bxy^ + cy^
=

0,

a'x^-^h'x'y + cxy^ =0,

from which, eliminating a;®, £c'y, xy\ y^j we get the same deter-

minant as before,

2, bj c,

a, J, c

In general, it is evident by this method, that the eliminant

is expressed as a determinant of which n rows contain the coeffi-

cients of the first equation, and m rows contain the coefficients
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of the second. Thus we obtain the rule already stated for the

order of the eliminaut in the coefficients of each equation.

Ex. 1. Eliminate x between a -^ hx + cx^ = 0, a^ ='l.

Multiply the former by x, and put x' = 1, and we get

c + ax-\-bx^ = 0',

from this similarly b -\- cx-^ ax^ = 0,

and the eliminant is in determinant form and expanded

a^ + li^ + c^- Sabc.a, b, c
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And in like manner all determinants of the matrix

al^ ^I'j Ci^j ^i*?!? <^i«i> ^^i^i

2^102, 2^162, 2ciC2, b^C2 + h^^, c^a^ + c^a^, a^b^ + ajb^

a^2j b^^, c^, b^c^, c^a^, a^bi

are products of the third order of the quantities (JiCg), (^1%), iflj)^.

84. Bezoufs method. This process also expresses the eliml-

nant in the form of a determinant, but one which can be more

rapidly calculated than the preceding. The general method

will, perhaps, be better understood if we apply it first to the

particular case of the two equations of the fourth degree

aa;*+ hx^y\co^y'-\rdxy''\e%f'
=

0, aV+ Vx^'y+cVy"+ d'xy^-^ e'y*
= 0.

Multiplying the first by a', the second by a, and subtracting,

the first term in each is eliminated, and the result, being divisible

by y^ gives

[aV) x^ + [ac) x'y + {ad') xif + {ae) y^
= 0.

Again, multiply the first by ax-\-h'y^ and the second by ax+hy^
and the two first terms in each are eliminated, and the result,

being divided by y'^ gives

(ac') x' + {{ad') + {be')] x'y + [{ae') + {hd')] xy^ + {he') y' = 0.

Next, multiply the first by a'x^ + b'xy + c'y' ;
and the second by

ax^ + bxy 4 cy^ ; subtract, and divide by y^ ;
when we get

(ad') x' + {{ae') -f {bd')} x'y + {{be') + {cd')] xf + {ce')f = 0.

Lastly, multiply the first by a'x^-k-b'x^y+c'xy'^+d'y^'j the second

by aod^ + hx^y + cxy^ + dy^ ; subtract, and divide by y* ;
when we

get

{ae) x^ + {be') x^y + {ce') xf + {de')f = 0.

From the four equations thus formed, we can eliminate linearly

the four quantities a;^, x^y^ xy\ y^^ and obtain for our result the

determinant

{ab'\ {ac') , {ad') , {ae')

{ac'), {ad')-\-{bc'), {ae') + {bd') , {be')

{ad'), {ae') +{bd'), {be') + {cd'), {ce')

{ae}, (be'), (ce'), (de')

M
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85. The process here employed Is so evidently applicable to

any two equations, both of the w"^ degree, that it is unnecessary
to make a formal statement of the general proof. On inspection

of the determinant obtained in the last article, the law of its

formation is apparent, and we can at once write down the deter-

minant which is the eliminant between two equations of the

fifth degree by simply continuing the series of terms, writing an

(af) after every (ae'j, &c. Thus the eliminant is

{ah'),[ao') ,(ad:) , K) ,[af')

{ac') , {ad:n[hc'), {ae') ^[hd') , (a/')+(5e') , {bf}

{ad'), {ae')+{bl), {af)+{be')-¥{cd'), {bf)+{ce') , icf)

(ae'),(a/)+(5/), (5/)+M, - [cf)+{de'),W']

(«/), W), [cf), {df),{ef')

It appears hence that in the eliminant every term must con-

tain a or a'
;

as was evident beforehand, since if both of these

were =
0, the equations would evidently have the common

factor y = 0.

It appears also that those terms which contain a or a only in

the first degree are {db') multiplied by the eliminant of the equa-

tions got by making a and a =0 in the given equations. For

every element in the determinant written above must contain a

constituent from the first row, and also one from the first column
;

but as all the constituents of the first row or column contain

a or a\ the only terms which contain a and a in only the first

degree are [ah') multiplied by the corresponding minor
;
and this,

when a and of are made = 0, is the next lower eliminant,

86. It only remains to shew that the process here employed
is applicable when the equations are of difi'erent dimensions;

and, as before, we commence with the following example :

ax^ + hx^'y + cx^ + ^^l/^ + ^2/*
=

0, aV + h'xy + c'/ = 0.

Multiply the first equation by a', the second by ax^^ and subtract,

when we have

[ha:) x^ + [ca') x'y + [da') xf + [ed) y^
= 0.

In like manner, multiply the first by a'x-\- Vy^ and the second by

[ax \ hy) x\ and we get

[ca') x' + [[cV) + [da')] x'y + [[dh') + [ea')] xf + [eb')f = 0.
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This process can be carried no further
;

but if we join to the

two equations just obtained the two equations got by multi-

plying the second of the original equations by x and by y, we
have four equations from which to eliminate

a?'', ^y^ xy^^ y^.

And in general, when the degrees of the equations are un-

equal, m being the greater, it will be found that the process of

Art. 84 gives us n equations of the [m
—

1)'* degree, each of

these equations being of the first order in the coeflScients of each

equation : to which we are to add the m — n equations found by

multiplying the second equation by a;"*~""\ 03"*"""*^, &c., and we
can then eliminate the m quantities aj"*~*, 0?"*"^^, &c., from the m
equations we have formed. Every row of the determinant con-

tains the coefficients of the second equation, but only n rows

contain the coefficients of the first. The eliminant is, therefore,

as it ought to be, of the w'* degree in the coefficients of the
first,

and of the m'* in those of the second equation.

87. Cayley^s statement of Bezout*s method. If two equations

<f> (a?, ?/), -^/r (ic, y) have a common root, then it must be possible

to satisfy any equation of the form
(f> -\- Xyjr

=
0, independently

of any particular value of \. Take, then, the equation

<f> {x, y) yjr (a;', y) - </> (x\ /) i/r (a;, y)
=

;

which, if
(j>

and
yjr

have a common factor, can be satisfied inde-

pendently of any particular values of x' and y\ We may in the

first place divide it by xy'—yx\ which is obviously a factor: next

equate to the coefficients of the several powers of
j?', y' ;

and

then eliminate the powers of x and y as if they were independent

variables, when the result comes out in precisely the same form

as by the method of Art. 84.

Ex. To eliminate between as? + hxy + c^^
_

q, a'x' + h'xy + c'y' = 0.

(aa;2 + hxy + cy"^) {a'x"^ + b'x'y' + c'y"^)
-

(a'x^ + Uxy + c'/) {ax"^ + bx'y' + Ct/%

when divided by xy'
—

yx' gives

{{ah') x + (ac') y] x' + {{ac') x + {be') y]y' = (i)

and, eliminating x, y between the coefficients of x' and y', separately equated to 0,

we get the eliminant

{ac'f + {ha') {be')
= 0.

88. We proceed now to the theory of functions of three

variables, the eliminant of which, however, except in particular

cases, has not been expressed as a determinant, though it can
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always be expressed as the quotient of one determinant divided

by another. We shall shew, in the first place, how to form

a function of great importance in the theory of elimination.

Given h equations in k variables, w = 0, v = 0, t^ = 0, &c., if we

"write w„ w^, Wg, &c. for -7- , -r- , ^ , &c., then the determinant

^> ^» ^7 &c.

^ij ^8? ^3) &c.

w^, w^, W^3,
&c.

&c.

is called Jacobi's determinant, or simply the Jacdbian of the

given equations, and will be denoted in what follows by the

letter J.

89. If any number of equations are satisfied hy a common

system of values^ that system will satisfy the Jacohian ; and when

the equations are of the same degree^ it will also satisfy the derived

equations of the Jacohian with regard to each of the variables.

The proof of this for three variables applies in general. By
the theorem of homogeneous functions we have

xu^ + yu^ + zu^
= WM,

xv^ +yv^ -hzv^ =w'v,

xw^ + yw^ 4- zw^ = n^^w.

Now if, as in Lesson IV., we write the minors of the Jacobian,
obtained by suppressing the row and column containing Wj, Vj, &c.,

Z/j, F,, &c., then if we solve these equations, we find (Art. 29)

Jx = U^nu + V^n^v + W^n^^w, from which it appears at once that if

w, V, w vanish, J will vanish too. Again, differentiating the

equation just found, we have, for n' = w'^ = w,

, dJ dU, dK dW, , ^, ,, ^.J + x-T- =nu--T^^ +nv -j-^ + nw —~ + n (w, u^ + Vj K, + w^ fK,),

dJ dU. dV, ^ ^^1. / r7_. T7_. I17^

But remembering (Art. 27) that
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we see that the supposition u = 0, v — Oj w = (in consequence of

which / is also = 0) makes -7- ,

— also to vanish.

90. We can now express as a determinant the eliminant of

three equations, each of the second degree. For their Jacobian

is of the third degree, and therefore its differentials are of the

second. We have thus three new equations of the second

degree, which will be also satisfied by any system of values

common to the given equations. From the six equations,

, dJ dJ dJ ,. . , .

then, u^v^Wj-j , 3- , ~r y
we can elimmate the six quantities

a;*, 'if^ z^^ yx^ zxj xy^ and so form the determinant required.

Again, if the equations are all of the third degree, J is of the

sixth, and its differentials of the fifth, and if we multiply each

of the three given equations by x\ y\ z\ yz^ zx^ xy^ we obtain

eighteen equations, which, combined with the three differentials

of the Jacobian, enable us to eliminate dialytically the twenty-
one quantities, ic*, x^y^ &c., which enter into an equation of the

fifth degree. This process, however, cannot, without modifi-

cation, be extended further.

Ex. 1. The Jacobian of two homogeneous equations may likewise be employed
to write down in determinant form their eliminants. Thus, for

ax' + 'ihxy + cy^ = 0,

a'x' + Wxy + cy = 0,

writing the Jacobian a^^ + la^xy + a^'^,

the eliminant is la, 6, c

I
a', h\ c'

I tto, ai, a,

Ex. 2. For two cubics ax^ + ^hx'^y + dcxy"^ + dy^ = 0,

a'x^ + db'x'^y + Zc'xy"^ + d'y^ = ©,

the Jacobian may be written

fljx* + Aa^x^y + Ga^^y^ + 4a^y^ + a^*,

and since its two derived functions vanish for a common value, the eliminant ia

a, b, e, d

a', b', c', d'

«o> «i> «2» «a

«1> «2. «J> «4
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Similarly for two biquadratics with a like notation, the eliminant is

a, b, c, d, e,

a', b', e', d', e',

0, a, b, c, d, e

0, a' b', c', d', e'

«0J «i> a2> «3> «4> «5

«1> «2> «J> «4) «S> «6

Ex. 3. As in Ex. 4, Art. 83, we can easily determine the following and similar

identities :

(aiVs)^ «2^

V, 2^3
2a3«iJ

2c,c„

2aia2

2*x5a

2Ci<?2

J1C2 + bzCi

{biC^d,){Cid2a,){dia^b3) {a^b^,) =

biCi, b^c^, b^c^, b^c^ + b^c^, b^Ci + biC^

«i«i, C2a2, c^a^, CgCTa + c^a^, c^^Ui + CiO^, €^0,2 + c^a^^

afii, a^bz, a^b^, a^b^ + a^b^f a^b^ + a^b^, a^^ + <^2^i

b^Cy, b^c^, bgC^, b^c^ + b^c^, b^Cy + b^c^, b^c^ + b^c^

«,«!, c^a^, c^a^, c^a^ + c^a^, c^a-^^ + c^a^ c^a^ + c^o^x

ajjj, a2^2) <^3^3> ^2^3 + ^3^2) ^^3^1 + ^l^3> ^1^2 + ^2^1

CfjC^j, ttj^J <^3<^S) ^2^3 ^" ^^3^25 ^3^1 + *1^3> Cti^2 "^ ^2^1

6i<?|, ^2^, ^aC^s, 62'^3 + ^3<^> ^3^1 + ^1^3> ^1<^2 + ^2^1

^X^IJ <^2^2> ^3^3> ^2^3 + ^3^2> ^3^1 + ^\^Z1 <^\^-i + ^2^1

\j 91. Dr. Sylvester has shewn that the eliminant can always
be expressed as a determinant when the three equations are of

the same degree. Let us take, for an example, three equa-
tions of the fourth degree. Multiply each by the six terms

{x\ xy^ y\ &c.) of an equation of the second degree [or gene-*

rally by the ^n[n — \) terms of an equation of the degree (w-2)].

We thus form eighteen [^n {n— 1)] equations. But since these

equations, being now of the sixth [2/i
—

2] degree, consist oi,

twenty-eight [w (2/1
—

1)] terms, we require ten [^/i(n + l)] ad-i

ditional equations to enable us to eliminate dialytically all the

powers of the variables. These equations are formed as follows :

The first of the three given equations can be written in the

form Ax^ + By + Cz^ the second and third in the form

A'x'-i-B'y +C% A'x' + B''y-\-C''z]

and the determinant {AB'G'') which is of the sixth degree in

the variables must obviously vanish for any values which

satisfy all the given equations. We should form two similar

determinants by decomposing the equations into the form

Ay^ + Bx + Cz^ Az* -f Bx -f Cy» So again we might decompose
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the equations into tlie forms Ax^ + By' + Cz^ A'x^ 4- B'y' + C'z,

-4'V + ^'y + C'^z) for every term not divisible by x^ or
y'^

must be divisible by z) ;
and then we obtain another deter-

minant [AB^C) which will vanish when the equations vanish

together. There are six determinants of this form got by inter-

changing a*, y, and z in the rule for decomposing the equations.

Lastly, decomposing into the form Ax" + By' -f Gz'^ &c., we

get a single determinant, which, added to the nine equations

already found, makes the ten required. In general, we decora-

pose the equations into the form Ax" -\- By^ ^- Cz''
^
such that

a + )8 + 7 = w-l-2, and form the determinant [AB^C] ;
and it can

be very easily proved that the number of integer solutions of

the equation a + /S? + 7 = 7i + 2 is \n[n-\-l)^ exactly the number

required.

92. When the degrees of the equations are different, it is

not possible to form in this way a determinant, which shall give
the eliminant clear of extraneous factors. The reason why
such factors are introduced, and the method by which they are

to be got rid of, will be understood from the following theory,

due to Prof. Cayley : Let us take for simplicity three equations,

w, V, w>, all of the second degree. If we attempt to eliminate

dialytically by multiplying each by £C, y^ 2, we get nine equa-

tions, which are not sufficient to eliminate the ten quantities

a;', oj'^y,
&c. Again, if we multiply each equation by the six

quantities, x^^ xy^ y'^ &c., we have eighteen equations, which are

more than sufficient to eliminate the fifteen quantities a*, x^y^ &c.

If we take at pleasure any fifteen of these equations, and form

their determinant, we shall indeed have the eliminant, but it will

be multiplied by an extraneous factor, since the determinant is of

the fifteenth degree in the coefficients, while the eliminant is only
of the twelfth (Art. 76, mn + r?^ + fm = 12, when m—n —p = 2).

The reason of this is, that the eighteen equations we have formed

are not independent, but are connected by three linear relations.

In fact, if we write the identity uv — vu^ and then replace the

first u by its value, ax' + hy' + &c., and in like manner with the

V on the right-hand side of the equation, we get

ax'v -f hy'v -f cz'v + 2fyzv + &c. = aVw + Vy^u + &c.
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In like manner, from the identities vw — wv^ wu—uw^ we get two

other identical relations connecting the quantities ic'^w, ^*m, x^v^

x^w, &c. The question then comes to this: "If there be m-^p
linear equations in m variables, but these equations connected by

p linear relations so as to be, equivalent only to m independent

equations, how to express most simply the condition that all

the equations can be made to vanish together." In the present

case ?7i = 15, j?
= 3.

93. Let us, for simplicity, take an example with numbers

not quite so large, for instance, m =
3j p — 1. That is to say,

let us consider four equations, s, t, w, v, where s = a^x -f b^7/ + c,s,

t=a^x-\-h,j/+c^z^ &c., these equations not being independent, but

satisfying the relation, D^s i- I)^t-\- I>^u + D^v = 0, Now I say,

in the first place, that if we form the determinant [afi^c^ of any
three of these equations, 5, t^ w, this must contain D^ as a factor.

For if D^ = 0, we shall have 5, ^,
u connected by a linear rela-

tion, so that any values which satisfied both 5 and t should satisfy

u also; and therefore the supposition D^ = would cause the

determinant [ap^c^ to vanish. And, in the second place, I

say that we get the same result (or, at most, one difiiering

only in sign) whether we divide
(afi^c^) by D^ or [afif^ by D^.

For (Art. 15) D^{ap^c^ is the same as the determinant of which

the first row is a,, J^, c^,
the second, a^, 5^, Cg,

and the third,

D^a^^ -^A> -^A) ^^* '^^ ^^7 substitute for D^a^ its value

—
Dfl^

—
D^a^

—
D^a^^ and in like manner for Bp^^ D^c^, The

determinant would then (Art. 18) be resolvable into the sum

of three others; but two of these would vanish, having two

rows the same, and there would remain D^ (^i^a^J
= —

-^s (^i^a^J*

It follows, then, that the eliminant of the system may be ex-

pressed in any of the equivalent forms obtained by forming the

determinant [afi^c^ of any three of the equations, and dividing

by the remaining constant D^.

Suppose now that we had five equations 5, t^ w, r, w^ con-

nected by two linear relations D^s -f Djt + D^u + D^v + D^w
—

0,

U^s -^ E^t + U^u -\- E^v + E^w = 0, Eliminating w from these

relations, we have {D^E^) s + [D^E^) t + [D^E^] u -f {D^E^ i; = 0,

and we see, precisely as before, that the supposition [D^E^ =
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would cause the determinant {aj)^c^) to vanish; and that we

get the same result whether we divide [afi^c^] by [D^E^ or

divide the determinant of any other three of the equations by
the complemental determinant answering to {D^E^). This

reasoning may be extended to any number of equations con-

nected by any number of relations, and we are led to the

following general rule for finding the eliminant of the system
in its simplest form. Write down the constants in the m-\-p

equations, and complete them into a square form by adding
the constants in the p relations

;
thus

s;
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formed
;
and in like manner ^{n-'l)n-{-^ {m— l)m other iden-

tities
;
and the number of identities subtracted from the number

of equations leaves exactly the number of variables to be elimi-

nated, and gives the eliminant in the right degree.

95. If we had four equations in four variables, we should pro-

ceed in like manner, and it would be found then that the case

would arise of our having m-]-n linear equations in m variables,

these equations not being independent, but connected hy n -\- p
relations; these latter relations again not being independent,
but connected by p other relations. And in order to find the

reduced eliminant of such a system, we should divide the deter-

minant of any m of the equations by a quantity which is itself

the quotient of two determinants. I think it needless to go into

further details, but I thought it necessary to explain so much of

the theory, the above being, as far as I know, the only general

theory of the expression of eliminants as determinants; since

whenever, in the application of the dialytic method, any of the

equations is multiplied by terms exceeding its own degree, we
shall be sure to have a number of equations greater than the

number of quantities which we want to eliminate.

LESSON X.

DETERMINATION OF COMMON ROOTS.

96. When the eliminant of any number of equations

vanishes, these equations can be satisfied by a common system
of values, and we purpose in this Lesson to shew how that

system of values can be found without actually solving the

equations. The method is the same whatever be the number

of the variables
;

but for greater simplicity we commence with

the system of two equations, <^
=

0, -i^r
= 0, where

. trt
, »)t-l , "1-2 1 V /\

yjr
= hy + b^_y + b^_y' + &c. = 0.



BY DIFFERENTIAL COEFFICIENTS OF ELIMINANT. 91

Let US suppose that some root of the second equation, a; = a

satisfies the first, and therefore that R the eliminant of the system
vanishes. Now in ^ we may alter the coefficients [a^ into a„,+-4^,

a into a .+A ,, &c. ): and the transformed equationw—1 nt—J ni—i111 1

<^J' + «»-.^"" + &<=• + ^„^" + -*»-«'•"•' + &c. =

will obviously still be satisfied by the value a; = a, provided only

that the increments A^^ ^,H-tj &c. are connected by the single

relation

since the remaining part of the equation, by hypothesis, vanishes

for a; = a. The transformed equation then has a root common
with

i/r,
and therefore the eliminant between

jur
and that trans-

formed equation vanishes. But this eliminant is obtained from

-B, the eliminant of ^ and
i/r, by altering in it a^^ into «„ + -^„, &c.

The eliminant so transformed is

We have i? = by hypothesis ;
and since the increments A^^ &c.

may be as small as we please, the terms containing the first

powers of these increments must vanish separately. We have
/77? rITi

then -4„, -^
—

I- A^^ . \- &c. = 0. This relation must be Iden-

tical with the relation A^^^a"" 4- A^_^a"'~^ + &c. = 0, which we have

seen is the only relation that the increments need satisfy. It

follows then that the several diff'erential coefficients are pro-

portional to
a"*, a"""*, &c., and therefore that a can be found

by taking the quotient of any two consecutive difierential co-

efficients.

Cor. 1. If
cfp,

a
J
be any two coefficients in <^, we must have,

,

'

^ dE dE dE dE . .
^. ,

„
when it = 0, ^- : ^— :: -r- : ^— : smce the quotient as well

dap da^_^ da^ dag_^
' ^

of the first by the second as of the third by the fourth will = a*.

It follows that -^
—

^ i
—

^ vanishes when i2 = 0, and
da^ dagf, da^ daj,_^

therefore must contain i2 as a factor; or, in other words,
dEdE dEdE

, . „ ^ ., ^
-J— -J j

—
r- contams i^t as a factor if we have p + q^i'-\-s,

dap cUiq aar das
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Cor. 2. It is evident, by parity of reasoning, that the dlfFer-

ential coefficients of the eliminant, with regard to the several

coefficients in
i/r,

are proportional to a", a"'\ &c.
;
and hence, as

in the last corollary, that, when j5 = 0, -7— : -^
—-

: : ^y- : ^^ ;

,^,dRdR dRdR ,. „
da da,., db, db

or that -5
—

Yi 5— -77- contains it as a factor when we have
aa^ dbg aar dos

J) + q = r-{ s.

Cor. 3. Or, again, if we substitute in the second equation
the values of a", a""\ &c. given above, we have

, dM , dM o

when ii? = 0. But the left-hand side of this equation cannot

contain 72 as a factor, for it obviously contains the coefficients

of in a degree less by one than that in which R contains

them. It must therefore vanish identically.

97. The results of the preceding article may be confirmed

by calculating the actual values of the dliferentlal coefficients

of E, We know (Art. 67) that R^^{d)^ {0) </> (7) &c. But

since <^ (a)
=

a^^a"* + a^ia*""^ + &c., we have -

^
^

—^\ and

therefore
^

^ = a"^ [P) <t> (7) &c. + ^<i> (a) ^ (7) &c. + &c.

77->

If then a satisfies 0, we have <^ (a)
=

0, and --r- =
ciF<f> (0) <^ (7) &c.

dM
In like manner 3— = a^^ (/?) <j> (7) &c. ;

and therefore, as before,

dH dM „ „

da^ da^

Also, in general, if we multiply together, we find

and it can easily be seen that the series of terms multiplying M

is -7
—^ . If now we subtract -7- -3— ,

the terms not multiplied
da^da^ dUr da^

by M will destroy each other if we have 'P'\ q^
— r -k-s^ and there
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Will then remain

dRdR_^ dRdR^^f d^'R
__

d'R \

day da^ da^ da^ \dapda^ da^daj
'

-p. . ., 1.1, dR dR dR dR ,

By a similar process we can shew that -^
—^ -.

—^r is
•^ '^

dap dOq dttq dOp

divisible by R. but the quotient is not -^
—

^^ ^
—

57- .
•^ ' ^

da„db„ daMo„vq^^p

98. What has been said is applicable, as we shall presently

see, to a system of equations in any number of variables. The

following simpler method only applies to a system of two equa-
tions. In this case we have seen (Art. 84) that the eliminant

can be expressed in the form of the determinant resulting from

the elimination of ic"'"\ ic"""^, &c. from a system of equations

linear in these quantities. When this determinant vanishes, the

equations are consistent with each other, and if we leave out

any one of them, the remainder will suffice to determine x.

Hence if
^8,^, /S^^^

&c. represent the minors of the determinant

in question, we have x^~^, x"''^ &c. severally proportional to

AiJ ^i2j ^^31 &c., or to ^2j, ;322, /S^sj &c., &c. These values are

simpler than those found by the preceding method, since they
are a degree lower than the eliminant in the coefficients of

each equation ;
whereas the values found by differentiating the

eliminant are a degree lower than it only in the coefficients

of one of the equations. For example, the common value

which satisfies the pair of equations

ax' + bx + c=^0, ax"" + ¥x + c' =

is by this method found to be - j
—

7-
= -

7-777 : whereas by the.
•^

[ac ) [ah)
' ^

preceding method it is given in the less simple form

2c'{ac')-b'ibc') ^ a'[hc')-c'[aV)

a' [be')
- c' [ah')

~
- 2a' [ac') + b' [ab')

'

All these values are equal in virtue of the relation, which Is

supposed to be satisfied, [ac'Y= [ab') [be'),

99. If we substitute in any of the equations used in the last

article the values
-j-
— for

a;'""*, &c., this equation must be
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satisfied when R-0, and therefore the result of substitution

must be divisible by R. In other words, if a^„ a^, &c. be the

constituents of any of the lines of the determinant of Art. 84,

we must have a,, -^ 1- a^ -^ h &c. divisible by B, But if

we examine what
a^^,

&c. are, we see that a^,
is the determinant

(««A-r)j ^^"i ^^^ *^^^ *^*^ *^® function a^, -^
h &c. contains

the 5 coefficients in a degree one higher than B^ while its weight

exceeds that of i^ by w — r+1. Consequently the remaining

factor must be J„.^+, multiplied by a numerical coefficient. To

detenuine this coefficient, we suppose all the terms of i|r
to

vanish except h^^^^. Now it follows at once from the method of

elimination by symmetric functions, that if
yjr

consist of factors

F, TF, &c., the eliminant of
<j>

and yjr is the product of the

eliminants of
</>, F; <^, W; &c. For if F be {x- a) (a?

-
^), &c.,

and IF be {x- ol) (a:
—

/3'), &c., the eliminant of
</>

and F is

<t> (a) 4> (^) &c., that of
</>

and TF is <^ (a ) <j> (/3') &c., and the

product of all these is the eliminant of
(f>
and

^/r.

Again, if -^ reduce to the single term h^x'y^^ since the elimi-

nant of
<f)

and X is a^ and of
(f>

and y is
a^^^,

the eliminant of

(fi
and

-v/r
will be ^T^^^^J* ^^^^ ^"^y ^"^^ then of the series of

terms ^ , &c., which will not vanish when all the coefficients

"^""-^
. . dB . ,

of '^, except Z>a,
are made to vanish, will be -^ ,

and this will

be cih^^a*~^a^/. But' in the case we are considering, it will

be found that the terra by which -x- is multiplied will be h^a^^

and hence that in general, when a = w — r + 1,

dB dB p , WN T-.7

+ a^ -T—- + &c. =
(ri

- r + 1) i?&_,,.
Wl— I »/c—»

Ex. In order to make what has been'said more intelligible, 'we repeat the proof

for the particular case of the two cubics a^y? + a.giP' + a^x + «„, h^3? + h^"^ + JjX + ^5,

then we have the system of equations (Art. 84)

[a^^ x^ + (^3*1) X + (agio) = 0,

(aaJ,) a;2 + {(0360) + K*,)} a + (aA) = 0,
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Substituting then, suppose in the second equation, the following quantity must be

divisible by E,

But, considering the order and weight of the function in question, it is seen at once

that the remaining factor must be b^ multiplied by a numerical coefficient. To deter-

mine that coefficient, let b^, b^, h^ all vanish, then the quantity we are discussing

reduces to — ^2 f^i 7
—

^•^o -t~]
• ^^^ -^j on the same supposition, reduces to b^^a^a^-,

and therefore the function we are calculating at most differs in sign from 2b^R,

100. There is no difficulty in applying the method of

Arts. 96, 97 to the case of any number of variables. For

greater clearness we confine ourselves to three variables, but

the same proof applies word for word to any number.

Let there be three equations =
0, -^^

=
0, x "=

^» where

^ =^
^«i,o,o-'^'"

"••••+
^*, 0,7^*2/'^^^

+ ^c-) ^^d 1^* t^^ values xyz
satisfy all the equations; then they will still satisfy them if

in
(f>
we alter

a^^„^„, a.^,^,
into

a^,o,o+ ^^,„,o. a„,,^, + J,,^^,,
&c

,

provided only that
^„,,o,o'^""

-• ^^' + ^^/S.^a^'Y^^'^ + &c. = 0.

But, as in Art. 96, the equation must also be satisfied

A ^R A ^^ P

Am.o5^ +
^*'^>^5^

+&c. = 0;

and comparing these two equations, we see that the value of

each term x'^y^z"^ must be proportional to the diiFerential of

the eliminant with respect to the coefficient which multiplies it.

We obtain the values of x\ y\ z\ by taking the ratios of the

differentials of R with respect to the coefficients of any terms

which are in the ratio of
a?, y, z. And this may be verified

as in Art. 97. For let the common roots of
>|r, -^^

substituted

in <^, give results
<^', 0", &c. Then R = </)>'>''' &c. And

T^^ =
x'^yPz"^^''^'" &c. + x''Y^^"'¥^'" &c. + &c.

;

and if we suppose (^' to vanish, the value of this differential

coefficient reduces to its first term, and it is seen, as before, that

the differential with regard to each coefficient is proportional
to the term which that coefficient multiplies. The same corol-

laries may be drawn as in Art. 96.

101. And generally, in like manner, if the coefficients

of be functions of any quantities «, &, c, &c., which do
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not enter into
i/r, ^^ it is proved by the same method that

dR dR d(f} d(b . . I ^ T^ . ,

-y- : -YT '» -r '^TT i where m the latter diiierentials x, y. z are
da dh da db^ ' ^^

supposed to have the values x\ y\ z\ which satisfy all the

equations. For either, as in Art. 97, we have when ^'
=

0,

^ = ^ *"*"' '^'''^ "^ *"*" ^''-
' ""^^ ^^^'''' ^' '° ^''^* ^^'

if a, 5, c be varied, so that the same system of values continues

to satisfy ^, we have

da do do

while, because in this case the eliminant of the transformed
(f>

and of the other equations continues to vanish, we have

-^ Sa + -TT 5^ + -T- Sc + &c. = 0,
da do dc

and these two equations must be identical.

102. The formulae become more complicated if we take the

differentials of the eliminant with respect to quantities a, 5, &c.

which enter into all the equations. As before, if we give these

quantities variations, consistent with the supposition that the

eliminant still vanishes, we have

^5„+^SJ + ^Sc4&c.=0.da do dc

Now, in the former case, where a, 5, c, &c. only entered into

one of the equations, a change in these quantities produced no

change in the value of the common roots, since the coeflficients

remained constant in the other equations, whose system of

common roots was therefore fixed and determinate. But this

will now no longer be the case, and the common roots of

the transformed equations rnay be different from those of the

original system. Let the new system of common roots be

a;' + hx\ y' + 5?/',
z' + hz\ &c., then the variations are connected

by the relations

da do dx dy
^

^Sa+^S6 + &c. + ^S^' + ^,tY + &e. = o,&c.da dh dx dy
^



TWO COMMON SYSTEMS. 97

If there are h such equations, there will be Z; - 1 independent
variables ;* we may, therefore, between these k relations elimi-

nate the ^ — 1 variations hx\ Sy\ &c., and so arrive at a

relation between the variations 8a, 8by &c. only ;
the coefficients

of which must be severally proportional to -v-
, -^ ,

&c.

Ex. 1, Let there be two equations and one variable. The final relation then is

and the several coefficients are proportional to -j- , -jz-,
&c. If the eqaati(»i had

been given in the homogeneous form, we might have taken x as constant, and sub-

dd) d\l/ deb d\l/
stituted

-^ , -^ for
-j^ , ^m the preceding formula. This makes no change,

because it was proved, Art. 89, that the common root satisfies the Jacobian, or makes

d(}> d\}/ _ c?</) dxj/

dx dy
~

dy dx'

Ex. 2. If there are three equations, the coefficient of 5a is

d<i> d\lf dx
da* da' da

<p2y ^2J X2

where <^i, <^2 denote the differential coefficients of <^ with respect to x and y, Ac.

103. If a system of equations is satisfied by two common

systems of values, not only will the eliminant R vanish, but

also the differential of R with respect to every coefficient in

either equation. For evidently the values of the differentials,

given Art. 97, all vanish if both
(j> (a) and

<f> {0)
=

0, or, in

Art. 100, if
<l>\ (f)' both = 0. In this case the actual values of

the two common roots can be expressed by a quadratic equa-
tion in terms of the second differentials of R, The following,

though for brevity, stated only for the case of two equations,

applies word for word in general. We have (see Art. 97)

i^ =
a^/3^* (7) <t> (S) &c. + ySy^ (a) <^ (8) &c. + &c.,

* If the equations had been given as homogeneous functions of k variables, still

since their ratios are all we are concerned with, we may assume any one of the

variables 2 to be the same in all the equations, and may suppose 5«' = 0,
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which, when <^ (a), (f) (/3)
=

0, reduces to the single term

a^/3^<^ (7) (j) (g) &c.

In like manner, in the same case,

^^ = (a'^ + a'/30 <!> (7) 4> (8) &«•, i J^
= a'/3'^ (7) <t> (8) &c.

If then we solve the quadratic in X :
/x,

the roots will give the ratios a^ : a^, y8^ : /3^.

If the equations have three common systems of values, all

the second differentials of R vanish, and the common roots are

found by proceeding to the third differential coefficients and

solving a cubic equation.

LESSON XI.

DISCRIMINANTS.

104. Before entering on the subject of discriminants, we
shall explain some terms and symbols which we shall frequently

find it convenient to employ. In ordinary algebra we are wholly
concerned with equations^ the object usually being to find the

values of x which will make a given function =0. In what

follows we have little to do with equations, the most frequent

subject of investigation being that on which we enter in the next

Lesson : namely, the discovery of those properties of a function

which are unaltered by linear transformations. It is convenient,

then, to have a word to denote the function itself, without being

obliged to speak of the equation got by putting the function = :

a word, for example, to denote ax^ ^^ hxy \- cy^ without beiiig

obliged to speak of the quadratic equation ax^ -\- hxy + cy^
= 0.

We shall, after Prof. Cayley, use the term quantic to denote a

homogeneous function in general; using the words quadric,

cubic, quartic, quintic, w% to denote quantics of the 2nd, 3rd,

4th, 5th, w'* degrees. And we distinguish quantics into binary,

ternary, quaternary, w-ary, according as they contain 2, 3, 4,
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n variables. Thus, by a binary cubic, we mean a function

such as ax^ + hx^y + cxy'^ + dy^ ] by a ternary quadric7"such as

ax^ 4- ht/'^ + cz^ + 2fyz + 2gzx + 2hxy^ &c. Professor Cayley uses ^
the abbreviation (a, 5, c, d\x^ yf to denote the quantic

ax^ + ^thx^y + Zcxy^ + %', in which, as is usually most con- 3 i;* r|

venient, the terms are affected with the same numerical coeffi-

cients as in the expansion of {x-\-yf. So the ternary quadric

written above would be expressed («, &, c, /, g^ Ji^x^ y, z^.

When the terms are not thus affected with numerical coeffi-

cients, he puts an arrow-head on the parenthesis, writing, for

instance (a, b, c, d^x^ yf to denote ax^ + bx'^y + cxy^ + dy\
When it is not necessary to mention the coefficients, the quantic
of the w'* degree is written

(ic, ^)", (a?, ^, 2;)",
&c.

105. If a quantic in k variables be differentiated with respect

to each of the variables, the eliminant of the k differentials is

called the discriminant of the given quantic.

If n he the degree of the quantic^ its discriminant is a homo*

geneous function of its coefficients^ and is of the order k{n — 1)*"\

For the discriminant is the eliminant of k equations of the

[n
—

1)'* degree, and (Art. 78) must contain the coefficients of

each of these equations in a degree equal to the product of the

degrees of all the rest, that is (w- 1)*~\ And since each of

these equations contains the coefficients of the original quantic
in the first degree, the discriminant contains them in the

k [n — 1)
"^

degree. Thus, then, the discriminant of a binary

quantic is of the degree 2 (n
—

1) ;
of a ternary, is of the degree

3(w-l)'',&c.

106. If in the original quantic every coefficient multiplying the

first power of one of the variables x be affected with a suffix 1,

every term multiplying the second power by a suffix 2, and so on ;

then the sum of the suffixes in each term of the discriminant is

constant and ==n{n-l)^^. It was proved (Art. 78) that if

every coefficient in a system of equations were affected with a

suffix corresponding to the power of x which it multiplies, then

the sum of the suffixes in every term of their eliminant would be

equal to the product of the degrees of those equations, viz.,

= mnp &c. Now suppose, that in the first of these equations
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the suffix to the coefficient of x^^ instead of being 0, was I
;
that

of 05* was l+lj and so on
;

it is evident that the effect would be

to increase the sum of the suffixes bj I for every coefficient of

the first equation which enters into the eliminant; and since

(Art. 78) every term contains nj) &c, coefficients of the first equa-

tion, the total sum of suffixes is mnj) &c. 4 lnp&.c.
= (m + l) np &c.

Now, in the present example, it is evident that every coefficient

in the h—l differentials
Z/^, C^, &c.,* multiplies the same power

of a? as it did in the original quantic Z7. But in the remaining

.differential, Z7j, every coefficient multiplies a power of x one less

than in Z7, and the coefficient multiplying any term x' in this

differential will be marked with the suffix Z + 1
,
since it arose

from differentiating a term a;'"^* in the original quantic. It

follows, then, that the sum of suffixes in the discriminant

must = (n
- 1)*+ [n

-
1)*-'

= w (w
- IT\

We shall briefly express the results of this and of the last

article by saying that the order of the discriminant is ^ (n
—

1)*~* ;

and its weighty n{n
—

\f~^. Thus for a binary quantic the weight
of the discriminant is w (w

—
1).

107. If a binary quantic contain a square factor, then, as is

well known, the discriminant vanishes identically. For the two

differentials must each contain that factor in the first degree,

and therefore, since they have a common factor, their eliminant

vanishes. In like manner, if a ternary quantic be of the form

X^<f> + ZFf +Y% where X=ax^-by-^ cz^ r= a'x + ¥y + c'z^

then the discriminant must vanish, since every term in any of

the differentials must contain either X or Y, and therefore the

differentials have common the system of roots derived from the

equations -X'=0, F=0. In like manner, the discriminant of a

quaternary quantic vanishes, if the quantic can be expressed as

a function in the second degree of JT, F, Z^ these being any
linear functions of the variables.! We shall call those values

* We write, as before, Uy, U^, U^, &c. to denote the differential coefficients of U
with respect to x, y, z, &c.

t In other words, the vanishing of the discriminant of an algebraical equation

expresses the condition that the equation shall have equal roots
;
and the vanishing

of the discriminant of the equation of a curve or surface expresses the condition that

ttie curve or surface shall have a double point.
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which make all the differentials vanish, the singular roots of the

quantic.
'

108. We shall now discuss the properties of the discriminant

of the binary quantic Z7= a^fc'+ na^x'^y + \n [n—l)a^x'~'^i/+&,c.

The eliminant of U and U^ is a^ times the discriminant^ and

the eliminant of U and U^ is a^ times the discriminant.'^ For

since nU— xU^ + yU^j the result of substituting m nU any root

of U^ is y^U^'-i and when all the results of substitution are

multiplied together, the product will be y'y'y"' &c. (which is

—
a^^ see Art. 61), multiplied by the product of the results of

substituting the same roots in ^, which is the discriminant.

109. To express the discriminant in terms of the values

^iVit ^2^2? ^^-1 ^^*^^ make the quantic vanish.

Let U= [xy^
-

yx,) {xy^
-
yx^ [xy^

-
yx^ &c. (see Art. 61) ;

then

^i =y, {^y^-y^^ {^y^-y^z) &c. +3^, {o^yi-y^x) [^y^-y^^ &c.4&c. ;

and the result of the substitution in U^ of any root x^y^ of U is

yx (^1^2
—

^1^2) f^i3^3
"

S^i^a)
^^* Similarly, the result of sub-

stituting x^y^ is
y.^ [x^^

-
x^y^ i^^^-y^^^) &c. If, then, all the

results of substitution are multiplied together, the product is

± y^y^z &c. {x^y^
-
y^a;/ [x^y,

- y^xj [x^^
-

y^^xj' &c.

This, then, is the eliminant of U and U^^ and if we divide it

by a^,
which is =3/13/2.^3 ^^'j ^® s^sM have the discriminant

=
(^1^2

~
^1^2)'' (^1^3

""
yi^sf ^^' ^^ ^^ make in it all the 2/'s

=
1,

we get the theorem in the well-known form that the discriminant

is equal to the product of the squares of all the differences of

any two roots of the equation. We shall, for simplicity, refer

to the theorem in the latter form.

110. The discriminant of the product of two quantics is equal

to the product of their discriminants multiplied by the square of
their eliminant For the product of the squares of differences of

all the roots evidently consists of the product of the squares of

differences of two roots both belonging to the same quantic,

We do not take account of mere numerical factors.
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multiplied by the square of the product of all differences between

, a root- of one $nd a root of the other, and this latter product is

the eliminant (Art. 68). As a particular case of this, the dis-

criminant of {x
—

a) (j) {x) is the discriminant of
(ft {x) multiplied

by the square of
(j) (a). For if ^, 7, &c. be the roots of

</> (a:),

then (a
— ^y (a

—
7)'^ (yS

—
7)'' &c. is equal to the square of

(a
—
^) (a

—
7) &c. which is (a), multiplied by the product of

the squares of all differences not containing a.

111. The discriminant of (a^, a^,,.a^^^^^ ^,tX^j VT '^^ ^f ^^^

form a^<j) + (^^,,^^'^j
where

-sir
is the discriminant of the equation 0/

the {n
-

1)'* degree (a^, a^...a^^_^^ ^n-iX^* yT'^^* ^^^ ^^ evidently

get the same result, whether we put any term a^
= in the

discriminant, or first put «
,

= in the quantic, and then form

the discriminant. But if we make
«^„
= in the quantic, we

get X multiplied by the {n- 1)^ written above, and (Art. 110)

its discriminant will then be the discriminant of that [n
— iy

multiplied by the square of the result of making in it x = 0]

that is, by the square of
a,,^^.

In like manner we see that the

discriminant is of the form a^cp + a^-^.^

112. The discriminant being a function of the determi-

nants x^y,^
-

x^y^^ &c must satisfy the two differential equations

(Art. 62),

dA . , .. 6?A , ^. d^

da.««o:^^
+ («-!) «. J^

+ {n- 2) a,
^^^

+ &c. = 0,

JA ^ JA „ (^A
1, ^

J 2

or, if the original equation had been written with binomial

coefficients,

d^ , ,. c?A p ^ JA ^ 67a
. p ^

* This theorem was first published by Joachimsthal ;
I had, however, previously

been led by simple geometrical considerations to the following theorem in which it

is included. If a^ contain a factor z, and if a^ contain z^ as a factor, the discriminant

will be divisible by z^. If a^ contain as a factor, if a^ contain z"^,
and a^ contain 2',

.the discriminant will in general be divisible by z^. In like manner, if 03 contain z
;

«2> 2^
; «i> s'

7 and aj, s*, the discriminant will be divisible by z^-, &c.
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Ex. To form the discriminant of (^o, Oj, a^, ..!'^x, yY, which we suppose arranged

according to the powers of a,,. We know (Art. Ill) that the absolute term la

Oi^B, where D is the discriminant of {a^, a^, ...^x, ?/)"-^ The discriminant then is

Ci^D + a^fp + a^xlr + &c.
; operating on this with a^- 1" 2^2 5

—
^• 3a, ;^

—h &c., we

may equate separately to zero the coefficient of each power of a^. Thus, then, the

part independent of a, is

or, remembering that (aj ^
—h

Sflj'-^

—
\- &c.\ D = 0, we have

<p = — Aa^D + a, f aj -r—
^^^ij

—^ <fcc.
J
i),

and the discriminant is

In like manner, from the coefficient of a, we can determine \}/, but the result does

not seem simple enough to be worth writing down,

113. If the discriminant of a binary quantic vanishes, the

quantic has equal roots, and the actual values of these roots can

be found by a process similar to that employed in Lesson x.

Let U= a^x + a^x'^ + a^"^ + &c. be a quantic whose discrimi-

nant vanishes, and having therefore a square factor (x
—

a)*.

Then evidently F, where

F=JX + A^x^-^ + A^x""^ + &c.

will also be divisible by a; - a, provided that -4^, A^^ &c. be any

quantities satisfying the condition

^y + A,^-' + ^,a"-^ + &c. = 0.

In this case then we shall have TJ-\'W divisible by x — a..

Let it =(£c
—

a) ((a;'— a) (^ (a?) +\>|r (jc)}.
It follows then, from

Art. Ill, that the discriminant of Z7+\F is the discriminant

of the quantity within the brackets, multiplied by the square

of the result of substituting a for x inside the brackets. But

this result is X\|r(a). We have proved then that in the case

supposed, the discriminant of Z7+ \ F is divisible by \^

But since ?7+XF is derived from TJ by altering a^ into

a^-VXA^^ &c., the discriminant of Z7-f \F is derived from the

discriminant of Z7by a like substitution, and is therefore
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By hypothesis A = 0. But the discriminant will not be divisible

by 7C unless the coefficient of \ vanish. Now the relation thus

obtained between A^^ A^^ &c. must be identical with the relation

A^a + A^a'^ + &c. = 0, which we have already seen is the only

relation that need be satisfied by A^^ A^^ &c. in order that the

discriminant of ZJ+XFmay be divisible by V. We must have

therefore the quantities a", a"'\ a""*, &c. respectively propor-

tional to ^— , T- , ^— , &c. Dividing any one of these terms

by that consecutive to it,
we get an expression for a. We may

state this result : When the discriminant vanishes^ the several dif-

ferential coefficients of the discriminant with respect to a^, a,, <Ssc,

are proportional to the differential coefficients of the quantic with

respect to the same quantities,

114. This result may be confirmed by forming the actual

values of these differential coefficients in terms of the roots, which

may be done by solving from the n equations

da da^ da. da^ da

We know the expressions for A, a,, a^, &c. In terms of the

roots, and therefore from these n equations can find the n

quantities sought. The result will be found to be

^=2(^-7r(7-sr(s-/3r
x;(a-/3)(a-7)+(a-/3)(a-S) + (a-7){a-8)},

where the product of the squares of all the differences, not con-

taining a, is multiplied by the sum of the products (n
— 2 taken

together) of the differences which contain a,

<ZA
2a (yS

-
7)*^ (7

- ^Y (§
- PY {(«

-
^) («

-
7) + &c.},

^^ = 2a^ (/3
-

7)' (7
- ^Y (S

- PY {(a
-

/3) (a
-

7) + &c.}, &c.,
^««-2

and the supposition a = /3 reduces these sums to quantities which

are in the ratio 1, a, d\ &c. As in Art. 96, it follows from the
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tbeorem of the last article that -^ = ^ r- is divisible bv
dap da^ da^ da,

•'

A when p-\-q
= r-[- s. If more than two of the roots are equal

to each other, all these differentials vanish identically, and we
find the equal roots by proceeding to second differentials of the

discriminant.

115. We know, from Art. 98, that instead of the functions

in the last two articles, which are of an order in the coefficients

only one lower than the discriminant, we may substitute func-

tions of an order two lower, and possessing the same property,
viz. that they vanish when more than two roots are equal, and

that if two roots are equal (oc
=

/3) they are to each other in

the ratios 1, a, a'"*,
&c. If we proceed by Bezout's method of

elimination (Art. 84) to eliminate between the two differen-

tials
?7j, f/, the resulting equations of the [n

-
2)'* degree, when

expressed in terms of the roots, are 2 (a
—

/S)" (x
—

7) (a;
—

8)
=

0,

2^, {a-^Y{x-ry){x-B)=^0, 2^,(a-^)''&c.
=

0, where q,,q,,&c.

are the sum, sum of products in pairs, &c. of all the roots

except a and yS.* The discriminant is then, by Bezout's

method, expressed as a determinant, whose constituents are

S (a-y3r, 22, (a-/3)', 2?, («-y3)',&o.,

2?.(«-/3)", 22," (a-^r, 22,2,(a-/3)',&c.,

22,(a-/S)^ 22.j,(a-/3f, 2?/ (a
-

/S)', &c., &c.

And when the given equation has two roots equal, the first

minors of this determinant will, by Art. 98, be in the ratio

1, a, a", &c. A somewhat simpler series, possessing the same

property, is S (/3
-

7)^ (7
- 8^(8 - /3/, ^a{^--yy(y^8nB^fi)%

116, The following proof of the theorem of Art. 113 is

applicable to the case of a quantic in any number of variables.

For simplicity, we confine ourselves to the case of two inde-

pendent variables, the method, which is that of Art. 102, being

* The first of these functions of degree » — 2 is one of the series to which we
are led by Sturm's process. With regard to the extension of Sturm's theorem, see

Sylvester's memoir in the Philosojihical Transactions for 1853.

P
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equally applicable in general. Let the coefficients in U be

functions of any quantities a, J, &c., and let variations be given
to these quantities consistent with the supposition that the dis-

criminant still vanishes, and therefore such that

^- 5a + -77- S5 4 &c. = 0.
da do

Now if the effect of this change in a, Z>, &c., is to alter the

singular roots from
a?, y into x-^hx^ y \- Sy^ since these new

values satisfy Z/^, U^^ C^, &c., we must have

-^ oa + -^ ch + &c. + -^ ex + -y-* oy = 0,da do dx dy
*^ ^

-^ oa + -YT ^0 + &c. + -7-2 oa; + -7-^ oy = 0,da do dtx dy
^ ^

-y^ oa + ~Yr o5 + &c. + -^^ oa; + -j-^ ty = 0.
da do dx dy

^

Multiply these equations by a;, y^ z respectively and add;
then since n Z7= xU^+yU^-^ zU^^ the coefficient of Ba will be

dU , . dU^ dU^ dU^ dU^ .
4X,- , c Rn -7- ; and since -^ = -7—* , -j-^ = -^ , the coemcient of ox

da dx dy
^ dx dz '

will be (n
—

1) Z^, which will vanish, since U^ is satisfied for the

singular roots. We get therefore

da do

and therefore the differentials of A with respect to a, 5, &c. are

proportional to the differentials of U with respect to the same

quantities, it being understood that the
a?, y, z which occur io

the latter differentials are the singular roots.

117. The theorem proved for binary quantics (Art. Ill) may
be extended to quantics in general. Let a be the coefficient

of the highest power of any of the variables, &, c, c?, &c., those

of the terms involving the next highest power, then the dis-

criminant is of the form

a0 + (<^, X, f, &c.Jb, c, d, &c.)^

Thus, for a ternary quantic, to which for greater simplicity

we confine ourselves, if a be the coefficient of z'
; J, c those of
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^~^x^ ^~^y ;
then If in tlie discriminant we make a = 0, the re-

maining part will be of the form W^ + hc->Y + (?X' ^^ prove
this : first, let U be any quantic whose discriminant vanishes,

V any other reduced to zero by the singular roots of Z7,
then

I say that the discriminant of TJ-^- X V will be divisible by \*.

For, let £7'=a2'* + ^>2""'ic + &c., F=-42;"-f ^^""'a; + &c., then

the coefficient of \ in the discriminant of TJ-\-\V will be

A-T— + B
-jj- +&C.,

and (Art. 116) -i- ,
&c. are proportional

to 2*, ^''"St, &c. The coefficient of \ is therefore proportional

to the result of substituting the singular roots in F, and there-

fore vanishes.

Now, in the case we are considering, the supposition of

a—Oj & = 0, c = must make the discriminant vanish, since

then all the differentials vanish for the singular roots £c = 0,

2/
= 0, Any other quantic V will vanish for the same values,

provided only A=^0, The general form of the discriminant

then must be such that if we substitute for h^ b-\- \B ;
for

<?,

-c + \(7, &c., and then make a, Z>,
c = 0, the result must be

divisible by X'^
; or, in other words, if we put for J, \B ;

for c,

X(7, &c., and then make a = 0, the result is divisible by X^,

which was the thing to be proved.

118. Concerning discriminants in general, it only remains

to notice that the discriminant of a quadratic function in any
number of variables is immediately expressed as a symmetrical
determinant. And, conversely, from any symmetrical deter-

minant, we may form a quadratic function which shall have

that determinant for its discriminant. The simplest notation

for the coefficients of a quadratic function Is to use a double

fiuffix, writing the coefficients of
iic\ y\ &c., a^,, a.^^? ^ssj ^^-j

and those of xy^ xz^ &c., a^^, a^^ ; a,^ and
a^i being identical in

this notation. The discriminant is then obviously the sym-
metrical determinant

«ii» <^i2? «i3? &c.

«81» «2iJ «83? &C.

«31» «32) «33J &C.

&c.
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LESSON XII.

LINEAR TRANSFORMATIONS.

119. Invariants. The discriminant of a binary quantic

being a function of the differences of the roots is evidently

unaltered when all the roots are increased or diminished by
the same quantity. Now the substitution of a; + X for a; is a

particular case of the general linear transformation^ where, in

a homogeneous function, we substitute for each variable a linear

function of the variables; as for example, in the case of a

binary quantic where we substitute for
cc, \x-\-fjLy^ and for

y^ \'x + ^'y. It will illustrate the nature of the enquiries in

which we shall presently engage if we examine the effect of

this substitution on the discriminant of the binary quadratic,

ax^-\-2bxy-{-cy^. When the variables, are transformed, it be-

comes

a (Xa? + fiyY + 25 (Xa; + fiy) (Va; + fi'y) + c [\'x + (xyY ;

and if we call the transformed equation a^x^+^T/xy + cy, we have

a' = aV + 25\X' + c\'\ c' = a/*" + 2J/^/t' + cyLt'",

h' = a\fi + h {\fi' +X» + c\V.

It can now be verified without difficulty that

aV - ¥' = {ac
-

1;') (V -
X'fjiY ;

that 13 to say, the discriminant of the transformed quadratic i$

equal to the discriminant of the given quadratic multiplied by
the square of the determinant Xf/ — XV> which is called the

modulus of transformation,

120. Now, a corresponding theorem is true for the discrimi-

nant of any binary quantic. We can see h priori that this

must be the case, for if a given quantic has a square factor,

it will have a square factor still when it is transformed; so

that whenever the discriminant of the given quantic vanishes.
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that of the transformed must necessarily vanish too. The one

must therefore contain the other as a factor. The theorem

however can be formally proved as follows: Let the original

quantic be [xyi'-y^^){^y^—y^^ &^"i then (Art. 109
j

the dis-

criminant is [x^y^
—

Vi^.)'^ (3^,2/3
—

^1^3)^ &c.

Now the linear factor [xy^
—

yx^] of the given quantic be-

comes, by transformation y, (XX+ ^Y)—x^ [\'X-\- fxf F), and

if we write this in the form Y^X-X^F, we shall have

Y^
= Xy,

—
ViCj, X, = ~ yu-?/,

+ yu-'ajj.
If then the transformed

quantic be written as the product of the linear factors

( F,X- XjF) [Y^X- X^Y) &c., we have expressions, as above,

for F„ Xj ; F^, X^, &c., in terms of
z/^, x^ ; y^, a;^,

&c. We
can then, without difficulty, verify that

( F^X,
-
X, FJ = (X/ -X» [y^x^

-
x,y:i.

It follows immediately that
( F^X,

-
F^XJ'^ ( F^X,

-
F^XJ'' &c.

is equal to [y^x^
—

x^y^^{y^x^
—
y^x^Y&Q, multiplied by a power

of Xfi—X^fi equal to the number of factors in the expression

for the discriminant in terms of the roots. A corresponding

theorem is true for the discriminant of a quantic in any number

of variables.

What I have called Modern Algebra may be said to have

taken its origin from a paper in the Cambridge Mathematical

Journal for Nov. 1841, where Dr. Boole established the prin-

ciples just stated and made some important applications of

them. Subsequently Prof. Cayley proposed to himself the

problem to determine a priori what functions of the coefficients

of a given equation possess this property of invariance
]
that

when the equation is linearly transformed, the same func-

tion of the new coefficients is equal to the given function

multiplied by a quantity independent of the coefficients. The

result of his investigations was to discover that this property

of invariance is not peculiar to discriminants and to bring
to light other important functions (some of them involving
the variables as well as the coefficients) whose relations to

the given equation are unaffected by linear transformation.

In explaining this theory, even where, for brevity, we write

only three variables, the reader is to understand that the
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processes are all applicable In exactly the same way to any
number of variables.

121. We suppose then that the variables in any homo-

geneous quantic in h variables are transformed by the

substitution

y = \X+/.,F+F,^+&c.,

z^\X^ fi^F+ V3Z+ &c., &c.,

and we denote by A the modulus of transformation / namely,
the determinant, whose constituents are the coefficients of

transformation, X^, /x^, v^, &c., \, fi^^ v^, &c., &c.

Now it is evidently not possible in general so to choose the

coefficients \„ yL6„ &c., that a certain given function ax" + &c.

shall assume, by transformation, another given form a'X" + &c.

In fact, if we make the substitution in aa;" + &c., and then

equate coefficients, we obtain, as in Art. 119, a series of equa-
tions a = a\" + &c., the number of which will be equal to the

number of terms in the general function of the n^ degree In

k variables. And to satisfy these equations we have only at

our disposal the k^ constants X,, X^, &c., a number which will

in general be less than the number of equations to be satisfied.*

It follows then that when a function aic"4-&c. Is capable of

being transformed into a'X"4-&c., there will be relations con-

necting the coefficients a, J, &c., a', 5', &c. In fact, we have

only to eliminate the U^ constants from any F + 1 of the

equations a' = a\" + &c., and we obtain a series of relations

connecting a, a\ &c., which will be equivalent to as many
independent relations as the excess over ¥ of the number of

equations. Thus, in the case of a binary quantic, the number

• The number of terms in the general equation of the w'* degree homogeneous

in h variables is ^——jl' .. ^—^) and it is easy to see that the only

cases where this number is not greater than h"^ are, first, when w - 2, when it becomes

^h [h + 1), a number necessarily less than
A-^, h being an integer ;

and secondly, the

case k — % w = 3, when both numbers have the same value 4. That is to say, the

only cases where a given function can be made by transformation to assume any

assigned form are, first, the case of a quadratic function in any number of variables ;

and secondly, the case of a cubic function homogeneous in two variables.
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of terras in a homogeneous function of the w'* degree is w + 1.

If then, in any quantic ax + &c., we substitute for x^ \X+fi^ F,

and for y, X^^X+fi^Y, and if we then equate coefficients with

a'X'*-f&c., we have n + 1 equations connecting a, a\ X,, &c.,

from which, if we eliminate the four quantities \„ Xg, /x^, /a^,
we

get a system equivalent to w — 3 independent relations between

a, J, a', y, &c. It will appear in the sequel that these relations

can be thrown into the form cp («, Z>, &c.) = (p («', b\ &c.) ; or,

in other words, that there are functions of the coefficients

o, b, &c. which are equal to the same functions of the trans-

formed coefficients. The process indicated in this article is

not that which we shall actually employ in order to find such

functions, but it gives an a priori explanation of the existence

of such functions, and it shows what number of such functions,

independent of each other, we may expect to find.

122. Any function of the coefficients of a quantic is called

an invariant^ if, when the quantic is linearly transformed, the

same function of the new coefficients is equal to the old function

multiplied by some power of the modulus of transformation;
that is to say, when we have

(f) (a', h\ c', &c.) = A^<^ (a, Z>, c, &c.).

Such a function is said to be an absolute invariant when ^ = ;

that is to say, when the function is absolutely unaltered by
transformation even though A be not =1. If a quantic have

two ordinary invariants, it is easy to deduce from them an

absolute invariant. For if it have an invariant <^, which when

transformed becomes multiplied by A^, and another
^jr^

which

when transformed becomes multiplied by A', then evidently the

2** power of
(p divided by the p*^ power of

yjr
will be a function

which will be absolutely unchanged by transformation.

It follows, from what has been just said, that a binary

quadratic or cubic can have no invariant but the discrimi-

nant, which we saw (Art. 120) is an invariant. For if there

were a second, we could from the two deduce a relation

</> (a, &, &c.) = ^ (a', &', &c.). But we see from Art. 121 that

there can be no relation connecting a, 5, &c. with a', b\ &c.j
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since, with the help of the four constants Xj, &c. at our dis-

posal, we can transform a given quadratic or cubic, so that the

coefficients of the transformed equation may have any values

we please. In the same manner we see that a quautic of

the second order in any number of variables can have no

invariant but the discriminant. On the other hand, suppose
we take the binary quartic ax^ + ^bx^y + Q>cx^y^ + A^dxy^ -f e^,
and that the coefficients become by linear transformation

«', h\ &c., it will be found that we have two invariant

functions both distinct from the discriminant
;

in fact, we have

the two equations

aV - 4.Vd' + Zc' = A* {ae
- Ahd + 3o'),

a'cV-^ 2hVd'- a'd'' - e'b''- c'' = A« {a^ + 2hcd- ad' - e^" -
c"),

and from these two we deduce the absolute invariant

{a'cV + 2b'c'd' - a'd''-eb''- cy ^ {ace + 2hcd- ad'- eb' - cj
(aV - 4.b'd' + Scy (ae

- 4J)d + ZcJ

In this case the invariance of the discriminant may be deduced

as a consequence of the preceding equations, for the discri-

minant is

[ae
- ^bd + 3c')'

- 27 [ace + 2bcd- ad"" - eV - cf^

and consequently the discriminant of the transformed equation
is equal to that of the original multiplied by A".

123. In the same manner as we have invariants of a single

quantic we may have invariants of a system of quantics. Let

there be any number of simultaneous equations aic" + &c. = 0,

a'cc" -I- &c. = 0, &c., and if when the variables in all are trans-

formed by the same substitution, these become u4Z" -}- &c. = 0,

A'X"^ + &c. = 0, &c., then any function of the coefficients is an

invariant if the same function of the new coefficients is equal

to the old function multiplied by a power of the modulus of

transformation
;
that is to say, if

^ [A, B, &c.. A', ^',&c., A\&Q.) = A'cj)[a,b,&c.,a\b\ &c., a'', &c.).

The simplest example of such invariants is the case of a

system of linear equations. The determinant of such a system
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is an invariant of the system. This is evident at once from

the definition of an invariant and from the form in which the

fundamental theorem for the multiplication of determinants has

been stated in Art. 23.

If we are given an invariant of a single quantic, we can

derive from it a series of invariants of systems of quantics of

the same degree. In order to make the spirit of the method

more clear, we illustrate it in the first instance by a simple

example. We have seen (Art. 119) that ac — h^ is an in-

variant of the quadratic ax^ + 2hxy + cy\ and we shall now
thence derive an invariant of a system of two quadratics.

Suppose that by a linear transformation ax^ -f 'ihxy + c^'

becomes AX"" -^-^BXY^-CY*^ and ax' •\-2h'xy -\-cy'' becomes

A'X^-\-2B'XY-\-C'Y''] then evidently, by the same transfor-

mation {k being any constant),

{a + ka') ic* + 2 [h-^kV) xy ^[c-\- kc')y*

will become

[A-^kA') X'-'H- 2 (5+ kB')XY-\-[G-\-kC') Y\

Forming then the invariant of the last quadratic, we have

(Art. 119)

{A + kA')[G+kC')-{B+kBy=^^'[{a^ka:){c + kc')-{h^khy\.

But since k is arbitrary, the coefficients of the respective powers
of k must be equal on both sides of the equation ;

and therefore

we have not only, as we knew before,

[AG- B') = A^ [ac
-

¥), [A' G'
-

B'')
= ^^ {a'd

-
}P),

but also AG'^ GA' ~ ^BB' = A' [ac' + ca' - 2hh%

an equation which may also be directly verified by the values

of Aj By &c. given Art. 119. We see then that ac' 4- ca'- 25i'

is an invariant.

By exactly the same method, if we have any Invariant of a

quantic ax"" + &c., and if we want to form invariants of the system
ax"" + &c., a'x" + &c., we have only to substitute in the given
invariant for each coefficient a, a + ka\ for J, Z> 4- kb', &c., and

the coefficient of each power of k in the result will be an

invariant. Writing down, by Taylor's theorem, the result of
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substituting a + ha' for a, &c., the theorem to which we have

been led may be stated thus : If we have any invariant of

a quantic aa3"H-&c, and if we perform on it the operation

a' -T- + ^'
JjT
+ &c., we get an invariant of the system of two

quantics ax" + &c., a'a?" + &c. We may repeat the same opera-
tion and thus get another invariant of the system, or we may

operate with a" j~ + ^'' 3i + ^^'t ^^^ t^^^s get an invariant of

a system of three quantics, and so on. This latter process

gives us the invariants which we should find by substituting

for a, a + ka + la\ &c., and taking the coefficients of the pro-

ducts of every power of k and I. In the same manner we get
invariants of a system of any number of quantics.

124. Covarianfs, A covariant is a function involving not

only the coefficients of a quantic, but also the variables, and

such that when the quantic is linearly transformed, the same

function of the new variables and coefficients shall be equal

to the old function multiplied by some power of the modulus

of transformation
;
that is to say, if ax" + &c. when transformed

becomes AX"" + &c., a function ^ will be a covariant* if it is

such that

^ {A, By &c., X, r, &c.) = A^cf) (a, J, &c., X, y^ &c.).

Every invariant of a covariant is an invariant of the original

quantic. This follows at once from the definitions. Let the

quantic be ax"^ -f &c., and the covariant a'x^ + &c. which are

supposed to become by transformation -^jr'* + &c., -4'-Y"* + &c.

Now an invariant of the covariant is a function of its coefficients

such that

^ {A', B\ &c.)
= A'^ {a\ h\ &c.).

* In the geometry of curves and surfaces, all transformations of coordinates are

effected by linear substitution. An invariant of a ternary or quaternary quantic is

a function of the coefficients, whose vanishing expresses some property of the curve

or surface independent of the axes to which it is referred, as, for instance, that the

curve or surface should have a double point. A covariant will denote another curve

or surface, the locus of a point whose relation to the given curve is independent of

the choice of axes. Hence the geometrical importance of the theory of invariants

and covariants.



EMANANTS ARE COVARIANTS. 115

But A\ B\ &c. by definition can only differ by a power of

the modulus from being the same functions of -4, J5, &c. that

a\ h\ &c. are of «, J, &c. Hence when the functions are both

expressed in terms of the coefficients of the original quantic and

its transformed, we have

•^ {A, B, &c.) = AV («, ^, &c.),

or the function is an invariant. Similarly, a covariant of a

covariant is a covariant of the original quantic.

125. We shall in this and the next article establish prin-

ciples which lead to an important series of covariants.

If in any quantic u we substitute x + hx for x^y-\- ky' for y,

&c., where x!yz' are cogredient to xyz^ then the coeffi-

cients of the several powers of
Ic^

which are all of the form

f a;' -7- + ^' J- + &c.
j w, have been called the first, second, third,

&c. emanants'^ of the quantic. Now each of these emanants is

a covariant of the quantic. We evidently get the same result

whether in any quantic we write x-\- kx for
a;, &c., and then

transform
a?, x\ &c. by linear substitutions, or whether we make

the substitutions first and then write X-\-kX' for X, &c. For

plainly

\x+ /^,
r+ v,z^ k {\x' + /*.

r + v^z')

^\[X+ kX') + /I, ( F-f ^ T) + V, {Z+ kZ').

If then u becomes by transformation Z7, we have proved that

the result of writing x + kx^ for
a;,

&c. in w, must be the same

as the result of writing X-\-hX' for X, &c. in Z7, and since k

is indeterminate, the coefficients of k must be equal on both

sides of the equation ;
or

,du ,du t, ^,dU -rrfdU o o

126. If we regard any emanant as a function of x\ y\ cfec,

treating aj, y^ &c, as constants^ then any of its invariants will he

* In geometry emanants denote the polar curves or surfaces of a point with regard

to a curve or surface.
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a covariant of the original quantic when x^ y^ &c. are considered

as variables,

d^u d^VWe have just seen that a;'^ -7-p + &c. becomes X'^
-jyp + &c.

when we substitute for
cc', \X' -\- ^^Y' •\- &,c.^ and for

a?,

\j-Z + /Aj F+ &c. It is evidently a matter of indifference

whether the substitutions for x\ &c., and for
cc, &c., are

simultaneous or successive. If then on transforming x\ &c.

d^u
alone, x'^

-y-^ + &c, becomes aX'^ + &c., then a, &c. will be

such functions of
a;,

&c. as when
£c, y^ &c. are transformed will

become
-r^^ ,

&c. !Now an invariant of the given emanant

considered as a function of x\ y\ &c. only, is by definition such

a function of its coefficients as differs only by a power of the

modulus from the corresponding function of the transformed

coefficients a, 5, &c. But since, as we have seen, a, &c. become

d^U
-T^p )

&c. when
a;, &c, are transformed, it follows that the given... . d^u

invariant will be a function of -7-^ , &c., which when
a;,

&c. are

transformed will differ only by a power of the modulus from

d^U
the corresponding function of -j^p ,

&c. It is therefore byuX
definition a covariant of the quantic.

Thus then, for example, since we have proved (Art. 119)

that if the binary quantic ax^ + 2hxy + cy^ becomes by trans-

formation AX:' + 2BXY+CY% then

AC^B' = A'{ac-h')i

it follows now, by considering the second emanant f a?' -7- +y' -j-ju
of a quantic of any degree, that

^

d'U d'U f d'U \' ^,{d''u d'u ^d'w^''
dX'

'

dY' \dXdY)
"

[dx'
'

dy' [dxdyj J

'

a theorem of which other demonstrations will be given.

127. In general, if we take the second emanant of a quantic

in any nuniber of variables, and form its discriminant, this will
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be a covariant which is called the Hessian of the quantic. It

was noticed (Art. 118) that the discriminant of every quadratic

function may be written as a determinant. Thus then
if,

as

we have done elsewhere, we use the suffixes 1, 2, &c. to de-

note differentiation with respect to
a;, y, &c., so that, for

7 2

example, u^^ shall denote -j-^ ,
then the quadratic emanant is

u^^x''^ + 2u^^x'y' + 6cc., and its discriminant, which is the Hessian,

is the determinant

^uJ ^^^^'^ ^nJ &c.

^n ^a2? ^B» <^C.

^31) ^32) ^3,3J
&C-

&c.

128. We have seen (Art. 123) that the determinant of a

system of linear equations is an invariant of the system. If

then, given a system w, v, w, &c. of as many functions as

variables, we take the first emanants

x\ 4 y\ + z\ + &c., &c.,

their determinant ^»
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old, are

where if in the first substitution the coefficients are the con-

stituents of the determinant (\fJ'^v^) read horizontally, in the

second they are the same constituents read vertically; and

where if in the first substitution the old variables are expressed

in terms of the new, in the second the new are expressed in

terms of the old. Stated thus, it is evident that the relation

between the two substitutions is reciprocal. Solving for f, rj^ f

in terms of H, H, Z, we get (Art. 29)

Af = AS + ^,H + iV^Z, Av = AH + Mfi 4 N^Z,

A^=L,a+Mfl + N,Z,

where Z,, !/"„ &c. are the minors obtained by striking out from

the matrix of the determinant
(X-j/^g'^a) (*^^ modulus of transfor-

mation) the line and column containing \,, /ij,
&c.

Sets of variables x^y, z] ^, 97, 5", supposed to be transformed

according to the different rules here explained, are said to be

contragredient to each other. In what follows, variables sup-

posed to be contragredient to
a?, y, z are denoted by Greek

letters, the letters a, ;3, 7 being usually employed in subsequent

lessons. We proceed to explain two of the most important

cases in which the inverse substitution is employed.

130. When a function of a?, ?/, z^ &c., is transformed by
linear substitutions to a function of X, T, Z, &c., then the

difi'erential coefiicients, with respect to the new variables, are

linear functions of those with respect to the old, but are ex-

pressed in terms of them by the inverse substitution. We have

d _ d dx d dy d dz ^
dX^Jx dX'^d^dX'^dzdX'^

But from the expressions for a?, y, &c. in terms of X, F, &c.,

we have
dx _ ^y _\ ^^ —\
dX"^'' dX~^'' dX~^''

Hence then ^=
^, 5-

+ \^ + \ ^^+
&^'
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Similarly ^=^. | + ^^| + ^^| + &c, &c.

Thus then, according to the definition given in the last article,

the operating symbols -^ , j- , t- ,
&c. are contragredient to

ic, y, 2?, &c., that is to say, when the latter are linearly trans-

formed, the former will be linearly transformed also, but

according to the different rule explained in the last article.

If, as before, Wj, w^,
&c. denote the differential coefficients of w,

and
Z7J, C^j <^c. those of the transformed function

Z7,
we have

just proved that

Consequently, if w„ w^j % ^ vanish, U^^ ZJ^, U^ must all vanish

likewise. Now we know that w,, m^, t^g
all vanish together only

when the discriminant of the system vanishes
;

if then the dis-

criminant of the original system vanishes, we see now that the

discriminant of the transformed system must vanish likewise,

and therefore that the latter contains the former as a factor,

as has been already stated (Art. 120).

131. In plain geometry, if
a;, y, z be the trilinear coordinates

of any point, and x^-\- yrj-^- z^= be the equation of any line,

f , 77, f may be called the tangential coordinates of that line

(see Com'cSj Art. 70). Now, if the equation be transformed to

any new system of axes by the substitution x==\X-\-&c.j the

new equation of the line becomes

BO that if the new equation of the right line be written

HZ + H F+ ZZ= 0, we have

^ = \^-^\V + \^j li = fi^^ + fi^V + f^s^,
Z =

i/,| + 1/^17
+ ^3?.

In other words, when the coordinates of a point are transformed

hy a linear substitution^ the tangential coordinates of a line are

transformed hy the inverse substitution; that is, they are con-

tragredient to the coordinates of the point. In like manner,
in the geometry of three dimensions, the tangential coordi-

nates of any plane are contragredient to the coordinates of any
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point. When we transform to new axes, all coordinates xyzw^

xy'zw\ &c. expressing different points, are cogredient : tbat is

to say, all must be transformed by the same substitution

cc = X,X+&c., a;' = \jX'4 &c., &c. But the tangential coordi-

nates of every plane will be transformed by the inverse

substitution, as we have just explained. Similarly the ray
coordinates of different lines for the same system of reference

are cogredient, but the axial coordinates are transformed by the

inverse substitution, that is, are contragredient to the former.

See Surfaces^ Art. ble.

The principle just stated will be frequently made use of

in the form

a^? + 3/77 + ^?= ZH + FH -f ^2,

where
a?, ?/,

z being supposed to be changed by the substitution,

a; = XjX + /LtjF+ &c., f, 7/, J* are supposed to be changed by the

inverse substitution H = X,f + X^-?? + Xgf, &c. In other words, in

the case supposed, x^ + y7}-\- z^ is a function absolutely unaltered

by transformation, and analogous statements easily follow in the

other cases mentioned.

132. If a function ax"-\-&c. becomes by transformation

-4X" + &c., then any function involving the coefficients and

those variables which are supposed to be transformed by the

inverse substitution is said to be a contravariant if it is such

that it differs only by a power of the modulus from the corre-

sponding function of the transformed coefficients and variables :

that is to say, if

ij> [A^ B^ &c., S, H, &c.) = A^(/> (a, 5, &c., f, ^, &c.).

Such functions constantly present themselves in geometry.
If we have an equation expressing the condition that a line

or plane should have to a given curve or surface a relation

independent of the axes to which it is referred (as, for ex-

ample, the condition that the line or plane should touch the

curve or surface), then, when we transform to new axes, it is

obviously indifferent whether we transform the given relation

by substituting for the old coefficients their values in terms of

the new, or whether we derive the condition by the original

rule from the transformed equation. In this way it is seen
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that the conditions In question are of such a kind that </>(«, 6, f, &c.)

differs only by a factor from (f>[A^ B^ H, &c.).

133. Besides covariants and contravariants there are also

functions involving both sets of variables, which differ only

by a power of the modulus from the corresponding trans

formed functions : i. e. such that

^(^,^,&c.,X,F,&c.,S,H,&c.) = A''^(a,5,&c.,a;,^,&c.,f,97,&c.).

Dr. Sylvester uses the name concomitant as a general word

to include all functions whose relations to the quantic are un-

altered by linear transformation, and he calls the functions now
under consideration mixed concomitants, I do not choose to

introduce a name on my own responsibility ;
otherwise I should

be inclined to call them divariants. The simplest function of

the kind is x^-}- 7/rj + 2;f,
which we have seen (Art. 131) is trans-

formed to a similar function, and is therefore a concomitant

of every quantic whatever.

134. If we are given any invariant I of the quantic

a^x" -i- na^x^'^y -\- nh^x'^z + \n (n
-

1) a^'^^y^ + &c.,

we can deduce from it a contravariant by the method used in

Art. 123. If a^x + &c. becomes by transformation A^X''' + &c.,

then, since icf + &c. becomes Xs, 4- &c., it follows that

a^+ &c. + k [x^ + ^^ + z%f= ^0^"+ &c. -f k (ZS + rH -f ZTf.

Now an invariant of the original quantic fulfils the condition

* (^0. ^.> ^., &c.)
= A'.^ K, a„ 5„ &c.).

Forming then the same invariant of the new quantic, it will be

seen that

^ {A^ + A:H", A, -f AH"-^H, &c.)
=

A^(/> («„ + W, a^ 4- hr\ &c.).

Since k is arbitrary we may equate the coefficients of like

powers of h on both sides of this equation.

But, by Taylor's theorem, these coefficients are all of the form
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We have proved then that they differ only by a power of the

modulus from the corresponding function of the transformed

equation. They are, therefore, contravariants^ since it is assumed

all along that ^, 77, f are to be transformed by the inverse sub-

stitution. Dr. Sylvester has called contravariants formed by this

rule, first, second, &c. evectants of the given invariant. Thus

f
*

-^
—

\- F'^f) -^
—

I- &c. is the first evectant. It is to be ob-

served that in the original quantic the coefficients are supposed
to be written with^ and in the evectant without^ binomial coeffi-

cients. Comparing this article with Art. 123 we see that the

function f
"
-7

- + &c. may be considered either as a contravariant

of the single given quantic, or as an invariant of the system
obtained by combining with the given quantic the linear func-

tion x^ + yr) -f- z^. The theory of contravariants, therefore, may
be included under that of invariants.

If we perform the operation ^" ;i-
+ &c. upon any covariant

we obtain a mixed concomitant, for it is proved in the same way
that the result, which will evidently be a function involving

variables of both kinds, will be transformed into a function of

similar form.

Ex. 1. "We know that ac- 52 is an invariant of aa;2+2ia?«/+cy2. hence cP-2i^t]+atj2

is a contravariant of the same system.

Ex. 2. Similariy, abc + 2/^A
—

nf"^
—

hg^
—

ch"^, being the discriminant, and there-

fore an invariant of ax^ + hip + cz^ + 2fyz + 2gzx +• 'Ihxy,

is a contravariant of the same quantic. Geometrically, as is well known, the function

equated to zero expresses the tangential equation of the conic represented by the given

quantic.

Ex. 3. Given a system of two ternary quadrics ax^ + &c., a'x"^ + &c., then since

a! {be —f^) + &c. is an invariant of the system (Art. 123), we find on operating with

P — + &c., that* aa

ibc' + h'c - 2ff') ^2 + {ca' + c'a - 2gg') n" + («*' + o!b - 2hh') l^

4- 2 {gh'+g'h
- a/'- a'J) vl + 2 {hf+h'/- bg'

-
b'g) l^ + 2 {fg'+f'g-cV- c'h) ^r,

is a contravariant of the system. "We might have equally found this contravariant

by operating with a' t- + &c. on the contravariant of the last example. Geometrically,

the function equated to zero expresses the condition that a line should be cut har-

monically by two conies.
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135. When the discriminant of a quantic vanishes, it has

a set of singular roots xyz [geometrically the coordinates of

the double point on the curve or surface represented by the

quantic] ;
and in this case the first evectant will be the perfect

rt^ power of [x 1^ -{ y r) ^ z ^), Since we have seen that this

evectant is a function unaltered by transformation, it is sufficient

to see what it becomes in any particular case. Now if the

discriminant vanishes, the quantic can be so transformed that

the new coefficients of x'^ x'^y^ x"^z shall vanish
;

that is to

say, so that the singular root shall be y = 0, 2 = [geome

trically, so that the point yz shall be the double point]. But

it was proved (Art. 117) that the form of the discriminant is

Evidently then, not only will this vanish when a^, a^, h^ vanish,
but also its differentials with respect to every coefficient

except a^ will vanish. This evectant then reduces itself to

-7- multiplied by the perfect w** power f", which is what

{x'^ + y'r} + /f)" becomes when y' and z' — 0, and ic' = 1. Thu3

then, if the discriminant of a ternary quadric vanish, the quadric

represents two lines : the contravariant

becomes a perfect square; and if we identify it with [x^-\-yvi^-z'^)^^

we get xyz' the coordinates of the intersection of the pair of

lines. If a quantic have two sets of singular roots, all the first

differentials of the discriminant vanish, and its second evectant

becomes the perfect n'* power of

where xyz\ x''y'z' are the two sets of singular roots; and

so on.
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LESSON XIII.

FORMATION OF INVARIANTS AND COVARIANTS.

136. Having now shewn what is meant by invariants, &c.,

we go on to explain the methods by which such functions can

be formed. Three of these methods will be explained in this

Lesson, and a fourth in the next Lesson.

Symmetric functions. The following method is only appli-

cable to binary quantlcs. Any symmetric function of the

differences of the roots is an invariant^ provided that each root

enters into the expression the same number of times.'^ It is evident

that an invariant must be a function of the differences of the

roots, since it is to be unaltered when for x we substitute oj + X.

Now the most general linear transformation is evidently equi-

valent to an alteration of each root a into r-7 ? . By this

change the difference between any two roots a-yS becomes

-^!*^ -r^r7=. >r • In order then, that any function of the

differences may, when transformed, differ only by a factor from

its former value, it is necessary that the denominator should be

the same for every term
;
and therefore the function must be

a product of differences, in which each root occurs the same

number of times. Thus for a biquadratic, 2 (a
— ^f (7

— 3f is

an invariant, because, when we transform, all the terms of

which the sum is made up have the same denominator. But

* If in the equation the highest power of x is written with a coefficient flo> we

have to divide by that coefficient in order to obtain the expression for the sum, Ac.

of the roots
;
and all symmetric functions of the roots are fractions containing powers

of «o in the denominator. When we say that a symmetric function of the roots ia

an invariant, we understand that it has been made integral by multiplying it by such

a power of Aq ^^ ^^ clear it of fractions
; or, what comes to the same thing, if we

form the symmetric function on the supposition that the coefficient of a;" is 1, that

we make it homogeneous by multiplying each term by whatever power of a^ may
be necessary.
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S (a
—

yS)" is not an invariant, the denominator for the term

(a-jSy being (Va + /)' (^'/^ + /f ?
^^^ ^or the term [y-By

being (V7 + /.')'(VS+/)^

137. Or perhaps the same thing may be more simply stated

by writing the equation in the homogeneous form. We saw

(Art. 120) that if we change x into Xx + fii/^ y into Xx-\- y!y^

the quantity x^y^
—

x^y^ becomes [Xfi' -Wfju) [x^y^
—

x^y^)^ and

consequently any function of the determinants x^y^-x^y^ &c.

is an invariant. Now (Art. 61) any function of the roots

expressed in the ordinary way is changed to the homogeneousXX
form by writing for a, /8,

&c. -^
,

—
, &c., and then multiplying

by such a power of the product of all the ^'s as will clear it

of fractions. If any function of the differences in which all the

roots do not equally occur be treated in this way, powers of

the y^s will remain after multiplication, and the function will

not be an invariant. Thus, for a biquadratic, 2 (a
—

yS)* be-

comes '^yly'^ (^1^8
—

^2^1)'' 5
^^^ ^^ function 2 (a

— ^Y [y
—

8)*,

in which all the roots occur, becomes 2 {x^y^
— x^y [x^y^^

—
^^^^^

and this being a function of the determinants only, is an invariant.

It is proved in like manner, that any symmetric function

formed of differences of roots and differences between x and

one or more of the roots is a covariant, provided that each root

enters the same number of times into the expression. Thus

for a cubic 2 (a
— ^Y [x

— yf is a covariant.

138. We can, by the method just explained, form invariants

or covariants which shall vanish on the hypothesis of any system
of equalities between the roots. Thus, let it be required to form

an invariant which shall vanish when any three roots are all

equal, it is evident that every term must contain some one

of the three differences a — /3, y8
-

7, 7 — a
;
and in like manner

for every other set of three that can be formed out of the roots.

Thus, in a biquadratic, there are four sets of three roots : the

difference a - yS belongs to two of these sets, and 7 — 8 to the

other two
;

therefore 2 (a
-
/Sf (7

- S/* is an invariant which

* Z (a
—

^) (y
—

8) would vanish identically.
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will vanish if any set of three roots are all equal. In like

manner, for a quintic there are ten sets of three : a — yS belongs
to three sets, <y

— 8 to three other sets
;
the remaining sets are

ct7e, aSs, ^873, /3Ss, two of which contain 7 — e and the other

two 8 - s. The function then 2 (ct
-

/3)* (7 -^ By [S
-

e)' (7
-

e)' ia

an invariant which will vanish if any set of three roots are

all equal. This invariant (Arts. 57, 58) is of the fourth order

and its weight is 10.

So, again, if we wish to form a covariant of a biquadratic
which shall vanish when two distinct pairs of roots are equal,

the expression must contain a difference from each of the pairs

a- ^j y — d'j a — 7, ^-8; a-S, /3
—

7. Such an expression
would be

or 2 (a
-

/3) (a
-

7) («
-

5) {x
- ^f (x

-
7)^^ [x

-
h)%

which are covariants of the fourth and sixth degrees respectively

in the variables
;
and of the fourth and third in the coefficients,

and every term of each vanishes when two distinct pairs of

roots are equal.

139. Mutual differentiation of covariants and contravariants.

When we say that («, &, f , 7;, &c.) is a contravariant, |, ?;, &c.

may be any quantities which are supposed to be transformed by
the reciprocal substitution. Now we have shewn (Art. 130)

that the differential symbols -j- t -f t
^^' ^^^ ^^ transformed.

We may, therefore, in any contravariant substitute these differ-

ential symbols for f , 97, &c., and we shall obtain an operating

symbol unaltered by transformation, and which, therefore, if

applied either to the quantic itself or to any of its covariants,

will give a covariant if any of the variables remain after differ-

entiation; and if not, an invariant. Similarly, if applied to a

mixed concomitant, it will give either a contravariant or a new

mixed concomitant, according as the variables are or are not

removed by differentiation. Or, again, in any contravariant in-

stead of obtaining an operating symbol by substituting for

?j V, &c., ^ ,

;^
, &c., we may substitute ^ , ^,

&c. where
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U is either the quantic itself or any of its covariants, and so

obtain a new covariant. The relation between the sets of vari-

ables
cc, y, ^, &c., f , 77, tj

&c. being reciprocal, we may, in like

manner, substitute in any covariant, for ic,?/,s,&c., 7^ j
;t-

> -Ty^ ^^">

when we get an operative symbol which when applied to any
contravariant will give either a new contravariant or an in-

variant.

Thus then, if we are given any covariant and contravariant,

by substituting in one of them differential symbols and operating

on the other, we obtain a new contravariant or covariant
;
which

again may be combined with one of the two given at first, so

as to generate another
;
and so on.

140. In the case of a binary quantic, this method may be

stated more simply. The formulae for direct transformation

being

those for the reciprocal transformation are (Art. 129)

whence ^^ = ^2^
—

X^^H, A?; = -
/^^H •+ \H,

which may be written

A.? = \,H + /»,(-«); A{-?)=\H + M,(-S).

Thus we see that, with the exception of the constant factor

A, 1) and — ^ are transformed by exactly the same rules as

X and y ;
and it may be said that y and — x are contragredient

to X and y. Thus then, in binary quantics, covariants and

contravariants are not essentially distinct, and we have only in

any covariant to write 7} and —
| for x and y, when we have

a contravariant, or vice versa. In fact, suppose that by trans-

formation any homogeneous function w4iatever
(a?, y) becomes

^ (X, F), the formulae just given shew that
(77,

—
f) will

become A"^<l3 (H,
—

H), where p is the degree of the function in

X and y. If then (x, y) is a covariant, that is to say, a

function which becomes by transformation one differing only by
a power of A from a function of like form in X and Y, evidently

^ ("^j
~"

f )
'^i^l ^y transformation become one differing only by
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a power of A from one of like form in H and H
;
that Is to say,

it will be a contravariant. For example, the contravariant,

noticed (Art. 134, Ex. 1), c^''
- 2h^v + av% by the substitution

just mentioned, becomes the original quantic.

Instead then of saying that the differential symbols are

contragredlent to x and y, we may say that they are cogredient

to y and — x
;
and if either in the quantic itself or any of its

covariants we write -3- ,

—
-7- for ic and y, we get a differential

(ty ctx

symbol which may be used to generate new covariants in the

manner explained in the last article. Or we may substitute

-J- ,

—
-^ for a; and y, and so get a new covariant. The

following examples will sufficiently illustrate this method :

Ex. 1. To find an invariant of a quadratic, or of a system of two quadratics.

Suppose that by transformation ax"^ + 2hxy + cy"^ becomes AX"^ + 2BXY + CY', then

since we have seen that A ^- ,
— A — are transformed by the same rules as x and y,

dy dx ""

it follows that the operative symbol

^'
(« 1^

- 2^^^ + ^£) ^^^°^^^ ^y transformation [a ^,
- 25^+C^,) .

If then we operate on the given quadratic itself, we get

4A2(ac-J2)^4 (^C-^),
which shows that ac — h^ is an invariant

;
or if we operate on a'x"^ + 2Vxy + c'y' and

'

the transformed function, we get

2A2 (ac' + ca' - 25*0 = 2 MC" + C^' - 25£')»

which shews that ac' + ca' — 2bb' is an invariant. We might also infer that

a {bx + cyf
- 2b {bx + cy) (ax + by) + c {ax + byf

is a covariant
;
but this is only the quantic itself multiplied by ac — b"^.

Ex. 2. Every binary quantic of even degree has an invariant of the second order in the

coefficients. We have only to substitute, as just explained, ^ ,

—
-3- for a; and y, and

operate on the quantic itself. Thus for the quartic (a, b, c, d, ej^x, y)* we find that

ae — 'ibd + 3c^ is an invariant; or for the general quantic (a^,, ai...a„_i, a,^x, y)'*,

we find that a^an
—

na^an-i + ^n {n— 1) a^Un-^
— &c. is an invariant

;
where the coeffi-

cients are those of the binomial, but the middle term is divided by two.

If we apply this method to a quantic of odd degree ; as, for example, if we operate

on the cubic ax- + Zbx-y + Zcxy^ + dy^ with ^£ " 3c^^ + 36^ " «
^a

'
^^

will be found that the result vanishes identically. We thus find, however, that a

system of two cubics has the invariant {ad' — a'd)
— 3 {be'

—
b'c). Or, in general, that

a system of two quantics of odd degree, «(,«" + &c
, b^x'^ + &c., has the invariant

(«(,&„
-

a„Jo)
- n {aj)n~i

-
an-ibi) + ^n {n

-
1) {a^b,^-^

-
On-^b^) Ac,

which vanishes when the two quantics are identical.
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141. When, by the method just explained, we have found

an invariant of a quantic of any degree, we have immediately,

by the method of Art. 126, a covariant of any quantic of higher

degree. Thus, knowing that ac - b'^ is an invariant of a quad-

ratic, by forming that invariant of the quadratic emanant of

any quantic, we learn that
-j-^ -j-^

—
I , ,

j
is a covariant

of any quantic above the second degree. In like manner, from

the invariant of a quartic ae— 4.bd+ 3c'^,
we infer that for every

quantic above the fourth degree

d'^u d^u d^u d^u f d*u V
d^di'~ dJd^ d^'

"^

\Mdy')

is a covariant, &c. In this way we see that a quantic in

general has a series of covariants, of the second order in the

coefficients, and of the orders 2 {n — 2), 2[n
—

4), 2[n
—

6), &c.

in the variables. These covariants may be combined with the

original quantic and with each other, so as to lead to new co-

variants or invariants.

Ex. 1. A quartic has an invariant of the third order in the coeflacients. We know
that its Hessian

(aa;« + 2bxy + cf) {cx^ + Mxy + eip-)
-

(bx'' + Icxy + dy^)*,

or {ac
-

b^) a* + 2 {ad - be) x^y + (ae + 2bd - 3c^) x^y^+ 2{be-cd) xy^ + {ce
-

d^) y*,

is a covariant. Operate on this with
(a, b, c, d, e^j- ,

-
j- )*>

^^^ we get seventy-

two times
ace + 2bcd - ad^ - eb"^ ~ c',

which is therefore an invariant.

Ex. 2. Every quantic of odd degree has an invariant of the fourth order in the

coefficients. The quantic has a quadratic covariant -j-^ , „_^
- &c. of the second

order in the coeflBcients
;
and the discriminant of this quadratic will be an invariant

of the original quantic (Art. 124), and will be of the fourth order in its coefficients.

In fact, it is proved in this way that every quantic has an invariant of the foiuth

order; for if we take any of the covariants of this article, which are all of even

degree, its invariant of the second order will be of the fourth order in the coefficients

of the original quantic. But when the quantic is of even degree, it may happen that

the invariant so found is only the square of its invariant of the second order.

Ex. 3. To form the invariant of the fourth order for a cubic.

Its Hessian is {ax + by) {ex + dy)
—

{bx + cy)"^ j

or {ac
-

b-) x^ + {ad
-

be) xy + {bd
-

c^) y^.
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Hence {ad
- bcf - 4 (ac

-
b^) {bd

-
c"^)

is an invariant of the cubic. In fact, it is its discriminant

a2d2 - eabcd + 4ac' + 4b^d - 36V.

142. From any invariant of a binary quantic we can gene-
rate a covariant. For from it we can form (Art. 134) the

evectant contravariant f
"

-^
—

I- &c. : and then in this substi-

tuting y-i
—^ for f and

t]^
we have a covariant. For example,

from the discriminant of a cubic which has been just written

we form the evectant

f {ad' - Ucd + 2c') + 3f7/ (- acd + 25V- he')

4 ^^v^ (- aid + 2ac' - ¥c) + rj^ {a^d-Zdbc + 2^>'),

whence we infer that the cubic has the cubic covariant

[a^d-^a'bc^-2l)\ aid- 2ac'+l>'c^ -acd-]-Wd- bc\Ucd- ad^-2c^Jx^yf.

143. The differential equation.
—We saw (Art. 62) that in-

variants satisfy certain partial differential equations, and these

furnish a third method of forming these functions based on the

following principle. If n he the order of a Unary quantic^

the order in the coefficients of any of its invariants^ then the weight

(see Art. 56) of every term in the invariant is constant and = \nd.
For if we alter x into \cc, leaving y unchanged, since this is a

linear transformation, the invariant must, by definition, remain

unaltered, except that it may be multiplied by a power of Xj

which is in this case the modulus of transformation. It is proved

then, precisely as in Art. 67, that the weighty or sum of the

sufHxes, in every term is constant.

Again, the invariant must remain unaltered, if we change
X into ^, and y into

cc,
a linear transformation, the modulus of

which is - 1 . The effect of this substitution is the same as if

for each coefficient a^ we substitute a^_^. Hence the sum of

a number of suffixes

a + yS + 7 + &c. = (n
-

a) + (n
-

/9) -f (w
-

7) + &c.,

whence 2 (a + /3 + 7 + &c.)
= nO, Q. E. D.

Cor. n and 6 cannot both be odd, since their product is an

even number
; or, a binary quantic of odd degree cannot have

an invariant of odd order.
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144. The principle just established enables us to write down

immediately the literal part of any invariant whose order is

given. For the order being given, the weight is given also.

Thus, if it were required to form for a quartic an invariant of

the third order in the coefficients, the weight must be 6, and

the terms of the invariarjt must be

where the coefficients -4, B^ &c. remain to be determined. The

reader will observe that there are as many terms in this in-

variant as the ways in which the number 6 can be expressed
as the sum of three numbers from to 4 Inclusive

;
and gene-

rally that there may be as many terms in any invariant as the

ways in which its weight ^n6 can be expressed as the sum of

6 numbers from to w inclusive.

We determine the coefficients from the consideration that

since an invariant is to be unaltered by the substitution either

of a; + \ for
a?,

or of ^ + \ for
i/, evidently, as in Art. 62, every

invariant must satisfy the two differential equations

dl ^ dl ^ dl ^ ^ dl
, ^, dl ^ ^

it being supposed that the original equation has been written

with binomial coefficients. In practice only one of these equa-
tions need be used

;
for the second is derived from the first by

changing each coeflScient a^ into
«,,_„.

It is sufficient then to

use one of the equations, provided we take care that the func-

tion we form is symmetrical with regard to x and y ;
that

is to say, does not change (or at most changes sign)* when
we change a„ into a^^_^. And this condition will always be

fulfilled if we take care that the weight of the invariant is

that which has been just assigned. Thus then, in the example
phosen for an illustration, if we operate on Aa^a^a^ + &c, with

* When we change x into y and y into x, this is a transformation whose modulus is

10,

1 I or — 1. Any invariant, therefore, which when transformed becomes multiphed

1, Iby an odd power of the modulus of transformation will change sign when
we interchange x and y. Such invariants are called skew invariants.
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a^j- + &c., we get

{2B -f 2J
) a^a^% + (D + 6 (7+ 4J

) a^af^

whence if we take A —
l, the other coefficients are found to be

jB= - 1, i> = 2, C= —
1, E= —

1, and the invariant is

145. In seeking to determine an invariant of given order

by the method just explained, we have a certain number of

unknown coefficients A^ B^ C, &c. to determine, and we do so

by the help of a certain number of conditions formed by means

of the differential equation. Now, evidently, if the number of

these conditions were greater than the number of unknown

coefficients, the formation of the invariant would in general

be impossible ;
if they were equal we could form one invariant

;

if the number of conditions were less, we could form more

than one invariant of the given order. We have just seen

that the number of terms in the invariant, which is one more

than the number of unknown coefficients, is equal to the number

of ways in which its weight \nd can be written, as the sum

of 6 numbers, none being greater than n. But the effect of

the operation a^-j
—V &c. is evidently to diminish the weight

by one, the number of conditions to be fulfilled
is, therefore,

equal to the number of ways in which \nd — I can be expressed

as the sum of 6 numbers, none exceeding n. Thus, in the

example of Art. 144, the number of conditions used to deter-

mine A, B, &c. was equal to the number of ways in which

5 can be expressed as the sum of three numbers from to 4

inclusive. To find then generally whether an invariant of a

binary quantic of the order 6 can be formed, and whether

there can be more than one, we must compare the number

of ways in which the numbers ^nO^ \nd - 1 can be expressed

as the sura of 6 numbers from to w inclusive.*

* It was in this way Prof. Cayley first attempted to investigate the number of

invariants and covariants of a binary quantic.
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146. Similar reasoniDg applies to covariants. A covariant,

like the original quantic, must remain unaltered, when we

change x into px, and at the same time every coefficient a^

into p°a^. If then the coefficient of any power of
a?,

xf^ in

the covariant be a
hf^Ct^ &c., it is obvious, as before, that

/Lt + a + yS -f &c. must be constant for every term
;
and we may

call this number the weight of the covariant.

Again, in order that the covariant may not change when

we alter x into y and y into
a;,
we must have

At + a + /3 + 7 + &c. = (p
-

/>t) + (w
-

a) H- (w
-
^) + &c.,

where p is the degree of the covariant in x and y ;
whence If

6 be the order of the covariant in the coefficients, we have

immediately its weight =\ {nO-^-p), Thus if it were required

to form a quadratic covariant to a cubic, of the second order

in the coefficients, w = 3, ^=^ = 2, and the weight is 4. We
have then for the terms multiplying x^^ a + yS = 2, and these

terms must be a^a^ and a^a^. In like manner the terms mul-

tiplying xy must be a^a^, ^.^a^,
and those multiplying y^ must

be
flgCTj, a^a^. In this manner we can determine the literal part

of a covariant of any order. The coefficients are determined

as follows ;

147. From the definition of a covariant it follows that we
must get the same result whether in it we change x into x + Xy,
or whether we make the same change in the original quantic
and then form the covariant But this change in the original

quantic is equivalent (Art. 62) to changing a, into a, + a^X,

Og into «g + 2a^\ + a^\ &c. Hence, in the covariant also the

change of cc to x-\-\y must be equivalent to changing a^ into

ttj + «jj\, &c. Let the covariant then be

A^^ -rpA^af-'y + ip (^
-

1) A^cd'-'f + &c.

Let us express that these two alterations are equivalent, and
let us confine our attention to the terms multiplying X. Then

if, as in Art. 64, we use as an abbreviation to denote the

operation a^~j--\-1a^— + &c., the symbol -^,
we get

d^
"'

d^
^^°'

d^
-^^,Ac.,

^^
-ip-lJA-2^

^j.
-P^r-r'
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In like manner, writing -7- for wa, -^

—
\-{n

—
l)a^-^
—h&c,

we nave °

dA
Thus we see that when A^ is determined so as to satisfy -jr,^

=
;

in other words, when A^ is a function of the differences of the

roots of the quantic (Art. 58), all the other terms of the

covariant are known. The covariant is in fact

, „ dA^ p., d'A^ c(f-y d'A^ a^-y .

»

It will be observed that the weight of the covariant being

\[nd-^p) the weight of the term A^ is \[nd-p)^ since the

weight of Aq together with p makes up the weight of the

covariant. This term A^^ whence all the other terms are de-

rived, was named by Prof. M. Roberts the source of the covariant.

He observed also that the source of the product of two cova-

riants is the product of their sources. For if we multiply the

covariant last written by

we get, as may be easily seen,

^^^o"*^ ^
drj

"^ ^^
dri' 1.2

+'^'''

Hence, if we know any relation connecting any functions of the

differences A^^ B^^ C^^ &c., the same relation will connect the

covariants derived from these functions.

Ex. 1. To find the quadratic covariant of a cubic. We have seen (Art. 146) that

Aq is of the form a^^ + Ba^a^. Operate on this with a^-^
—

\- 2ai -r—
,
and we

(id
I CiCi^

get (2 + 2^) CTo^i
= 0, whence 5 = - 1 and A^ = Og^o

-
«i«i- Operate then with

3a h 2ao -;
—V a^-z- , and we have 2^i = a.a^

-
a^a-^. Operate with the same

*

da^ da^ da^

on ^1, and we have A^ = a^a^
-

a^a^. The covariant, therefore, is
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Ex. 2. To find a cubic covariant of a cubic of the third order in the coefficients.

Here n = S, 6 = 3, ^ {nd + p) = 6. The sum then of the suffixes of the coefficient

of 3^ will be 3
;
and this coefficient must be of the form Aa^a^fUf, + Ba^a^Uf^ + Ca^a^a^.

d d d
Operate with a^

-—
f- 2a, ^—i- Sa, -9— ,

and we get^ °
dui

^

da^ da,
'^

{3A + B) a^^a^ + {2B + 3C) a^a^at^,

whence if we take A —
1, we have B = — Z, C = 2, or Aq = a^a^a^

—
Sorg^iOo + 2ftia,a,.

Operate on this three times successively with Sa, -— + 2a^ -z—h 03 -7— ,
and we have

the remaining coefficients, and the covariant is (see Art. 142)

(ajffloao
—

3rt2«i«o + ^aittitti) a:;^ + 3 (a^aitto
—

202^,00 + ag^i^i) ^'^

+ 3 {2a3aiai
—

a^a^a^
— a^a^^ xy^ + i^a^a^cti

—
la^a^a^

—
a^a^a^ y*.

148. We have seen that a quantic has as matij covarlants

of tLe degree p in the variables and of the order 6 in the

coefficients as functions A^^ whose weight is ^ [nd —p) can be

dA
found to satisfy the equation -^ = 0. And, as in Art. 145, we

see that this number is equal to the difference of the ways in

which the numbers \ [nO
-
p) and \ [nd —p) — 1 can be expressed

as the sum of 6 numbers from to w inclusive. It may be re-

marked that p cannot be odd unless both n and 6 are odd.

Hence only quantics of odd degree can have covariants of odd

ot4€g-in the ooeffieienta^ and these must also be of odd degree
in the variables. ^

<- .
, , ,

149. The results arrived at (Art. 147) may be stated a little

differently. The operation y j- performed on any quantic is

equivalent to a certain operation performed by differentia-

ting with respect to the coefficients. Thus, for the quantic

(a^^ «j, a^,..Jx^ 2/)",
we get the same result whether we operate

on it with ^^ or with a^^ -f 2a,^ + &c. This latter opera-

tion then may be written y^ h and the property already

proved for a covariant may be written that we have for it

^ d P 7"
~ ^' ^^ ^*^^^ words, that we get the same

OFTHE

UNIVERSITY
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result whether we operate on the covarlant with
3/ -7- or with

a^ -^ + 2rtj -^

—
\- &c. In his Memoirs on Quantics, Prof. Cayley

has started with this property as his definition of a covariant;

a definition which includes invariants also, since for them we

have
3/
— =

0, and therefore also
\y -j- =0.

150. It can be proved, in like manner, that covariants of

quantics in any number of variables satisfy differential equations

which may be written j, ^ =
[y ^] ,

-^ =
[- ^] ,

&c.

Thus, for the quantic (a, 5, c,/, g^ K^x^ y, z)\ we have

d d d ^T d d d T d ^ d

and every covariant must satisfy these two equations. While

every invariant must satisfy the two equations

dl dl ^.dl ^ dl ,dl
^ ^ dl ^

as may easily be proved from the consideration that the invariant

remains unaltered if we substitute for a?,
ic + \?/ or £c + /as.
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LESSON XIV.

SYMBOLICAL KEPRESENTATION OF CONCOMITANTS.

151. It remains to explain a fourth method of finding

invariants and covariants, given by Prof. Cajley in 1846

[Camhridge and Dublin Mathematical Journal^ vol. I. p. 104,

and Crelle, vol. xxx.) ;
which not only enables us to arrive at

such functions, but also affords the basis of a regular calculus

by means of which they may be compared and identified.

Let
ajj, y^ ; a;^, ^/^

be any two cogredient sets of variables
;

then, if we write briefly for _,—,_; f^, tj^^ f^, &c.,

it has been proved (Arts. 130, 120, 139) that ^,, 77^, f^j V^ ^^^

transformed by the reciprocal substitution
;

that f,17^
~

^.^17^
is

an invariant symbol of operation ;
and that if we operate with

any power of this symbol on any function of
a?j, y^, x^^ y^^ we

obtain a covariant of that function. We shall use for ^^tj^
-

^^rj^

the abbreviation 12.

Suppose now that we are given any two binary quantics

?7, F, we can at once form covariants of this system of two

quantics. For we have only to write the variables in U with

the suffix (1), those in V with the suffix (2), and then operate

on the product UV with any power of the symbol 12
;

the

result must be an invariant or covariant. Thus if we operate

simply with 12 we obtain the J acobian ~
^

z
—=—

, which^ '' ax ay ay ax '

we saw (Art. 128) was a covariant of the system of quantics.

Again, let

?7= ax;' -i- 2hx^ y^ + cy^ ;
F= dx^ + Wx^^y^ + cy^^

then if we operate on TJV with
12"*, which, written at full

length, is

the result is «c' -f ca! — 2bb'^ which is thus proved to be an

Invariant of this system of quantics. In general, it is obvious
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that the differentials marked with the snffix (1) only apply to U^

and those with the suffix (2) only to F; and it is unnecessary
to retain the suffixes after differentiation ;* go that 12^ applied

to two quantics of any degree gives the covariant

d^UdrV d'U d'V
^
d'U d'V

dx^ dy^ dy^ dx^ dxdy dxdy*

Similarly the symbol 12^ applied to two cubics gives the

invariant

{ad'-dc^)-Z{})d-cV),

or to any two quantics gives the covariant

d'U d'V
^
d'U d'V

^
d'U d'V d'Ud'V^

dx^ dy^ dx^dy dxdy' dxdy" dx'dy dy^ dx^ '

and so in like manner for the other powers of 12.

152. We can by this method obtain also invariants or co-

variants of a single function U. It is, in fact, only necessary to

suppose in the last Article the quantics ?7and V to be identical.

Thus, for instance, in the example of the two quadratics given
in the last Article, if we make a — a\ 5 = J', c =

c', the invariant

12" becomes 2 [ac
~

¥), And, in like manner, the expression
there given for the covariant 12^^ of a system ?7, F, by making
Z7= F, gives the covariant of a single quantic

d'Ud'U rd'U\'

dx^ dy^ \dxdyj
'

In general, whenever we want by this method to form the

covariants of a single function, w^e resort to this process :
—We

first form a covariant of a system of distinct quantics, and then

suppose the quantics to be made identical. And in what

follows, when we use such symbols as 12" &c. without adding

any subject of operation, we mean to express derivatives of a

* If IF be any function containing Xj, y^ ; a?2, y^ )
we get the same result "whether

we linearly transform these variables, and afterwards omit all the suffixes in the

transformed equation j
or whether we omit the suffixes first, and afterwards transform

X and y. This results immediately from the fact that x^, y,; x^, y^; x, y are

cogredient. It follows then at once that if W, written as a function of x^, y, ; X2, y^,

be a covariant of U, V ;
that is to say, if the expression of the coefficients of W in

terms of the coeffixjients of U and V be unaffected by transformation, then W is also

a covariant when the suffixes are all omitted.
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Bingle function U. We take for the subject operated on the

product of two or more quantics Z7„ U^^ &c., where the variables

iCj, y, ; 0*2, y^ ;
&c. are written in each respectively, instead of

X and y\ and we suppose that after differentiation all the

suffixes are omitted, and that the variables, if any remain, are

all made equal to x and y, .
.

153. From the omission of the suffixes after differentiation,

it follows at once that it cannot make any difference what

figures had been originally used, and that iT and 34" are

expressions for the same thing. In the use of this method we
have constantly to employ transformations depending on this

obvious principle. Thus, we can show that when n is odd, 12"

applied to a single function vanishes identically. For, from

what has been said, 12" = 21"; but 12 and 21 have opposite

signs, as appears immediately on writing at full length the

symbol for which 12 is an abbreviation. It follows then that

12" must vanish when n is odd. Thus, in the expansion of 12',

given at the end of Art, 151, if we make U= F, it will obviously

vanish identically, The series 12'^, 12*, 12*, &c. gives the series

of invariants and covariants which we have already found

(Art. 141). It is easy to see that, when n is eveq, 12" applied
to K)«i)«2-fe^r gives

%% -
^«i«n-i + i^ (n

- 1
) a^a^_^

-
&c.,

where the last
coefficient^

must be divided by two, as is evident

from the manner of formation. In particular, we thus have

the invariants, for the quadratic, ac — ¥
;

for the quartic,

ae — ibd + 3c''*
;
for the sextic, ag

— Qh/+ 15ce — 10c?''
;
and so on.

154. The results of the preceding Articles naturally extend

to any number of functions. We may take any number of

quantics U, F, TF, &c., and, writing the variables in the first

with the suffix (1), those in the second with the suffix (2),

in the third with the suffix (3), and so on, we may operate

on their product with the product of any number of symbols

12*, 23^^, 3^, 14^, &c., where, as before, 23 is an abbreviation

for ?2^3-?3i72) &c. After the differentiation we suppress the

suffixes, and we thus get a covariant of the given system of
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quantlcs, which will be an invariant if it happens that no power
of X and y appear after differentiation. Any number of the

quantics U, F, TF, &c., may be identical
;
and in the case with

which we shall be most frequently concerned, viz., where we
wish to form derivatives of a single quantic, the subject operated

on is JJJJJJ^ &c., where
JJ^

and
JJ^ only differ by having the

variables written with different suffixes.

It is evident that in this method the order of the derivative

in the coefficients will be always equal to the number of different

figures in the symbol for the derivative. For if all the functions

were distinct, the derivative would evidently contain a coefficient

from every one of the quantics Z7, F, TF, &c.
;
and it will be

still true, when Z7, F, W are supposed identical, that the degree

in the coefficients is equal to the number of factors in the product

ZJjZTjZ/^ &c., which we operate on. Thus the derivatives con-

sidered in the last Article being all of the form 12^ are of the

second order only In the coefficients.

Again, if it were required to find the degree of the derivative

in X and y. Suppose, in the first place, that the quantics were

distinct, TJ being of the degree w, F of the degree n\ W of the

degree n\ and so on
;
and suppose that in the operating symbol

the figure 1 occurs a times
; 2, jS times

;
and so on

; then, since

U is differentiated a times, F, /3 times, &c., the result is of the

degree (n
—

a) -i- [n
—

/3) + (w^'
-

7) + &c. When the quantics

are identical, if there are p factors in the product U^U^..,Up^

which we operate on, the degree of the result in x and y
will be ^?p

—
(a + /3 -f 7 + &c.). While again, if there be r

factors such as 12 in the operating symbol, it Is obvious that

(a + yS -f 7 + &c.)
= 2r. It is clear that if w^e wish to obtain

an ^?^variant, we must have a = /3
= 7 = ??.

155. To illustrate the above principles, we make an ex-

amination of all possible invariants of the third order in the

coefficients. Since the symbol for these can only contain three

figures. Its most general form is 12".23/^.3l'''
; while, in order

that it should yield an «?2varlant, we must have

ct + 7 = a + /5 = ^ + 7 = ??,

whence a = /3
= y. The general form, then, that we have to
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examine is (12.23.31)*. Again, if a be odd, this derivative

vanishes identically; for, as in Art. 153, by interchanging the

figures 1 and 2, we have (12.23.31)"= (21.13.32)*; but these

have opposite signs. It follows, then, that all invariants of the

third order are included in the formula (12.23.31)*, where a

is even. Thus, 12^23^31"^ is an invariant of a quartic, since

the differentials rise to the fourth degree; 12*.23'*.31* is an

invariant of an octavic; 12°.23^3l° of a quantic of the twelfth

degree, and so on
; only quantics whose degree is of the form

4:711 having invariants of the third order in the coefficients. _If
we wish actually to calculate one of these, suppose 12^23^31*,

write, for brevity, f^, 17,, &c., instead of -^ , -7-, &c., and we
have actually to multiply out ^^ ^'

In the result omit all the suffixes, and replace f* by -^ &c.
;

or, when we operate on a quartic, by a^ the coefficient of x*, &c.

There are many ways which a little practice suggests for

abridging the work of this expansion, but we do not think it

worth while to give up the space necessary to explain them
;

and we merely give the results of the expansion of the three

invariants just referred to. r2'.23'.3T' yields the invariant of

a quartic already obtained (Art. 141, Ex. 1, and Art. 144), viz. :
—

«A«o + 2a3a^a^- «,«,'- aX'-<-
12*.23*.31* gives

And r2'.23'.31' gives

+ a,o {l^a^a^
-

bia^a^ + 2A:a^a^ + ISOa^or,
-

135a^a^)

+ a^ (- \0%o^ + ma^a^ + IbOa^a^^
-
^^a^a^ + 270a,aJ

+ a^ (- Vd^a^a^ + 21^a^a^ + 495^^^^
-
UOa^a^)

+ a, (- 540fr,«, + 12Qia,a^)
-

2H0a^a^a^,

156. Though the above-mentioned is the only type of

invariants of the third order, there is an unlimited number of
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covariants, the simplest being 12^13, which, when expanded, is

d^d^dV _^_^ f^dU d'TJdU\
dJ dy^ dy dx^dy \ dxdy dy dy^ dx )

d'U
fd^ldU^ d^ ^\^^1E^^F^

dxdy^ \dx^ dy dxdy dx) dy^ dx^ dx
'

When this Is applied to a cubic, it gives the evectant obtained

already (Art. 142).

The general type of invariants of the fourth order in the

coefficients is (12.34)* (13.24)'^ (14.23)^ Thus the discriminant

of a cubic is expressed in this notation as (12.34)'^ (13.24) ;
but

we cannot afford space to enter into greater details on this

subject.

157. The principles just laid down afford an easy proof of

a remarkable theorem first demonstrated by M. Hermite, and to

which we shall refer as " Hermlte's Law of Reciprocity." The

number of invariants of the ?i'* order in the coefficients possessed

hy a binary quantic of the jf" degree is equal to the number of

invariants of the order p in the coefficients possessed by a quantic

of the w'* degree. We have already proved that If any symbol
12'*.23^.34*' &c. denotes an Invariant of the order ^ of a quantic

of the degree n, then the number of different figures 1, 2, 3, &c.,

is^, and each figure occurs n times. But we might calculate by
the method of Art. 136 an

invariant
S (jx-fif {/3-yY(y-8f &c.,

where we replace each symbol 34 by the difference of two roots

(7
"~

^)* This latter is an Invariant of a quantic of the ^'*

degree, since there are by hypothesis p roots
;
and it is of the

order n in the coefficients of the equation (Art. 58).

Thus, for example, a quadratic has but the single Independent
invariant {a

—
fi)'\ though of course every power of this is

also an invariant; and the general type of such Invariants is

(a
—

ffY"\ Hence, only quantics of even degree have invariants

of the second order in the coefficients, and the general symbol
for such invariants is 12'"".

So again, cubics have no Invariant except the discriminant

(a
- ^Y [13

- yY (7
-

a)'' and its powers ;
and the discriminant is

of the fourth order in the coefficients. Hence, only quantics of
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the degree 4m have cubic invariants whose general type is

i2'"'.23'"'.31'"'. It will be proved that quartics have two inde-

pendent invariants, one of the second and one of the third

order, in the coefficients; and, of course, any power of one

multiplied by any power of the other is an invariant. Hence,

quartics have as many invariants of the
2?'*

order as the equation

2x + Si/=p admits of integer solutions; this is, therefore, the

number of invariants of the fourth order which a quantic of

the p'* degree can possess.

158. Hermlte has proved that his theorem applies also to

covariants of any given degree in x and y ;
that is to say, that

an w" possesses as many such covariants of the j)^ order in the

coefficients as a p'" has of the w'* order in the coefficients. For,
consider any symbol, 12^.23'*.34'' &c., where there are p figures,

and the figure 1 occurs a times, 2 occurs b times, and so on
;

then we have proved that the degree of this covariant in x

and ^ is {n
—

a)-\-[n
—

h) + &c. But we may form the symmetric
function

2 (a
-
^)^ (/3

- yY (7
- BY {x

-
«)"-" {x

-
^)"-° &c.,

which has been proved (Art. 137) to be a covariant of the

quantic of the p*^ degree, whose roots are a, /S, &c. Every
root enters into its expression in the degree n, which is there-

fore the order of the covariant in the coefficients, and It

obviously contains x and y in the same degree as before, viz.

(w
—

a) -f- {n
—

b) + &c. Thus, for example, the only covariants

which a quadratic has are some power of the quantic itself

multiplied by some power of its discriminant, the general type
of which is

ioi-firix-aY{x^^)%
the order of this in the coefficients is 2p -f q, and in x and

7/
is 2q.

Hence we infer that every quantic of the degree 2p + q has a

covariant of the second order in the coefficients, and of the

degree 2q in x and y, the general symbol for such covariants

being 12"^ When ^ = 1, we obtain the theorem given (Art. 141),

that every quantic of odd degree has a quadratic covariant.

159. Concomitants of quantlcs in three or more variables are

expressed in a manner similar to that already explained. If
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^i2/j^ij ^ay-i^'j? ^32/3^3>
^® cogredient sets of variables, then, by

the rule for multiplication of determinants, the determinant

^1 (.^2^3
-

2/3^2) + ^2 ^^3^1
-

^1^3) + ^3 ( ^1^2
-

^2^1)

is an invariant, which, by transformation, becomes a similar

function multiplied by the modulus of transformation. And if in

the above we write for x^^ -j— ;
for y^j j- ]

and so on, we obtain
"•^1 "J/2

an invarlantive symbol of operation, which we shall write 123.

When, then, we wish to obtain invariants or covariants of

any function Z7,
we have only to operate on the product

U^U^U^...Uj, with, the product of any number of symbols
123* 124^^ 235"^ &c

,
and after differentiation suppress all the

suffixes. Thus, for example, let
Z/^, ZZ^, U^ be ternary quadrics,

and let the coefficients in U^ be a, b, c, 2/, 2rjr, 27i,
as at p. 99,

then 123^* expanded is

4 2/(/r + /T - aT- a'n + 2g [hr'+ hj'- Vcf-b'^g')

and this when we suppose the three quantlcs ZJ^, Z7^, C^, to be

identical, or a = a' = a^ &c. reduces to six times

abc + 2fgli
- af -

bg"
- ch\

If in the above we replace «, the coefficient of
«*'', by ,

.^^
&c.

we get the expansion of 123'^ as applied to any ternary quantic.

This covariant is called the Hessian of the quantic.

It is seen, as at Art. 153, that odd powers of the symbol 123

vanish when It is applied to a single quantic. We give as a

further example the expansion of 123* applied to the quartic,

ax'' + by* + C2* -f 4 [a,p^y + a^x'^z + b^^z + b^y^x + c/x + c^z^y)

+ 6 [dy'^z^ + e^V +/icy) + UxTjz {Ix + my-i- nz).

Then 123' is

abc - 4 [abf^ 4 bc^a^ -f caf^) + 3 [ad'' + be^ + cf) -f 4 {al)f^ + ajy^c^^

- 1 2 (a^wc? + ttgWJ+ b^ne 4 ^3^6 4 CjW2/4 cjf)

4 12
(ZZ^jC, 4 mc^a^ 4 ^^^gZ;J 4 12 [dr 4 em' 4>')4 Qdef-12lmn.
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160. We can express in the same manner functions containing

contragredient variables
;
for if a, 13, y be any variables contra-

gredient to a?, y, z, and therefore cogredient with -y- , -y- , ^ ,

it follows, as before, that the determinant

^\dy^dz^ dy^dzj \dz^dx^ dz^dxj \dx^dy^ dx^dyj

(which we shall denote by the abbreviation al2) is an inva-

riantive symbol of operation. Thus, if Z7„ U^ be two different

quadrics, al2'^ is the contravariant called ^ [Conies, Art. 377),

which expanded is

a''
(^>V'+ V'c'- 2/y") + /3''(cV'+cV- 2g'f) +7*^ [a'h''+ a%'- 2KK')

+ 2a/3(/y'+/Y-cT'-c'T),

and which, when the two quadrics are identical, becomes the

equation of the polar reciprocal of the quadric.

In like manner, the quantic contravariant to a quartic, which

I have called S [Higher Plane Curves, p. 78), may be written

symbolically ar2*, and the quantic Tin the same place may be

written al2* a23* aSl''. In any of these we have only to replace

the coefficient of any power of x, ic" by -7—„ &c. to obtain a symbol

which will yield a mixed concomitant when applied to a quantic

of higher dimensions. Thus al2'' is

.Ad'Ud'U (d'U\'] .

which, when applied to a quadric, is a contravariant, but, when

applied to a quantic of higher order, contains both x, y, z, as

well as the contragredient a, /S, 7, and, therefore, is a mixed

concomitant.

In general, if we have the symbolical expression for any
invariant of a binary quantic, we have only to prefix a con-

travariant symbol a to every term, when we shall have a

contravariant of a ternary quantic of the same order. And in

particular it can be proved that if we take the symbolical ex-

pression for the discriminant of a binary quantic, and prefix in

u
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this manner a contravariant symbol to each term, we shall have

the expression for the polar reciprocal of a ternary quantic.

Thus, the symbol for the discriminant of a binary cubic is

12'^.34^13•24, and the polar reciprocal of a ternary cubic is

al2'^a34*.al3.a24, which is obviously of the sixth order in the

variables a, ^, 7, and of the fourth in the coefficients.

161. If in any contravariant we substitute ^ 1 -1- t -j
for

a, /9, 7, and operate on £7, we get a covariant (Art. 139); and

the symbol for this covariant is got from that for the contra-

variant by writing a new figure i^ead of a. Thus from a23'''

is got 123'*, from a23.a24 is got 123.124, &c. Conversely, if

in the symbol for any invariant we replace any figure by a

contravariant symbol a, we get the evectant of that invariant.

Thus,
123.124.234.314

'

is an invariant of a cubic, and the evectant of that invariant is

123.012.023.031.

In the case of a binary quantic, this rule assumes a simpler

form
;

for if we substitute a contravariant symbol for 1 in 12,

it becomes, when written at full length, f
-^

—
''^ X" )

^^* since

f and 7j are cogredient with —y and x^ this may be written

^ T"^y T >
^^^ ^^y ^® suppressed altogether, since it only

affects the result with a numerical multiplier. Hence, given

the symbol for any invariant of a binary quantic, its evectant

is got by omitting all the factors which contain any one figure.

Thus,
12*.34'. 13.24

being the discriminant of a cubic, its evectant, got by omitting

the factors which contain 4, is 12^13.

Km a contravariant 01 any quantic we substitute -—
, -^ , -j~

for o, /3, 7, we also get a covariant, and the symbol for it is

obtained from that for the contravariant by writing a different
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new figure in place of every a. Thus, from a34'^ we get

134.234, and so on.

162. In the explanation of symbolical methods which has

been hitherto given, I have followed the notation and course

of proceeding originally made use of by Prof. Cayley. I wish

now to explain some modifications of notation introduced by
Aronhold and Clebsch, who have employed these symbolical

methods with great success, but who perhaps at first scarcely

sufficiently recognized the substantial identity of their methods

with those previously given by Prof. Cayley. The variables

are denoted
cc,, cc^, a?g, &c., while the coefficients are denoted by

suffixes corresponding to the variables which they multiply.

Thus the ternary cubic, the ternary quartic, &c., may be briefly

denoted ^(^iu^i^i^n ^^^uim^i^k^i^mi ^^-j where the numbers

^, k^ Z,
m are to receive in succession all the values 1, 2, 3, &c.

It will be observed that in this notation a,.^
=

a^^^
= %-, so that

when we form the sums indicated we obtain a quantic written

with the numerical coefficients of the binomial theorem. Thus

when we form the sum 2«,^f/r,cc^a;^, the three terms (t^'J^i^i^ij

^121^1*^2^1) ^211^2^1^1 ^^® identical, as in like manner are the six

terms

^123^1^2^3) ^]32^1^3^2» ^213^2^1^3) <^23l^2^3''^l ) ^aA^l^i") ^321^3^2^1)

SO that the sum written at length would be

«^in^l^l^l + ^222^2^2^2 + «333''^3''^3^3 + ^^U2^^^X^2 +—+ ^^i2,^l^2^S'

And so, in like manner, in general. Now Aronhold uses, as

an abbreviated expression for the quantic in general,

K^i + «2^2 + «3^3 + •••)",

where, after expansion, we are to substitute for the products

afl^Qi^ &c., the coefficients %;. Thus the ternary cubic given
above may be written in the abbreviated form

(«l^i+«2^2 + «3^3)';

the terms a^a^a^^x^x^ + 'ia^af,,pc^x^x^^ -f &c.

in the expansion of the cube being replaced by a„,a3,a;^a?j,

^^112^1^1^2) ^^* The quantity a^x^ + a^p,^ + ap^ is written a^
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or sometimes simply a, and the quantic Is symbolically ex-

pressed as a^. The cubic might equally have been written

(^jOJj + ^.^cCg + Jg-Tg)^, (c,£Cj + c^ajg + CgiCg)^, ^^..^ ^ bcmg understood

that we are in like manner to substitute for h})p^^ <^i^A' ^^"> ^^®

coefficients
aj,j, Oj,.^,

&c. Now the rule given by Aronhold

for the formation of invariants is to take a number of deter-

minants, whose constituents are the symbols a,, a^^ a^\ J,, h^^ &c.,

to multiply all together, and after multiplication to substitute

for the symbols a/x,fli^ ^J^J^pi
^^ coefficients a,^;, «^„p, &c.

Thus Aronhold first discovered a fundamental Invariant of

a ternary cubic by forming the four determinants 2 ± ap,p^^

2 ± JjCgC/g, S ± c^d^a^^
2 + d^a])^ ; multiplying all together and

then performing the substitutions already Indicated. This is

the same invariant which, In Prof. Cayley's notation, would be

designated as 123.234.341.412. In order to obtain an in-

variant by this method, it is obviously necessary (as in Art. 154)

that the a symbols, h symbols, &c. respectively should each

occur n times. A product of determinants not fulfilling this

condition is made to express a covariant by joining to It such

powers of a^, J^, &c. as will make up the total number of

a's, Z>'s,
&c. to n. Thus the Hessian of a binary quadratic,

which in Cayley's notation is 12* Is In Aronhold's
(a^/''; but

the Hessian of any other binary quantic, which In Cayley's

notation is still 12'^,
is In Aronhold's [ohf ci^'^h^

n-2I «-2

163. In order to see the substantial Identity of the two

methods, it Is sufficient to observe that by the theorem of homo-

geneous functions any quantic u of the w'* order differs only

by a numerical multiplier from
\^^-i
—

•'^a;/
—

^^sZ^j ^' ^^

that if we write it {a^x^-\-a^p;^-\- a^x^^ the symbols a^, a^, a^

differ only by a numerical constant from the differential sym-

bols -J- ,
&c. And we evidently get the same results whether

itJ?,

with Prof. Cayley we form determinants whose constituents are

-—
, ^r— , ,— , or with Aronhold, whose constituents are

c?^/ dx^/ dx^^

a,^ a.., «,.
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And the artifice made use of by both Is the same.

If we multiply together a number of differential symbols

(

— 4 \ --] (x "^ '"' ;r ) ' ^^'^ ^^^ operate on
C/J

It Is evident

the result will be a linear function of differentials of U of an

order equal to the number of factors multiplied together; and

that In this way we can never get any power higher than the

first of any differential coefficient. When, then, It Is required

to express symbolically a function Involving powers of the

differential coefficients, the artifice used by Prof. Cayley was

to write the function first with different sets of variables, and

form such a function as
(^
—

''^;7^) (jv
—

^^'^l ^i^aJ *°^

after differentiation to make the variables identical. So In like

manner Aronhold In his symbolic multiplication uses different

symbols which have the same meaning after the multipli-

cation has been performed. By multiplying together symbols

a,-, a^, rt^, &c., we can only get a term such as a^^i of no higher than

the first order In the coefficients. When, then, we want to

express symbolically functions of the coefficients of higher order

than the first, the artifice Is used of multiplying together
different sets of symbols a-, a^, a^; &., J^, b,, &c., the products

^i^i^ii ^t^i^n ^i^k^n &C') ^11 equally denoting the coefficient a-^f.

The notations explained in this Lesson afford a complete

calculus, by means of which Invariants and covarlants can be

transformed and the Identity of different expressions ascer-

tained. We shall In a subsequent Lesson give illustrations of

the applications of this method, referring those desirous of

further Information to Clebsch's valuable Theorie der bindren

algebraischen Formerly in which work this symbolical method

is the basis of the whole treatment of the subject.
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LESSON XV.

CANONICAL FORMS.

164. Since invariants and covariants retain their relations

to each other, no matter how the quantic is linearly transformed,
it is plain that when we wish to study these relations it is suffi-

cient to do so by discussing the quantic in the simplest form to

which it is possible to reduce it. This is only extending to

quantics in general what the reader is familiar with in the case

of ternary and quaternary quantics; since, when we wish to

study the properties of a curve or surface, every geometer is

familiar with the advantage of choosing such axes as shall

reduce the equation of this curve or surface to its simplest form.*

The simplest form then, to which a quantic can without loss

of generality be reduced, is called the canonical form of the

quantic. We can, by merely counting the constants, ascertain

whether any proposed simple form is sufficiently general to be

taken as the canonical form of a quantic, for if the proposed form

does not, either explicitly or implicitly, contain as many con-

stants as the given quantic in its most general form, it will not

be possible always to reduce the general to the proposed form.f

* It must be owned, liowever, that as in the progress of analysis greater facility is

gained in dealing with quantics in their most general form, the advantage diminishes

of reducing them to simpler forms.

f It is not true, however, conversely, that a form which contains the proper number

of constants is necessarily one to which the general equation may be reduced. For

when we endeavour by comparison of coefficients to identify such a form with the

general equation, although the number of equations is equal to the number o*

quantities to be determined, it may happen that the constants enter into the equations

in such a way that all the equations cannot be satisfied. Thus

{x — a)2 + {y
—

/3)2
= ?a; + my + n

is a form containing five constants, and yet is not one to which the general equation

of a ternary quadric can be reduced
j
since the constants enter the equation in such a

way that though we have more than enough to make the coefficients of x and y and

the absolute term identical with those in any proposed equation, we have no means of

identifying the coefficients of cc^, xy and y-. A more important example is

x'^ + y* + z^ -{ u^ + V*,
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Thus, a binary cubic may be reduced to the form X' -f F^
;
for

the latter form, being equivalent to [Ix + myY + (I'x + m'yYj con-

tains implicitly four constants, and therefore is as general as

(a, J, c, dj^x, y)'\ So, in like manner, a ternary cubic in its

most general form contains ten constants; but the form

X^ + Y^ \- Z^ -\- ^rnXYZ contains also ten constants, since, in

addition to the m which appears explicitly, X, Y, Z implicitly

involve three constants each. This latter, then, may be taken

as the canonical form of a ternary cubic, and, in fact, some of the

most important advances that have been made in the theory

of curves of the third degree are owing to the use of the

equation in this simple and manageable form.

165. The quadratic function {a, h, c^x, yY can be reduced

in an infinity of ways to the form iJc^-\-y\ since the latter

form implicitly contains four constants, and the former only
three. In like manner the ternary quadric which contains six

constants can be reduced In an infinity of ways to the form

x^ + y^ + z^-i
since this last contains Implicitly nine constants

;

and, in general, a quadratic form in any number of variables

can be reduced in an infinity of ways to a sum of squares.

It is worth observing, however, that though a quadratic form

can be reduced in an Infinity of ways to a sum of squares,

yet the number of positive and negative squares In this sum

is fixed. Thus, if a binary quadric can be reduced to the

form x^ + y'^f
It cannot also be reduced to the form u^ — v\ since

we cannot have x'^ -f y''
identical with 1/ — v\ the factors on

the one side of the identity being imaginary, and those on

the other being real. In like manner, for ternary quadrics we
cannot have x^ 4 y^

— z^ = u^ + v^ -f w% since we should thus have

x^ +y = z^ -{ u^ -\- v'^ + w'^^ or. In other words,

03^2/" = ^"+ {Jx \imy-\ nzy+{rx-]-m'y-\- nzf-^- {rx-]-m''y+ n''z)\

and if we make x and
3/
=

0, one side of the identity would

where 2, u, v are linear functions. In the case of a ternary quantic this form contains

implicitly fourteen independent constants, and therefore seems to be one to which the

quartic in general can be reduced. But Clebsch has shewn that a condition must be

fulfilled in order that a quartic should be reducible to this form, namely, the

vanishing of a certain inyariant. See also Surfaces, Note to Art. 235,
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vanish, and the other would reduce itself to the sum of four

positive squares which could not be = 0. And the same argu-
ment applies in general.

166. We commence by shewing that, as has been just

stated, a cubic may always be reduced to the sum of two cubes.

To do this
is,

in fact, to solve the equation, since when the

quantic is brought to the form X^ + F^, it can immediately be

resolved into its linear factors. Now, if the cubic («, J, c, dT^x^ yY
become by transformation {A^ B^ (7, D\X^ Yf^ then, since

(Art. 126) the Hessian [ax •{ hy) [ex ->t dy)
^ (bx \- cyY is a co-

variant, it will, by the definition of a covariant, be transformed

into a similar function of -4, B^ (7, D^ X^ Y, That is to say,

we must have

[ac
-
W) ic' + [ad

-
he) xy + [hd

-
c') y'

= [AC-B') X'+(AD-BC) XY+ [BD-C) Y\

Now, if In the transformed cubic, B and C vanish, the Hessian

takes the form ADXY\ and we see at once that we are to take

for X and Y the two factors into which the Hessian may be

broken up. When we have found X and Y, we compare the

given cubic with AX^ -v DY^^ and determine A and D by

comparison of coefficients.

Ex. To reduce 4a;3 + 9a;2 + 18a; + 17 to the form AX^ + JDY^, The Hessian is

(4a; + 3) {Qx + 17)
-

(3a; + 6)2,

or 15a;2 + 50a; + 15,

whose linear factors are a; + 3, 3a; + 1. Comparing then the given cubic with

A{x + ZY + D (3ar + 1)',

we have A + 272) = 4, 17A + D -
17, whence 728i) = 91, 728^ = 455, or ^ is to i)

in the ratio of 5 to 1. The given cubic then only difEers by a factor (viz. 8) from

5 (a; + 3)3 + (3a; + 1)',

and it is obvious that the roots of the cubic are given by the equation

3a; + 1 + (x + 3) 3^(5) = 0.

167. It is evident that every cubic cannot be brought by
reaZ transformation to the form AX^ {- DY^^ for this last form

has one real factor and two imaginary; and therefore cannot
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be identical with a cubic whose three factors are real. The
discriminant of the Hessian

A{ac-¥){hd- c')-{ad-tcy

is,
with sign changed, the same as that of the cubic. When

the discriminant of the cubic is positive, the Hessian has two

real factors, and the cubic one real factor and two imaginary.

When it is negative, the Hessian has two imaginary factors,

and the cubic three real. When it vanishes, both Hessian and

cubic have two equal factors, and it can be directly verified that

the Hessian of X'Y is X\^
It is to be observed, that a quantic of the same degree cannot

always be reduced to the same canonical form. The impossibility

of the reduction indicates some singularity in the form of the

quantic. Thus a cubic having a square factor cannot be brought
to the form Ax^+ Bif : a different canonical form must be adopted,
and the most simple one is the form x^y^ to which the cubic in

question is obviously at once reducible.

168. In the same manner as a cubic can be brought to the

sum of two cubes, so in general any binary quantic of odd

degree (2«
—

1) can be reduced to the sum of n powers of the

(2w— 1)'* degree, a theorem due to Dr. Sylvester. For the

number of constants in any binary quantic is always one more

than its degree, or, in the present case, 2w
;
and we have the

same number of constants if we take n terms of the form

{J.X -\- myY^''^, The actual transformation is performed by a

method which is the generalization of that employed (Art. 166).

For simplicity, we only apply it to the fifth degree, but the

method is general. The problem then is to determine
t/, v, w;,

so that (a, 5, c, ^, e,/3[ic, yY may = u* + v* -f vJ', Now we say
that if we form the determinant

ax + ly^ hx + cy, ex -} dy
hx + cy, ex + dy^ dx + ey

ex -f dy^ dx + cy^ ex -{-fy

In general, when a binary quantic has a square factor, this will also be a square

factor in its Hessian, as may be verified at once by forming the Hessian of x^<i>,

X
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the three factors of this cubic will be m, v, to. For let

u=lx-\ my^ v=^Vx-{ m!y^ w — V'x + m'^y ;

then, differentiating the identity

(a, 5, c, d^ e^fXx^ yY = w' -f v^ + w^

four times successively with regard to
a?,

and dividing by 120,

we get
ax + hy = Vu + V*v + T'w?.

Similarly differentiating three times with regard to
a?,

and

once with regard to y,

Ix-^cy^ rmu + V^m'v 4 Z'^^m^i^
;

and so on*

The determinant, then, written above, may be put into the

form

Vmu^ rm'v^- I'Vw, IWu-^lVv-^rVw, Im'u+ l'm"v+rm"'w

But (Art. 22) this is the product

Fu, Pv, rw
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169. The canonizant may he written in another, and perhaps

simpler form, namely,

a,

c.

y\ y^\ -^^

\ d

e

This last is the form in which we should have been led to it if

we had followed the course that naturally presented itself, and

sought directly to determine the six quantities A^ B^ (7, \, /*, v,

by solving the six equations got on comparison of coefficients of

the identity last written in Art. 168. For the development
of the solution in this form, to which we cannot afford the

necessary space here, we refer to Sylvester's Paper [Philot.

sophical Magazine^ November, 1851). Meanwhile, the identity

of the determinant in this Article with that in the last has been

shown by Prof. Cayley as follows. We have, by multiplication

of determinants (Art. 22).

y\ -y\ y^\ -^^

h
d.

d,

d

e

f

1, 0, 0,

X, y, 0,

0, X, y,

0, 0, X, y

3^% ,
a

,

0, ax + hy^ hx + cy^ ex + dy

0, hx + cy, cx+dy^ dx+ey

0, cx+dy^ dx + eyj ex+fy

which, dividing both sides of the equation by y*, gives the

identity required.

170. We have still to mention another way of forming the

canonizant. Let this sought covariant be {A, B, (7, B\xy yfy
where we want to determine A^ B^ ^j -^5 then (Art. 140)

[Ay By Cy ^J-f )

~
j")"

will also yield a covariant. But if thia

operation is applied to (a; + \^)" where x + \y is a factor in

{Ay By Cy BJxy yfy
the result must vanish, since one of the
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factors In the operating symbol Is
-j

^
;7~

• Since, then, the

given quantic Is by hypothesis the sum of three terms of the

form [x + "^yfj the result of applying to the given quantic the

operating symbol just written must vanish. Thus, then, we
have

^W ^,/X^, yy - B (c, d, ejx, yy + C [h, c, d^x, y)'

-'J){a,h,cXxjyy = 0,

or, equating separately to the coefficients of x^j xy^ y\ we
have

Ad-BG-^Ch-Da = %
Ae-'Bd +Gc-m =

0,

Af-Be-\-Cd-JDc=^0,

whence (Art. 28) A is proportional to the determinant got by

«, J, c

suppressing the column A or and so for By (7, i>,bj c, d

c, dy e

which values give for the canonlzant the form stated in the last

Article.

171. We proceed now to quantlcs of even degree (2w).

Since this quantic contains 2n-\-l terms, if we equate It to a

sum of n powers of the degree 2w, we have one equation more

to satisfy than we have constants at our disposal. On the other

hand, if we add another 2w'^ power, we have one constant too

many, and the quantic can be reduced to this form in an infinity

of ways. It Is easy, however, to determine the condition that

the given quantic should be reducible to the sum of w, 2n^

powers. Thus, for example, the conditions that a quartic

should be reducible to the sum of two fourth powers, and that

a sextic should be reducible to the sum of three sixth powers,

are respectively the determinants

a, hy c
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and so on. For, in the case of the quartic, the constituents of

the determinant are the several fourth differentials of the

quantic, and expressing these in terms of u and v precisely as

in Art. 168, it is easy to see. Art. 26, Ex. 5, that the determinant

must vanish, when the quartic can be reduced to the form

w* + V*. Similarly for the rest. This determinant expanded
in the case of the quartic is the invariant already noticed (see

Art. 141, Ex. 1),

ace + ^hcd— ad'^ - eb^ — c^.

172. When this condition is not fulfilled, the quantic is re-

duced to the sum of n powers, together with an additional term.

Thus, the canonical form for a quartic is naturally taken to be

w* + V* + 6XmV. We shall commence with the reduction of the

general quartic to this canonical form; the method which we
shall use is not the easiest for this case, but is that which shows

most readily how the reduction is to be effected in general.

Let the product, then, of w, v, which we seek to determine, be
rl rJ

(-4, B^ OJx, y^y and let us operate with (A, B, CJ-r j —j-Y
Cty CL2C

on both sides of the identity (a, 5, c, d^ e^x, yY= w* + v* 4- 6XwV.

Now, as before, this operation performed on w* and on v*

will vanish, and when performed on 6\mV it will be found to

give 12Vmu, where W =^2[4tAG-E')\. Equating then the

coefficients of x\ xy^ and
y'^

on both sides, after performing the

operation, we get the three equations

Ac-Bl)-{-Ga^ XAy

Ad-Bc-\-Cb = iX'B,

Ae^Bd-^Cc=^ Va,

whence eliminating A^ B^ (7,
we have to determine V, the

determinant

5, c-V

&, c + ^V, d

c — V, dj e

=
0,
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"wbicbj expanded, Is the cubic

V' - V {ae
- Ihd + 3c'')

- 2 [ace + 2hcd - ad'' - eb^ - c')
= *

tbe coefficients of wblcb are invariants. Thus, tben, we have

a striking difference in the reduction of binary quantics to their

V canonical form, between the cases where the degree is odd and

where it is even. In the former case, the reduction is unique,
and the system w, v, w^ &c. can be determined in but one way.
When u is of even degree, however, more systems than one can

be found to solve the problem. Thus, In the present instance,

a quartic can be reduced in three ways to the canonical form,
and if we take for X' any of tbe roots of the above cubic, its

value substituted in the preceding system of equations enables

us to determine A^ B^ G,

173. If now we proceed to the Investigation of the reduction

of the quantic (a^, a,, a^ •••X^'j yT^i ^^® niost natural canonical

form to assume would be w''" + v'''" + w?^" + &c. + XwVW &c.,

there being n quantities w, ?;, tc?,
&c. But the actual reduction

to this form is attended with difficulties which have not been

overcome, except for the cases n — 2 and « = 4. But the

method used in the last Article can be applied If we take for

the canonical form w'^''+ y^" -I- &c. + \Vuvw &c., where, if

uvw &c. = (^„ A^, A^ ...\x, y)'\

F is a covariant of this latter function such that when Vuvw &c.

Is operated on by [A^^ A^ "'^T ' ~^^"'
^^® rQ?>\x\i is propor-

tional to the product uvw &c. Suppose, for the moment, that

we had found a function V to fulfil this condition, then, pro-

ceeding exactly as in the last Article, and operating with the

differential symbol last written on the identity got by equating

the quantic to its canonical form, we get the system of equations

A%^
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whence, eliminating A^^ ^,, ^.^, &c., we get the determinant

^n
-
^\ %.,i 11-21

f j^, , CI -\ X , <7 , ,71+1/ " W ""^

o.,
—

"
n[n-\)

1.2 .,

'2n> '2«-l)
« +v*

and having found V by equating to this determinant expanded

(a remarkable equation, all the coefficients of which will be

invariants), the equations last written enable us to determine the

values of A^^ A^^ &c., corresponding to any of the n + \ values

of V.

174. To apply this to the case of the sextic, the canonical

form here is w® + v® + «<?* + Vuvw^ where, if uvw be

(^„, A^, A^, AJx; y)\

V is the evectant of the discriminant of this last quantic, and

its value is written at full length (Art. 142). Now it will

afford an excellent example of the use of canonical forms if we

show that in any cubic the result of the operation

performed on the product of the cubic and the evectant just

mentioned, will be proportional to the cubic itself. For it is

sufficient to prove this, for the case when the cubic is reduced to

the canonical form x^ + y^, in which case the evectant will be

x"^ -
2/^,

as appears at once by putting Z> = c = 0, and a = c?= 1 in

the value given, Art. 142. The product, then, of cubic and

* The determinant above written may be otherwise obtained as follows. Let

x', y' be cogredient to x, y, and let us form the function

which (Arts. 125, 131) we have proved to be linearly transformed into a function of

similar form. Equate to zero the w + 1 coeflScients of the several powers x", x'^-^y, &c.,

and from these eliminate linearly the n + 1 quantities a;'", x'^~'^y', &c., and we obtain

the determinant in question.
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LESSON XVI.

SYSTEMS OF QUANTICS.

176. It still remains to explain a few properties of systems
of quantics, to which we devote this Lesson. An invariant

of a system of quantics of the same degree is called a combinant

if it is unaltered (except by a constant multiplier) not only when

the variables are linearly transformed, but also when for any
of the quantics is substituted a linear function of the quantics.

Thus the eliminant of a system of quantics w, v, 2<? is a com-

binant. For, evidently the result of substituting the common
roots of vw in w 4- ^^v + ^w is the same as that of substituting

them in w; and the eliminant of u-\-Xv-\- fiw, v, w is the same

as the eliminant of uvw. In addition to the differential equa-
tions satisfied by ordinary invariants, combinants must evidently

also satisfy the equation

adi h^ ^ ^^^^
da db dc

It follows from this that in the case of two quantics a combinant

is a function of the determinants [ab')^ («c'), [bd')^ &c.
;

in the

case of three, of the determinants (aVc')^ &c.
;
and will accord-

ingly vanish identically, if any two of the quantics become

identical. If we substitute for w, ?;
;
\w + /^v, Vw + fiv^ e\ery

one of the determinants [ab') will be multiplied by (X/a'— V/a) ;

and therefore the combinant will be multiplied by a power
of (Xyu.'

- XV) equal to the order of the combinant in the co-

efficients of any of the quantics. Similarly for any number of

quantics. There may be in like manner combinantive covariants,

which are equally covariants when for any of the quantics is

substituted a linear function of them. For instance, the

Jacobian (Art. 88)

I
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if we substitute for m, lu + mv-\- nw^ for v, Vu + mv + n^w^ &c.

by the property of determinants, becomes the product of the

determinants [Imn^]^ [u^v^w^. The coefficients of a combinan-

tive covariant are also functions of the determinants (a^), [ac') ;

{aVc'% &c.

177. If u = (a, J, c.Jx^ yY^ v = [a\ l\ c.,,Jx^ yY be any
two binary quantics of the same degree, then u + kv or

[a-\ka\h-\ M/...\x^yY^ where we give different values to k^

denotes a system of quantics which are said to form with w, v

an involution. Now there will be in general 2[n — \) quantics

of the system, each of which will have a square factor. For

the discriminant of a quantic of the n^^ degree is of the

order 2[n—\) in the coefficients (Art. 105). If then we sub-

stitute a + ha for «, h f k¥ for h^ &c., there will evidently be

2 (w
—

1) values of
^',

for which the discriminant will vanish.

If we make ^ = 1 in any of the quantics, it denotes n points

on the axis of x. We have just proved that in 2 (ri— 1) cases,

two of the n points denoted by m + kv will coincide
; or, in

other words we may say, that there are 2(w— 1) double points

in the involution.

When u + hv has a square factor ic — a, we know that a

satisfies the two equations got by differentiation, viz. m, + kv^
=

0,

^2 + ^^2
~

^> ^^^ therefore will satisfy the equation got by

eliminating k between them, viz. u^v^
—

u^v^
= 0. Now

u^v^—u^v^J which is of the degree 2(?i— 1), is the Jacobian of

w, V
;
and we see that by equating the Jacobian to 0, we obtain

the 2(n- 1) double points of the involution determined by

178. // u and v have a common factor ,
this will appear as a

square factor in their Jacobian. First, let it be observed, that

since 7iu = xu^ -f ^w.^,
nv = xv^ + yv^^ then if we write J for

^1^2
—Vu ^^ shall have n {uv^

-
vuj = xJy n [uv^

—
vu^ = —

yj.

In like manner, for a ternary quantic, the Jacobian of «, r, w is the locus of

the double points of all curves of the system u + hv -^ Iw which have double points.

And similarly for quantics with any number of variables.
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DlfFerentlating the first of these equations with regard to y, and

the second with regard to Xy we get

n [uv^^
- vuj = xJ^, n {uv^^

-
vu^,)

= -
yJ,.

It follows from the equations we have written, that any value a

of X which makes both u and v vanish, will make not only J
vanish but also its differentials

e/^, e/^,
and therefore x — a must

be a square factor in /.

Or more directly thus : let u—^(f>y v^^y^r^ where p=lx-\-my\

then Mj=Z(^ + /3(^j, u^=m<l) + ^(f),^^ Vi
= ?^ + ^^i, v^^ mi|r + ^ifr^;

and u^v- V.^/S'-'l^.ta- ^,^.)-^ ^KH,-<l>,f) + ^H4>t'k-<l>^i)j

whence {n
-

I) {u^v.^
—

u^v^)

=
(«
- 1

) /3' (4>,f,
-

,j>^^;) +^(lx-i- my) {,f,^ir^
-

^.^f,)

It follows from what has been said, that the discriminant of the

Jacobian of w, v must contain B their resultant as a factor;

since whenever E vanishes, the Jacobian has two equal roots.

Thus in the case of two quadratics.

[a,h,cjxyy)% [a,h',cjx,y)\

the Jacobian is [a}/) x^ + (ac') xy + {be') y^^

whose discriminant is 4 [pU) [he)
—

{ac')'\ which is the.ellminant of

the two quadratics. In the case of quantics of higher order,

the discriminant of the Jacobian will, in addition to the resultant,

contain another factor, the nature of which will appear from

the following articles.

179. It has been said that we can always determine k^ so

that u-\-kv shall have a square factor. But since two conditions

must be fulfilled, in order that u -t- kv may have a cube factor,

k cannot be determined so that this shall be the case unless a

certain relation connect the coefficients of u and v. This condi^

tion will he of the order 3 (n
—

2) in the coeffieients both of u and v»

If {x
—

a)''
be a factor in u + kv ] Iw, x — a will be a factor

in the three second differential coefficients, or a? = a will satisfy

the equations
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whence eliminating h and
?,

a: = a will satisfy the equation

= 0.

If then we use the word treble-point in a sense analogous

to that in which we used the word double-point (Art. 177],

we see that the equation which has been just written gives

the treble points of the system w + At + Iw
;

and since the

equation is of the degree 3 (w
-

2), there may be 3
(ti
—

2) such

treble points. But we could find the number of treble points

otherwise. Suppose we have formed the condition that u-\-kv

should admit of a treble point, and that this condition is of the

order p in the coefficients of u. If in this condition we sub-

stitute for each coefficient [a) of w, a + la\ we get an equation

of the degree p in l\ and therefore p values of I will be

found to satisfy it. In other words, p quantlcs of the system

u-\-kv+lw will have a treble point. It follows then from what

has just been proved that p = 3(?i
—

2). And the same argu-

ment proves that the condition in question is of the order

3 (w
—

2) in the coefficients of v.

This condition is evidently a comblnant
;

for if it is possible

to give such a value to k^ as that u-\-kv shall have a cube

factor, it must be possible to determine
A*,

so that [u + mv) + hv

shall have a cube factor.

180. If M + kv have a cube factor {x- a)', then the Jacobian

of u and v will contain the square factor [x
—

a)''.
For the two

differentials u^ + A;v„ u^ -f hv^ will evidently contain this square

factor, and therefore it will appear also in the Jacobian, which

may be written (w, + kv^ v^
—

[u^ + kv^ v^.
If then /S = be the

condition that u + kv may have a cube factor, S will be a factor

in the discriminant of the Jacobian, since if /S'=0 the Jacobian

has two equal roots, and therefore its discriminant vanishes.

If i? be the resultant, the discriminant of the Jacobian can

only differ by a numerical factor from RS. For since the

Jacobian is of the degree 2 (n
—

1), its discriminant is of the

degree 2 {2 (w
—

1)
—

1} in its coefficients, which are of the first

order in the coefficients of both u and r. Now R Is of the order
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n in each set of coefficients, S of the order S {n
—

2). Both

these are factors in the discriminant
;
and it can have no other,

since

w + 3(w-2)=2{2(w-l)-l}.

181. The discriminant of u-hkv^ considered as a function

of k^ will have a square factor whenever u and v have a

common factor. In fact (Art. Ill) the discriminant of u + Jcv

will be of the form [a + ka) </>
4- (^ + kb')''^ i/r. But if u and v

have a common factor, we can linearly transform u and v

so that this factor shall be y, that is to say, so that both a

and a' shall vanish. The discriminant will therefore have the

square factor {b + kb^Y ;
and since the form of the discriminant

is not affected by a linear transformation of the variables, it

always has a square factor in the case supposed.

It follows that if we form the discriminant of w -f kvj and

then the discriminant of this again considered as a function of

k, the latter will contain as a factor H the resultant of u and v.

For it has been proved that when ii — 0, the function of k

has two equal roots, and therefore its discriminant vanishes.

For example, the discriminant of a quadratic ac—h* becomes,

by the substitution of a + ka for a, &c.,

{ac
- ¥) + k {ac + ca' - 2b¥) -f F (aV - b"'),

whose discriminant is

4 (ac
-

b') {a'c'
-

¥')
-

[ac' + ca' - 2bby.

But this is a form in which, as was shewn by Boole, the

resultant of the two quadratics (a, &, c^fa?, 3/)*, (a', ¥, g\^i yY
can be written (cf. Ex. 6, p. 24). This form, all the component

parts of which are invariants, is sometimes more convenient than

that given (Art. 178). In the case of quantics of higher order,

the discriminant of the discriminant will have jK as a factor, but

will have other factors besides.

182. If u have either a cube factor or two distinct square

factors, the discriminant of u-\-kv will be divisible by k^- For

if the discriminant of u be A, that of w + kv is

A +
;t(a'g

+
J'^+&c.)+&c.



166 SYSTEMS OF QUANTICS.

Now when u lias a square factor A vanishes; and it appears
from the expressions in Art. 114, that if either three roots of

u are equal a = /3 = 7, or two distinct pairs be equal a = jS, 7 = 8,

then all the differentials of A, -1-, &c., vanish; and therefore

the coefficient of k in the expression just given vanishes. The

discriminant therefore contains Tc^ as a factor. It is evident

hence that if u-k-av have a cube or two square factors, the

discriminant of u^-hv will be divisible by {k
— af ;

since u -f- kv

may be written u { av+ {k
—

a)v. If then, as before, S=0
express the condition that the series u-{ kv may include one

quantic having a cube factor; and if 2^=0 be the condition

that it should include one having two square factors, both S
and T will be factors in the discriminant with respect to k of

the discriminant of u-\-kv. For we have just seen that the

discriminant has a square factor if either S=0 or T= 0. We
proved in the last Article that the discriminant has i2 as a

factor
; and, in fact, the discriminant will be, as Prof. Cayley

has observed, BS^ T\ I do not know whether there is any
more rigid proof of this than that we see that there is no

other case in which the discriminant of u-\-kv has a square

factor
;
that we find in the case of the third and fourth degrees

that 8 and T enter in the form /S^, T^\ and that we can thus

account for the order in general. For the discriminant of u-\-kv

is of the order 2
(ti
—

1) in k^ and the coefficients are of the

order 0, 1, ...,
2 (w

—
1) in the coefficients of either quantic. The

discriminant then with respect to k will be of the order

2(w-l)(2w~3) in the coefficients of either quantic. But R
is of the order

??,
S of the order 3 (w

—
2), and it will be proved

in a subsequent lesson that T is of the order 2(72
—

2) (n- 3),

and

2 (n
-

1) (2^1
-

3)
= w + 9 (w

-
2) + 4 (w

-
2) (w

-
3).

183. It was stated (Art. 176) that every combinant of w, v

becomes multiplied by a power of (X/o,'
—

\'/z) when we sub-

stitute \u -f /xv, Xu + y^v for w, v. It will be useful to prove
otherwise that the eliminant of w, v has this property. First,

let it be observed that if we have any number of quantics,
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one of which is the product of several others, w, v, www\ their

resultant is the product of the resultants [uvw)^ [uvw')^ (uvw").

For when we substitute the common roots of m, v in the last

and multiply the results, we evidently get the product of the

results of making the same substitution in w^ w\ w\ Again,
the resultant of w, v^ kw is the resultant of m, v, w multiplied by
^'"" since the coefficients of w enter into the resultant in the

degree mn. If now R (w, v) denote the resultant of w, v, which

are supposed to be both of the same degree w, we have

= R
[ [Xfju'

- X» u, \'u + fi'v]
= (X/ - \»" ^ (m, X'm + f/v)

= (X/ - X>)>'" i^ (w, t^),

whence jR {\u + /xv, X'z^ + fi'v)
—

[Xfi
—

X'//,)" R (m, y).

By the same method it can be proved that the eliminant of

Xw -f /Av + vw, \'u + fiv + v'z^,
X"m + /a"v + v"w is (X/aV)" times

that of w, V, 2^,
and so on.

184. If
C7, Fbe functions of the orders m and n respectively

in w, V, which are themselves functions of x^ y of the order p,

and if D be the result of eliminating w, v, between U^ F; then

the result of eliminating ic, y between U^ V will be i/ times

the WW** power of the resultant of w, v. For U may be re-

solved into the factors u — av^ u — ^v, &c., and V into u — a'y,

w - /3'v, &c. And, Art. 183, the resultant of U, V will be the

product of all the separate resultants u- av, u — a v. But one of

these is (a
— af R (w, v). There are mn such resultants. When

therefore we multiply all together, we get the mn*'' power of

R {u, v) multiplied by the ^'* power of (a
—

a') (a
—

a"), &c.

But this last is the eliminant of
£/",
V with respect to w, v,

185. Similarly, let it be required to find the discriminant,

with respect to
ic, ?/,

of Z7, where Z7 is a function of w, v.

First, let it be remarked (see Art. 110) that the discriminant

of the product of two binary quantics w, v is the product of the

* The resultant of m + lev, v, being the same as the resultant of «, v, Art. 176,
we next subtract fi times the second quantic from the first.
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discrimmaats of u and v multiplied by the square of their

resultant.

If then U={u — av) [u -/3u) &c., the discriminant of U will

be the product of the discriminants of w — au, u — /8y, &c. by
the square of the product of all the separate resultants u — olv,

u — fiv. But, as before, any of these will be [a-^f R (w, v).

If then m be the degree of U considered as a function of w, i;
;

there will be \m{m— 1) separate resultants, and the square of

the product of all will be {a- fif" (a -7)% &c. x .R'"""-'^ {u, v).

But (a
— Pf (a

—
7)^, &c. is the discriminant of U considered as

a function of w, v. If then we call this A, we have proved

that the product of the squares of the separate resultants is

2^p^»H»"-i)^ Let us now consider the product of the discriminants

of M — av, u- /3y, &c.
;

this is the result of eliminating 6 between

the discriminant of u—dv, which is a quantic of the order

2 (^
— 1 ) in 6 and the quantic of the ?n'* order got by sub-

stituting u— dv in U. Or this product has been otherwise

represented by Dr. Sylvester. If a^^ h^
be the coefficients of

x'' in Uj V, then (Art. 108) the resultant of w-au, u^
—

av^ will

be a^
—

a.b^
times the discriminant of i*

— av. But

II [uy v) E {u-(xVj u—av^)=B {u-aVyU^v-avv^)
=E [u-av, u^v-uv^).

Now (Art. 178) p {u^v
—

uv^) =7/J where J h u^v^
—

u^v^^ and

E[u — av^ y) is a^
—

oh^. It appears thus that the discriminant

of w - au differs only by a numerical factor from the resultant

of (m- av, /) divided by E[u^ v). The product then of all the

discriminants will be the—resultant of / and the product u — av,

u — fivj &c., in other words, the resultant of
Z7,

J—divided

by the w'* power of E{u, v). Thus we have Dr. Sylvester's

result [Comptes Eendus, LYIII., 1078) that the discriminant of

?7 with respect ioxiyh A'E {u, vP'''-'^ E ( Z7, /). But it will

be observed that the result expressed thus is not in its most

reduced form since E{U^ J) contains the factor E (w, v)"",

186. We have next to see what corresponds in the case of

ternary and quaternary quantics to the theory just explained

for systems of binary quantics. Let then u and v be two

ternary quantics, and let us suppose that we have formed the
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discriminant of w + kv. Then (for certain relations between the

quantics m, v) this discriminant considered as a function of k

will have a square factor. In the first place the discriminant

will have a square factor, if the curves represented by u and

V touch each other. For we have seen (Art. 117) that if the

equation of a curve be az" + hz^'^x + cz^'^y -{- &c. = 0, its dis-

criminant is of the form a6 + h^(f> + hc-^ + c^x- ^^^ discriminant

then o^u + hv will be of the form {a + ka) ^ + (& + kh'f <f> + &c.

But if we take for the point xy^ a point common to u and v,

both a and a will vanish; and if we take the line y for the

common tangent, both h and U vanish; and the discriminant

will be of the form (c-f kcY x't ^^^ therefore will always have

a square factor in the case supposed.

187. Again, the discriminant will have a square factor if u

have either a cusp or two double points. The vanishing of the

discriminant A of a ternary quantic gives the condition that

Wj, w.^, u^ shall have a common system of values. If, however,
u have either two double points, or a cusp, w^, u^^ u^ will have two

systems of common values, distinct or coincident, and therefore

(Art. 103) not only will A vanish, but also its differentials with

respect to all the coefficients of m. The discriminant then o^u-\-kv

being in general A + ^
( —^ f- —71- + <^-

)
+ &c, will in this

case be divisible by k^. And as in Art. 182, it will be divisible

by [k
— of if the curve u + av have either a cusp or two double

points.

Let then ^ = be the tact-invariant of u and v, that is to*

say, the condition that the two curves should touch; S=0
the condition that in the system of curves u-¥ kv shall be

included one having a cusp; and T—0 the condition that

there shall be included one having two double points. It has

been proved that E, Sj T are all factars in the discriminant

of the discriminant of u + ku^ considered as a function of

h. In fact this discriminant will be ES^T\ For an investi-

gation of the orders of i?, S, T, when both curves are of

the same degree, see Higher Plane Curves, Art. 399.

The tact-invariant B i& of the order 3w (n- 1) in the coeffi-
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cients, S of the order 12 (w- 1) («
-

2), and T of the order

f (n- 1) (n
—

2) (3?i^
— 3n— 11) : the discriminant of u-\-7cv in

regard to x:y is of the order S{n — If and the discriminant of

this with regard to k of the order 3 {n -If [Sn^
— 6n + 2), and

we have identically

3(7i-lf (3/i'^~6/H-2)

= 3n (n
-

1) + 36 (w
-

1) (w
-

2) + 3
(72
-

1) [n
-

2) (Sn'
- 3/i - 11),

showing that the order of the discriminant is equal to that

ofBS'T'.

188. The theorem given, Art. 110, for the discriminant of

the product of two binary quantics cannot be extended to

ternary quantics; for the discriminant of the product of two

will, in this case, vanish identically. In fact, the discriminant

is the condition that a curve shall have a double point ;
and

a curve made up of two others has double points; namely,
the intersections of the component curves. Or, without

any geometrical considerations, the discriminant of uv is

the condition that values of the variables can be found to

satisfy simultaneously the differentials wv^ + vm,, uv^-\-vu^j &c.

But these will all be satisfied by any values which satisfy

simultaneously u and v
;
and such values can always be found

when there are more than two variables.

But the theorem of Art. 110 may directly be extended to

tact-invariants. The condition that u shall touch a compound
curve vw will evidently be fulfilled if u touch either v or Wj

or go through an intersection of them. For an intersection

counts, as has been said, as a double point on the complex
curve

;
and a line going through a double point of a curve is

to be considered doubly as a tangent. Hence if T(m, v) denote

the tact-invariant of w, v, we have

T{u, vw) = T{u, v) T[u, w) [R (m, V, w)]%

when R (m, v, w) is the resultant of m, v, w. And the result

may be verified by comparing the order in which the coefficients

of w, r, or w occur in these invariants. Thus, for the coefficients

of M, we have

(n +^) (n -^p + 2m -
3)
= w (n + 2w - 3) + j? (jp + 2«i - 3) + 2np,
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189. The theory of the tact-invariants of quaternary quantics
is given in Geometry of Three Dimensions^ p. 544

;
and there is

not the least difficulty in forming the general theory of the class

of invariants we have been considering, to which Dr. Sylvester

proposes to give the name of Osculants. Let there be i quantics,

Z7, F, PF, &c. in k variables
;
then the osculant is the condition

that for the same system of values which satisfy Z7, F, &c. the

tangential quantics £cC// + ^Z7j' + &c.,&c. shall be connected by
an identical relation

\ [x U; + &c.) -f /^ (a; F/ + &c.) + v (a; TF/ + &c.) + &c. = 0.

In other words, the osculant is the condition tha^the equa-
tions U— 0, F= 0, &c., and also the system

Cr„ U,, U,, &c.
I
=0

r„ F„ v„ &c.

W„ TF„ W„ &c.

can be simultaneously satisfied. This latter system having k

columns and i rows is equivalent to k- i+1 equations ;
there-

fore this system combined with the given t equations is appa-

rently equivalent to ^ + I equations in k variables. It is really,

however, only equivalent to k equations ;
for writing U= in

the form xU^-\- yU^-\- &c. = 0, and similarly for F, &c, we see

that when the system of determinants is satisfied, and all but

one of the equations £7=0, F=0, IF=0, &c., the remaining one

must be satisfied also. The system then being equivalent to k

equations in k variables cannot be simultaneously satisfied unless

a certain condition be fulfilled. The order of this condition,

in the coefficients of
£/",

is found by the same method as in

Geometry of Three Dimensions, We write for
Z7, U-\- Xm, and

we examine how many values of the variables can simultaneously

satisfy the 2 + 1 equations F, IF, &c., and the system equivalent

iok—1 equations

v.. U. K,

V V V
'^D '^il '^31

W,. IF, PF,

&c.

&c.

&c.

&c.

= 0.
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The order of the « — 1 equations F, W^ &c, is the product of

their degrees w, /?,
&c.

;
and the order of the osculant in the

coefficients of U is the product of this number by the order

of the system of determinants, which is found by the rule

given in a subsequent Lesson on the order of systems of

equations.

When we are given but one quantic, the osculant is the

discriminant
;
when we are given k quantics in k variables, the

osculant is the resultant. The theorem of Art. 110 may be ex^

tended to osculants in general ;
vl?;. that if we form the osculant

of ^ - 1 quantics in k variables, and if the last be the product

of two quantics Z7, F, then the osculant of the entire system

will be the product of the osculant of the system of the other

k — 2 with
£/",

that of the system of k- 2 with F, and the square

of the resultant of all the quantics.

190. We have already seen (Art. 151) how the invariants

and covariants of a single quantic are derived from those of

a system of quantics in the same number of variables
;
and we

wish now to point out how the invariants and covariants of

a single quantic are connected with those of a system of quantics

in a greater number of variables. Suppose, in fact, we had two

ternary quantics, geometrically denoting two curves, we can,

by eliminating one variable, obtain a binary quantic satisfied

by the points of intersection of these curves
;
and it is evident,

geometrically, that the invariants of the binary quantic (ex-?

pressing the condition, for instance, that two of these points

should coincide, or should have to each other some permanent

relation) must also be invariants of the system of two ternary

quantics. Conversely, we may consider any binary quantic as

derived from a system of two ternary quantics; for we have

only to assume X= <p (a:, ?/),
Y=

yjr (ic, 7/)^ Z=x{^j V)^ equa-

tions which in themselves imply, by elimination of x and y,

one fixed relation between X, F, Z^ and from which, combined

with the given binary quantic equated to zero, we can obtain a

second such relation. The simplest example of such a transfor-

mation is that investigated by Mr. Burnside Quarterly Journal X.

(1870) p. 211
; (compare Conies^ note pp. 386-7), where 0, i|r, ;^
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are quadratic* functions of a; and y. The substitution is then

reducible by linear transformation to X—x\ Y = 2xy^ Z— y'^^

giving the fixed relation 4-XZ— ^ = 0. By making these

substitutions for x^ &c. in a binary quantic of even degree,

we have at once a second relation between X, F, Z; if the

quantic be of odd degree, it can be brought to an even

degree by squaring. The resulting relation is obviously not

unique, but Is of the form ^^^ + <^2„,_2 (4XZ- Y\ where ^^^
is any one form of the relation, and the coefficients in ^^^_^ are

arbitrary. Geometrically, the binary quantic of the m^ degree
is thus made to represent m points on a conic, determined when
m is even by the intersection of the conic with a curve of the

order \m^ and when m is odd with a curve of order m touching
the conic in m points. Among these forms there is always one

whose invariants and covariants are also invariants and co-

variants of the given binary quantic.f

Thus the binary quadratic ax^ -\-2hxy { cy^ is replaced by the

system aX-\- bY-\-cZj 4tXZ— F'', and geometrically denotes the

two points of intersection of a line with a conic. The dis-

criminant of the quadratic is also an invariant of the system ;

that whose vanishing expresses the condition that the line shall

touch the conic. So, in like manner, the system of two binary

quadratics ax' + 2bxy + cy^, ax^ 4- 2b'xy + cy% gives rise to the

system of a conic and two lines. The invariant of the binary

system ac+ca—2b¥ (Art. 151) is also an invariant of the

ternary system ; viz., its vanishing expresses that the lines are

harmonic polars with respect to the conic.

If three lines Z, i/, N be mutually harmonic polars with

respect to a conic, we know [Conies^ Art. 271) that the equation
of the conic may be written in the form V= lU + mM^ H- nK^ = 0,

whence we infer immediately that if three binary quadratics be

* If linear functions had been taken, the transformation could be reduced to

X-Xy Y=y, Z-0, and the binary quantic of the n*'» degree would represent

n points on the line Z (see Art. 177).

t This form can be found by operating on ^2m+ <^cm-c(4X2'— Y^) with the form

reciprocal to AXZ—Y^, viz. jn^TV- jT^> and equating to zero the coefficients of

every term in the result.
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LESSON XVII.

APPLICATIONS TO BINARY QUANTICS.

191. Having now explained the most essential parts of

the general theory, we wish to illustrate its application by

enumerating the different invariants and covariants of binary

quantics for the lower degrees. If S and T be invariants of the

same degree, or covariants of the same degree and order, and k

any numerical factor, then S-hkT, which will of course be also

an invariant or covariant, will not be reckoned in our enumera-

tion as distinct from the invariants S and T, And, generally,

any invariant or covariant which can be expressed as a rational

and integer function of other invariants and covariants of the

same or lower degrees is said to be reducible, and will not be

considered as distinct from these latter functions. It is otherwise

if the expression be not rational and integer. Thus, if S be an

invariant of the second and T of the third degree, then though
S^ + kT* would not be regarded as a new invariant, yet if it be

a perfect square, and we have E^ = S^ -\- kT^, we count ^ as a

new invariant distinct from ;S' and T, and call it irreducible.

It was proved in Art. 121 that a binary quantic has w — 3

absolute invariants, and in Art. 122 that from any two ordinary
invariants an absolute invariant can be deduced. We should

infer, therefore, that the number of independent ordinary
invariants is one more than the number of absolute invariants

;

or, in other words, that a binary quantic of the n"' order has

w — 2 invariants, in terms of which every other invariant can be

expressed. But as it does not follow that the expression is

necessarily rational, we do not in this way obtain any limit to

the number of irreducible invariants. And so as regards the

covariants (including in this expression the invariants) we
shall presently see that for a quantic of the %'* order there

are, inclusive of the quantic itself, n covariants, such that
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every other covariant multiplied by a power of the quantic
is equal to a rational and integer function of the n covariants

;

thus, each such other covariant is a rational, but not an integer
function of the n covariants; and we do not hereby obtain

any limit to the number of the irreducible covariants. We have

stated (Art. 145) the method by which Prof. Cayley originally

attempted to determine the number of distinct covariants and

invariants. He did not at the time succeed in obtaining any
limit to their number for quantics above the fourth order. Sub-

sequently Gordan proved (see Crelle, vol. LXtx., or Olebsch,
Theorie der hindren algehraischen Formerly p. 255, also his Pro-

gramm for the University of Erlangen, Ueher das Formensystem
hindrer Formen^ Leipzic, 1875), that for a binary quantic or

system of binary quantics, the number of distinct invariants

and covariants is always finite
;
and he has given a process by

which when we have the complete system of invariants and

covariants for a quantic of any degree, we can find the system

corresponding to the next higher degree. His proof, which is

founded on an analysis of the different possible expressions by
the symbolical method explained Lesson xiv., will be found

in a subsequent Lesson on that method. Later still. Prof.

Sylvester has investigated the whole subject by Prof. Cayley's

method, founded on the theory of the partition of numbers, in

various memoirs in the Gompfes Rendus, vol. LXXXiv. pp. 974—5,

1113-6, &c., and subsequent volumes, as also in the American

Journal of Mathematics.

192. It will be convenient to bear in memory what was

proved. Art. 147, that a covariant is completely known when

its leading coefficient, or, as we have there called
it, its

source, is known; this coefficient being any function of the

differences of the roots of the quantic* Thus take the quantic

(a, &, c...3[cc, ?/)", we know that, in the case of the quadratic,

{ac
—

b^)
is an invariant

;
and if we desire to form the covariant

* Such functions have been called semi-invariants or seminvariants, as they remain

unaltered (see Art. 62) when we substitute x + \ for x, but not necessarily when we

substitute y + \ fox y; and as they satisfy one of the differential equations given in

that article, but not necessarily the other.
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{ac
—

b') of + &C.J having this leading term, we observe that

the weight of the given source and its degree in the coeffi-

cients are each =
2, so that writing = 2 in the formula

(Art. 147) 2 = i[ne-p) we have p = 2{n-2). The other

coefficients are found by the method explained in that article
j

thus the covariant is found to be

{ac
-
F) x' i"-*^ + {n

-
2) [ad- he) x'^'-'y

4 («
-

2) {(hd
-
&) + i (n

-
3) {ae-c')] x'^'^y' + &c.

It follows j^lso from what has been stated in the article referred

to, that any algebraic relation between the sources of different

covariants implies a corresponding relation between the co-

variants themselves.

Prof. Cayley has used this principle in attempting to form

the complete system of the covariants of a binary quantic j

and though it does not lead to any general theory it furnishes

the most elementary and satisfactory proof of the numbers of

concomitants for functions of the first four degrees. The leading

coefficient of any covariant being a function of the differences

must (Art. 62) satisfy the differential equation

[ddf, + 2hdc + ^cd^ + &c) U= :

and we assume that XJ \s 9. rational and integer function of

a, J, c, &c. Now, if we solve the partial differential equatlonj

we find that ?7must be a function of

a, ac - h% d'd- Sahc -f 2h% a^e - •id'hd+ ^aVc - Zh\ &c ,

where the law of formation of the successive terms is obvIous^;

and, in fact, the covariants of which these terms are the leaders

are each the Jacoblan of the preceding covariant in the series,

combined with the original quantic. We shall refer to these

quantities as Zj, L^^ L^^ &c. and we see that the leadlng^

coefficient of any covariant must be a function of these quan-*

titles: and it must of course be a rational function of them.

The question Is whether there are any rational, but not in-*

teger functions of X^, X^, X3, &e., which arie riational and

integer functions of a^h^ c] and a little consideration shows

that the only admissible form is that of a rational aind integer

function divided by a power of Z^, that is a. For, the leading
AA
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coefficient in question is a rational function of the coefficients

(a, Z>, c, ...) ;
and if we make in it h = 0, it becomes a rational

function of a, c, c?, &c., and by multiplying by a suitable power
of a it can be made an integer function of a, ao, a'^c?, a^e, &c.

But these are the values of Z^, X^, &c. on the supposition of

5 = 0. Thus we see that the leader of any covariant can only

be the quotient by a power of a of an integer function of these

n quantities. Conversely, the problem of finding all possible

covariants is the same as that of finding the new functions

which arise when rational and integer functions of X^, Xg, &c.

are formed which are divisible by a. To find these functions

we make a = in X^, Xg, &c. and eliminate h between any

pair ;
we thus get a function of X^, &c. which vanishes on the

supposition of a = 0, and therefore is divisible by a power of

a. By performing the division we obtain the leader of a

new covariant. This again may be treated in like manner,

by putting a = and examining whether it be possible

to eliminate the remaining coefficients. This method will be

better understood from the applications which will be made

presently.

It is obvious that the same considerations apply to the still

simpler forms—of lowest degrees
—of particular integrals of the

partial differential equation a, ac— 5*,aV— 3aZ>c-f 2^*, ae— ^hd-^ 3c^,

d^f— 5ahe + 2acd— Qbc^ + 8¥dj &c. of which the second, fourth,

&c. are the successive quadrinvariants of even quantics as they

arise, and the third, fifth, &c. are the sources of the evectants of

the successive quartinvariants of the corresponding odd quantics

as they arise. See Art. 142.

193. We have already stated the principal points in the

theory of the quadric form (a, h, c\x^yY, Since there are

but two roots and only one difference, there can be no function

of the differences of the roots but a powder of this difference
J

and the odd powers, not being symmetrical functions of the

roots of the given quadratic, cannot be expressed rationally in

terms of its coefficients. It thus immediately follows that the

quadric has no covariants other than the quantic itself, and no

invariant other than the powers of the discriminant, ac-b%
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whieh is proportional to (a
—

/3)^ We have already shewed

(Art. 157) that it follows, bj Hermite's law of reciprocity,

that only quantics of even degree can have invariants of the

second order in the coefficients. These are the system whose

symbolical form is 12", explained Art. 153,

ac - h% ae - ihd + 3c', ag
- 65/+ Ibce - lOcf

,
&c.

If we make ^ = 1 in the quadratic it denotes geometrically a

system of two points on the axis of a;, and the vanishing of the

discriminant expresses the condition that these points should

coincide. Art. 177.

System of two quadrics. This system

(a, 5, cjx, y)\ {a\ h\ d\x, y)\

has the invariant 12* or ac + ca -
21)1)', When each quantic is

taken to represent a pair of points in the manner just stated,

the vanishing of this invariant expresses the condition (see

Conies^ Art. 332) that the four points shall form a harmonic

system, the two points represented by each quantic being con-

jugate to each other. We have also proved (Art. 177) that the

COvariant 12 (or the Jacobian of the system) represents the

foci of the system in involution determined by the four

points.

It is easy to see, as in Art. 169, or by Conies^ Art. 333, that

the Jacobian may be written in the form

J"(m, v)
=

y\-xy,x^
b

,
c

Now by the ordinary rule for multiplication of determinants

we have

y\-xy,x^

h\ c'

X 0, u

Uj 2J)j A

V, A
,

21)'

-25
,
a

-2b', a'

2J' = - 2u^D' + 2uvA - 2v'i>,

where / denotes the Jacobian, B and B' the discriminants of

the quantics, and A the intermediate invariant ac -f ca' — 2hh\

or
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Tbis equation includes the theorem stated Art. 190, for the case

A = 0. The equation just given may also be easily verified

by means of the canonical form. We have seen (Art. 177)

that there are two values of h^ for which u-\-kv is a perfect

square, and if these squares be x^ and y^ the system may be

written ax^-\-cy'^^ ax^-\-cy^^ or more simply x^+y^^ ax^-\-cy\

We have then i) = 1, 1)'=ac^ A = a + c, /= (c
-

a) xy^ by means

of which values the preceding equation is at once verified.

So again the Jacobian of w, / is for the canonical form

\{c- Q)[pi?
—

y^)^ and therefore is in general \t^u
— Bv, The

invariant A taken between u and J vanishes identically, as is

geometrically evident.

All other invariants or covariants of a system of two quad-

pics may be expressed in terms of w, v, /, Z>, D\ A,

Thus the eliminant

(a<j'
- cay + 4 (5a'

-
aV) [he'

-
cV),

paay also be written in the form

[ac + ca - 2hby - 4 (ac
- P) {ac

-
¥').

In other words, the eliminant is the discriminant either of the

Jacobian

{a¥)x^-]-{ac')xy + {hc')f,

or of {ac
-
P) X* + {ac' + ca^ - 2b¥) Xfi + (aV - ¥') fi\

The former expression is linearly transformed into the latter by
the substitution Xb 4 yu.^',

-
[Xa + /*«') for x and y.

System of three quadrics

{a,h,c1x,y)\ {a\h', cjx,yy, {a",b",c"Jix,y}'.

This system has, in addition to the invariants and covariants

corresponding to the respective pairs of quadrics, the deter-

fpinant 23.31.12,

a, J, c

a
^

c>
J
c

whose vanishing expresses the condition that the three pairs of

points represented by the quadratics shall form a system in

involution (Ex. 7, p. 25, also Conies^ p. 310). This invariant
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formed for m, r, / is another expression for the eliminant of u

and V.

The expression found for /^ of two quadrlcs may be

generalized, if in the second determinant we write in the second

and third rows c\ ^2V W\ a:\ We thus find

that if there be four binary quadrics w„ w^j ^3) ^4)

^JJ^= 0,
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194. It is to be remarked that, by means of Euler's theorem

for homogeneous functions, the theory of those covariants of

any quantic, the expression of which contains differential

coefficients in not higher than the second degree, reduces itself

to the theory of the quadric; and so every relation between

the covariants of a quadric has answering to it a relation

between such covariants of a quantic in general. Similarly, a

relation between covariants of a cubic gives a relation between

general covariants not involving differential coefficients in more

than the third degree, and so on. Thus, the expression obtained

for the square of the Jacobian of two quadrics gives the identical

relation

{{ax + bi/) ij/x + cy)
- {ax + Vy) {bx + cy)Y

= -{ac- ¥) (aV + '^b'xy + c^ff + &c.

But if a^b^ c] a', b\ c' denote the second differential coefficienta

of any two quantics, we have

ax + by = {n- 1) m„ aV + 2b'xy + c'y''
= n' {n-1) v, &c.,

whence we have an expression for the square of the Jacobian

of any two quantics

(^
_

1)'^ (,i'
- ]

)
V» = - n"' {n'

- 1Y Hv^

+ nn' {n
-

1) {n'
-

1) £^uv -n^{n- If Wu\
where K denotes the Hessian ac-¥ and A, as before, the

covariant ac 4- ca — 2bb\

So again, since the Jacobian involves only differential co-

efficients in the first degree, the Jacobian of /, m, involves them

only in the second, and therefore can be expressed by means

of the theory of the quadric. Writing L^ M for the first

differential coefficients, we have

J^LM'-L'M',

J{J, u) = \aMM'-b{LM'-^L'M)+cLL']-[a'M''^2¥LM+c'U}.

But the values of the two members of the right-hand side of

the equation are immediately found by the canonical form of

the quadric, and are respectively

"'
rr J ^ A w'(n'-l) „
Ev. and Aw -—^—t^ Hv^n-1 ' n-1 {n-lf
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j,j. n [n-Vn -2) ^ n
whence J [J. u) =— -rr.

—- Hv Am.
^ ' '

{n
—

l) n- 1

195. The cubic. We come next to the concomitants of

the cubic

U== (a, b, c, dXx^ y)\

It has but one invariant (Art. 167), viz. the discriminant

D = d'd'' -f 4ac' - Q,abcd + 4.dy - 35V.

If the cubic were written without binomial coefficients, the

discriminant would be 27a'd'' + 4ac' - ISahcd -I- 4c?^>' - Z>V. It

is to be noted that the function here written is, with sign

changed, the product by a* of the squares of the diiFerences of

the roots of the cubic. A useful expression may be derived

from the last remark. Consider the three quantities B — j,

y — oLj
OL
—

P^ they are the roots of a cubic for which a = 1, J = 0,

c = -il(/3-7r4(7-ar+{a-/3n, rf={^-7)(7-a)(a-/3).

Hence (2a
-

/3
-

7)' (2^
- 7 - a)" (27

- a - /S)"

= 4 {(^
-

7)'' + (7
-

«)" + (a
-m - 27 (/3

-
7)' (7

-
a)" (a

-
^)^

The Hessian 12'' or H^ is

(ac
-
¥) x' + [ad

-
he) xy + {hd

-
c") y^

-
a,
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get three new points which will be the geometrical representa-
tion of the covariant in question. This theorem is suggested

by its being evident on inspection, that if the given cubic take

the form xy[x + y)^ then x-y will be a factor in the cavariant^
as appears by making a = c? = 0, 5 = c = 1 in its equation. But

x-\- y^x — y are harmonic conjugates with respect to x and y.

Now, if a, yS, 7, S denote the distances from the origin of four

points on the axis of
a?, any harmonic or anharmonic relation*

between them is expressed by the ratio of the products

(a-/3)(7-S) and (a -7) (/3-S): and this ratio (see Art 136)

is unaltered by a linear transformation
;

that is,
when for each

distance a we substitute -7 -, . Such relations, th^n, beine:

unaltered by linear transformation, if proved to exist in one

case, exist in general. "VVe find that the other factors in the

evectant of xy [x + y) are x -\- 2^, 2x + y-,
so that our result may

be written symmetrically, that the evectant of xyz (where

a;, y^ z are connected by the linear relation x-\-y-\-z
—

0) is

(y
—

z){z
—

x) (x-y). These considerations lead us to the ex-

pression for the factors of the covariant in terms of the roots of

the given cubic : for if B be the distance from the origin of the

point conjugate to a with respect to ^ and 7 j solving for B from
., .2 1,1 . a/3 + a7-2/37
the equation =,

=
7= + we get = —

-p^ ,^ a-o a-/S a-7 ^ 2a-p-y ^

whence the covariant must be

a^{2oL- -ry)x + {2^y- a^ -ay) y] {{20- a-y) x

+ {2yoL-0y-0a)y]{{2y-a-0)x+{2a0-ya-y0)y]=^-27j,

as may be verified by actual multiplication and substitution in

terms of the coefficients of the equation.

The anharmonic ratio of four quantities has any of the six values, according^

to the order assumed, \,
-

,
1 — X,

—
-^ ,

—r—
,

r r
>
which are in general\ 1 — A. A. A — 1

all different. They may come to have equal values either if X = 1 when two

values of the quantities are equal and the other values of the anharmonic ratio

are and oo; or if X = — 1, when the quantities form a harmonic series, and the

other values of the anharmonic ratio are 2 and J ;
or if X^ — X + 1 = 0, when the

quantities form an equi-anharmonic series, three values of the anharmonic ratio

are one imaginary cube root of —1, and three its other imaginary cube root.
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Similarly far the quadric covariant, if on be an imaginary
cube root of unity and we solve for 8 from

"we get (a + ft)/3 -f o>^^) 5 -f /^y + (o'yoL + oi^aL^ =

to determine a distance equi-anbarmonic to a, yS, 7. Hence, we
have the covariant

{(a + w^ + o)'7) x-\-{Py-\- <oja + &)'a/3) y]

X {(a -f co'/3 -^ coy)x + {/Sy + o)'7a + coajS) y],

double this is found to be = ^ (ic
—

a)*'' (/3
—

7)', which, multi-

plied by a^ and expressed in terms of the coefficients,
= - 18-2".

196. We can now see that our list of covariants is complete.
The leading coefficient of any covariant Is a function of the

differences /S
—

7, 7 — a, a - /3. Since the sum of these

quantities is zero, any symmetric function of them can be

expressed in terras of the sum of their squares, and their

continued product. But since this product is only half sym-
metrical with respect to the roots of the given cubic, that

is to say, is liable to change sign by an interchange of

the roots, it can enter only by its square into a functioQ

expressible in terms of the coefficients. We thus see, that

if the leader be a symmetric function of the differences, the

covariant can be expressed as a rational function of U^ E^ D.

But there is another function, viz. the product of the dif-

ferences (2a
—

yS
—

7) (2^
— 7— a) (27

— a — /S), which though

only half symmetrical with respect to the differences, is symme-
trical with respect to the roots of the given quantic. This is

the leading term of the covariant J. But obviously the square
of this function can be expressed in terms of the sum of squares,

and product of differences. The expression has, in fact, been

given in the last article. It is easy to prove, that in the case

of the cubic written with binomial coefficients, we have

a' 2 (a
- py = 18 {W

-
ac), a* (/5

-
7)'' (7

-
cc)'^ (a

-
yS)'^

= -
27i>,

a' (2a
-

/3
-

7) (2y3
- 7 - a) (27

- a - /S)
= - 27

(a'^c^
- 3a5c -f 25'),
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by thfe help of which values, the expression obtained in the

last article gives the relation between the covariants, due to

Prof. Cajley,

This relation may also be easily verified by using the canonical

form U=ax^ + dy^^ in which case we have D —
d^d'\ H—adxy^

J— ad [aoi?
—

dy^) , Any other relation between covariants may
be similarly investigated. Thus we can prove that the dis-

criminant of / is the cube of the discriminant of Z7, the former

discriminant being for the canonical form aV*. So again we
see that the Hessian of / differs only by the factor D from the

Hessian of Z7.

Prof. Cayley has used the relation just found between
eT", i),

TJ^ and H^ to solve the cubic XJ^ or, in other words, to resolve

it into its linear factors. For, since J'^ — DU'^ is a perfect

cube, we are led to infer that the factors J^TJsID will also

be perfect cubes, and, in fact, the canonical form shows that

they are 2a^dx^ and 2ad'^y^, Now, since xa^ 4 yd^ is one of

the factors of the canonical form, it immediately follows that

the factor in general is proportional to

a linear function which evidently vanishes on the supposition

27=0.

Ex. Let us take the same example as in Art. 166, U=Ax^ + ^x^y + ISx^' + 17y'.

Here we have D = 1600, J= llOa:^ _ 90^2^
_

630xy^
-

670^', whence

U^B + J=10{3x + yYi U^D- J= 50 (x + 3^)' ;

and the factors are 3x + y+{x + By) 'J5.

197. The entire system of covariants for a cubic Is also im-

mediately found by Prof. Cayley's method explained Art. 192.

We start with the three covariants ?7, i/, J, whose leading coeffi-

cients are L^ = a, L^ = ac— V^ i, = d'd - Sabc + 2b^, If we

make a = 0, the last two become —
b^^ 2^^, whence by eliminating

h we have 4jL/+ L^^
= 0. Thus we see that AH^ J' is divisible

by a, and actually it is found to be divisible by a^, the quotient

being D or d'd'' } 4.ac^ + Adb^ - Sb'V - Qabcd. We have thus

obtained the new invariant i>, together with the equation of
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connection 45'+ J^ =D U^. If in D we make a « it becomes

Adb^ — Sb'^c^y
and since this combined with the preceding gives

rise to no new relation between Z^, Xg, i>, we learn that the

system of covariants is complete.

198. System of cubic and quadric. Let these be

U=[a,h,c,dJx,yY; V= {A, B, CJx, yf ;

then the following is a list of the different independent covariants

of the system. The figures added to each denote its order in

the coefficients of the cubic and in those of the quadric.

Three cubic covariants^ Viz,, the original cubic Z7, (1, 0); its

cubicovariant (3, 0) which we call
«/, printed in full Arts. 195, 142,

and the Jacobian of
Z7, F, (1, 1) which is

(Ab-Ba) x'+{2Ac-Bb- Ca) x^y^[Ad-^Bc-2 Cb) xf+{^d^Cc) y\

Three quadric covariants
^
viz. the original quadric F, (0, 1) ;

the Hessian of the cubic (2, 0) and the Jacobian of these two

(2, 1) which is

{A {ad^bc)^2B {ac
-

J'), A {bd
-

c') -C[ac- P),

2B [bd -c')-C {ad
-
bc)Jx, y)\

Four linear covariants^ viz. L^{\^ 1) which is obtained by
substituting differential symbols in the quadric and operating
on the cubic,

L^ = {aG-2bB-^cA)x-\-{bC-'2cB'\-dA)y',

//^(l, 2) which is obtained by operating in like manner with

Xj on the quadric,

L^=[aBG-b{2B'-\-AC) + ZcAB--dA']x

-\-{aC'^dbBC+c{AC-]-2B')^dAB]y,
and Zg (3, 1), and L^ (3, 2) which are obtained in like manner
from the quadric and the cubicovariant

eT,
and which may

be written at length by substituting for a, 5, &c. in the values

of X,, ivg just given, the corresponding coefficients of eT".

Five invariants^ viz. A (0, 2) the discriminant of the quadric,

i)(4, 0) that of the cubic, 2(2, 1) which is the intermediate

mvariant between the system of two quadrics F, H
I=A{hd- c') -'B{ad- be) ^C{ac-b^),
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B (2, 3), the resultant of the cubic and quadric, which formed

by the methods of either Art. 67 or Art. 86, is

Il = a'C'-QahBC' + QacC{2B'-AC)+ad{GABC-8B')

+ d¥AC - 18hcABC+ 6bdA {2B' -AC)
]-dc'A'C-ecdBA' + d'A%

and, finally, JJ/(4, 3), the resultant either of X„ X^, or of

J/= a'dC- Sa'hcC- ea'hdBC'+ 6aV5a% 2ah'C'+ Qah'cBC*

+ da¥dA C'+ 1 2ah'dB' C-^abc'A C'-24.ahc'B' C+12ac'ABG

+ Sac'B'-Sac'dA' C-l2ac'dAB'+ Qacd'A'B-ad'A'-Qh'BC*

4 3¥cAC' -f l2h'cB'C- 12¥dABC-Sb\IB'-\-Qb'cdA'C

+ 24.h'cdAB' - eb'd'A'B- Zbc'A'C- Ubc'AB' - Qbc'dA'B

+ Sbcd'A' -r 6c'A'B - 2c'dA\

This last invariant 31 is a skew invariant (see Note, p. 131) and

changes sign if we interchange x and y ;
the functions J, X^, L^

are also skew functions. In comparing different invariants we

may conveniently make A and (7=0, which is equivalent to

taking for x and y the two factors of the quadric. In this

case the fundamental invariants are

A==-'B% D = a'd^ + Aac' + 4.db' - 3bV - Gahcd,

I^-Biad-hc), B^-SB'ad, M=BB' {ac' -db').

Thus we have in the same case

Z, = -2B {bx + cy), X, = - 25' {hx
-

cy)^

and L the resultant of these two is —SB'^bc, whence we see

immediately that L can be expressed in terms of the funda-

mental invariants; in fact, L = B + SAL So, again, we see

that the square of M can be expressed in terms of the other

invariants, giving a relation between them. For we have

8 [ac' + db')
= 2 (Z)

-aV + Bb'c' + Qahcd),

whence M" = 4J5' {D -aV + UV 4- Gabcdy - 256B'adbV,

and if in this equation we substitute for ad,
—
^g ,

for bc^ ^g >



THE QUARTIC. 189

and for B^,
-

A, we have the required relation

M' = - 4A'i>'' -f i> (^' 4 12R^I+ 2^i^'P)
- 4.Rr - 36A7*.

Geometrically, see Art. 190, if the cubic U be represented

by three points on a conic its J covariant determines on the

same conic the harmonic conjugates of each of the three with

respect to the other two
;

the H covariant determines the

double points of the involution of these six points. Or we

may state it thus (see Conies, p. 387), the triangle touching
the conic at the vertices of U is in perspective with Z7, the

lines connecting corresponding vertices mark off J on the conic

and intersect in the centre of perspective -£?,,
the axis of the

perspective meets the conic in the points H :
//",

is also the pole

of IT with respect to the conic. Any quadratic F gives a right

line meeting the conic in two points, and the line joining its

pole to the centre of perspective H^ is the Jacobian of H and V
and is the axis of a new perspective whose centre is on the

conic and given by the linear covariant L^,

The line joining Z, and the pole of H meets the conic again
in Ly Xjj

is the harmonic of L^ with respect to F, and L^ is

the point where H^L^ meets the conic again. The invariant

/ vanishes for any right line which passes through H^.

199. The quartic. We come next to the quartic, which, as

we have seen, pp. 128—9, has the two invariants

Sj=ae-4.hd+3c'' and T == ace + 2hcd - ad^ ^ eh^ - c\

We have shown (Art. 172) that the quartic may be reduced to

the canonical form «* + Gmx'^y^ + ?/*,
and for this form these in-

variants are /S'= 1 -f Sm^, T= m - m^.

These invariants, expressed as symmetric functions of the

roots, are 24.8= a'^ (a
-

/S)' (7
-

B)% or

12s= a2 {/3y + a6 + u){ya+ /3a) + w^ (a^ + yo)} {f3y + aS + co^ {ya + /35) + w (a/3 + yd)],

also

^={(«-/3)(y-a)-(a-r)(5-^)}' + {(a-y)(5-/3)-(a-a)0S-y)P
+ {(a-a)(^-7)-(a-^)(y-a)}S

and 432r=a'2(a-ye)''(7-8)'(a-7)(/3-3), or, more con-

veniently,

432r=a3K._^)(y_a)_(a_y)(c-^)}{(a~y)(a-/3)-(«-a)(^y)}{(a-e)(^-y)-(a-^)(y-a)}.
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In the latter form it Is easy to see that T— is the condition

that the four points represented by the quartic should form a

harmonic system, thus T may be called the harmonic invariant

of the quartic, and In like manner 8 its equi-anharmonic in-

variant, see Note, p. 184. It was stated {Art. 171) that 2^=0
is the condition that the quartic can be reduced to the form

a* -f y*,* and that T can be expressed as a determinant

a, J, c

Z>, Cj d

c, c?,
e

If A be the modulus of transformation, then (Art. 122) S and

T become by transformation A^/S^, A®T, respectively; and the

ratio >S' ; T'' is absolutely unaltered by transformation.

200. To express ike discriminant in terms of S and T. It

has been already remarked (Art. Ill) that the discriminant of

a quantic must vanish, if the first two coefScIents a and b vanish
;

for, in that case, the quantic, being divisible by t/^^
has a square

factor. On the other hand it is also true, that any invariant

which vanishes when a and b are made =
0, must contain the

discriminant as a factor. Such an invariant, in fact, w^ould

vanish whenever the quantic had any square factor (x-ayY\
for, by linear transformation, the quantic could be brought to

a form in which this factor was taken for
?/,

and in which

therefore the coefficients a and b — 0. But an invariant which

vanishes whenever any two roots of the quantic are equal, must,
when expressed in terms of the roots, contain as a factor the

difference between every two roots
;
that is to say, must contain

the discriminant as a factor.

It is easy now, by means of S and T, to construct an in-

variant which shall vanish when we make a and ^ = 0. For on

this supposition S becomes oc\ and T becomes — c^
;
therefore

S^ — IlT"^ vanishes. Now this invariant of the sixth order in

the coefficients is of the same order as that which we know

* Dr. Sylvester gives the name catalecticant to the invariant, which expresses that

a quantic of order 2» can be reduced to the 6um of n powers of the degree 2».
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(Art. 105) the discriminant to be. It must therefore be the

discriminant itself, and not the product of the discriminant by

any other invariant. The discriminant is therefore

{ae
- 4:hd + Sc^ - 27 [ace + 2hcd-' ad'' - e¥ - c')*'.

We can in various ways verify this result. For instance, it

appears from Art. 185,* that the discriminant of the canonical

form X* + Qmx'y^ + 3/*
is the square of the discriminant of the

quadratic x' + 6712x1/ + y'^ ;
that is to say, is (1

- 9^^. But

(1
- dmj = (1 + Smy - 27 (m - m^.

"We should also be led to the same form for the discriminant,

by writing the quartic under a form more general than the

canonical form, viz. Ax* + By* + Cz*^ where x + y + z = 0. In

this case we have a — A+C, e = B+ Cj h=^c — d — G^ and

we easily calculate 8=^BC + CA-\- AB, T=ABG. But if

we equate to nothing the two differentials, viz. Aoi^ - Cz^^

By^
—

Cz^^ we get a;^ y, z^ respectively proportional to J5(7,

GA^ AB'j and, substituting in x + y-rZ^O^ we get the dis-

criminant in the form

(BG)i + [GA)h + {AB)^ = 0,

which is {BG+GA-^ABy''27A'B'G'=-0 or S'-27T^= 0.

201. From the expression just given for the discriminant of

a quartic in terms of S and T can be derived the relation

(Art. 196) which connects the covarlants of a cubic.

If we multiply two quantics together, the invariants of the

compound quantic will be invariants of the system formed by
the two components. If then we multiply a quantic by x^ -f yrj^

the invariants of the compound will (Art. 134) be contravariants

of the original quantic; and when we change f and^ into y
and — ic,

will be covarlants of it. If we apply this process to a

cubic, the coefficients of the quartic so formed will be

«y) ^(35j/-aic) i{cy-hx), i{dy-Scx), -dx;

* We may also see this directly, thus : The resultant of ax* + by^, a'a^ + b'y''

is the k^^ power of ab' — ba', since the substitution of each root of the first equation
in the second gives ab' — ba'. ^Now the discriminant of ax* + 6cx-y'^ + ey* is the

resultant of ax^ + Scxy"^, 3cx^y + ey^. If we substitute a; = in the second, and y =
in the first, we get results e, a, respectively, and the resultant of ax^ + 2cy^, Scx^ + ey*
is (ae

—
9c^)\ The discriminant is therefore ae {ae

—
9c')».
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and the invariants S and T of this quartic are found to be the

covariants — ^H^ -j^J of the cubic. But the discriminant of the

product of any quantic by x^ + yrj^ by Art. 110, becomes, when

treated thus, the discriminant of
[7, multiplied by U'\ Express-

ing then the discriminant of the compound quartic in terms of

its S and T, we get the relation connecting the H^ J, and

discriminant of the cubic.

202. A quartic has two covariants, viz. the Hessian H^
whose leading coefficient is ac — h'\ and J the Jacobian of the

quartic and its Hessian, whose leader is d^d— Sahc + 2&\

The Hessian is the evectant of T, its value is

E= [ac
-
¥) xH 2 {ad - he) x^y + {ae -^2M- 3c^) x'lf

+ 2 {he- cd) xif 4 [ce
-

d"") ?/*

or 3^ =
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We have just seen that the x and y of the canonical form

which we use are factors of /, but it will be remembered

(Art. 172) that the problem of reducing a quartic to its canonical

form depends on the solution of a cubic equation; hence, the

factors of J are the a? and y of the three canonical forms.

This may be connected with the theory explained in Art. 177.

If U and V are any two quartics, six values of \ can be found,

such that 17+ X V shall have a square factor, and those six factors

are the factors of the Jacobian of U and F. But when V is

the Hessian of Z7, the sextic in question becomes a perfect

square, and there are three values of X, for each of which U+W
contains two square factors, but these factors are still the factors

of the Jacobian of U and F. The geometrical meaning of J

may be stated as follows : let the quartic represent four points

on a line A^ Bj (7, jD, then these determine three different

systems in involution (according as B^ G or D is taken as the

conjugate of A)^ and the foci of these three systems are given

by the covariant J,

From the last remark we can express the factors of J in

terms of the roots. In fact, by Ex. 7, p. 25, the double points

of the involution formed by y8, 7 ; a, 5 are determined by the

a;^ 2ic, 1

Py, i^+y, 1

aS, a + 8, 1

the foci for the other two systems.

Ex. 1. To break up the quartic into two quadratic factors.

Let {px^ + 2qxy + ry^) {p'x^ + "iq'xy + r'y"^) be identified with the quartic, and

substitute in their places for pp' = a, pq'' + qp' = 2b, qi'' + rq' = 2dr, rr' = e,

pr' + rp' = 2 (c + 2p), qq' = c - p in the identity p, p' p', p =0, expanded

quadratic
= 0. Similar equations determine

as in Art. 25. The reducing cubic is found to be a,

h
c + 2jo

9\ 9.

r', r

c-p,

+ 2p
d

Now, when we write

(r -a){^-B)-{a- /3) {y-6) = Up,,

{a-fi){y-S)-(J3-y){a-d) = 12p^

(P
-

y) {a-d)-{y- a) (/3
-

5) = 12^3

in the expressions for S and T in terms of the roots, Art. 199, they become
^ = - 4a2 {p^ps + pspi + p^^),
T=- ia^pip^Ps.

Hence, since Pt + P2 + Pi = 0; api, ap^, ap^ are the roots of the cubic

4p3-Sp+ T=0.
CC

= or
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Ex. 2. To discuss the relations between the quadratic factors of /,

"Writing out the determinant forms, let us call

« = (/3+ y- a- 5) a;2- 2 (/3y- a^) a;?/+ [(3y {a + d)- aS (/3+ y)] y'^
= aiX^+ Ih^xy-Vc^y^,

v = {y+a-P~§)x'^-2{ya-l36)xy+ [ya 03 + 6}- fiS (y + a)] y^= a^^+ 2b^y + c^y"^,

w=(a + 13- y-S)x^-2 {aft-yi)xy+[al3{y + S)-y8{a + ft)]y^ = aiX'^+2b3xy + c^^.

We have thus

v-w=-2(J3-y){x-ay) {x-Sy), w-u=-2{y-a) {x-fiy) {x-By), v^v=-2{a-ft)(x-yy) {x-6y),

v+tD= ^{a-S){x-py){x-yy), w+u= 2{l3-S){x-yy){x-ay), u4-v= 2{y-S){x-ay){x-(3y) .

Hence = = = .

P2~P3 P3- Pi P1-P2 a

Thus it appears at once that the identical relation (compare p. 181) between

w, V, w is p^u^ + p^v^ + p^v)^ = 0. Hence, as this relation involves only the squares^

the quadratics are harmonic in pairs. The same thing is found by actual calculation :-

aiC^ + c-^a^
— 2bJ)^ = 0, &c.,

also a^c^
-

h,^ = (y
-

a) (/3
-

S) {a
-

/3) (y -S) = 16 (^3
-

p,) {p,
-

p^), &c,,

or, writing A = (pj
-

p^) {p^
-

p{} (p,
-

^2), («iCi
-

*i') {p2
-

Pa) = &c. = 16A.

The value already given for H in terms of the roots may be written

a2 (m2 + v^ + w'^)
= - 48H.

Combining this with the values of U given above we get

a^u^ + 16H aV + 165^ a'w"^ + 165"
l6aU=

Pi P2 Ps

Ex. 3. We have seen that J can differ only by a numerical factor from the'

product of the three quadratics u, v, w. To determine it we may compare the

leading terms of the two forms, or, expressing the symmetric function in terma

©f the coefficients, find that

a3 (/3 + y - a - a) (y + a - /3
-

5) (a + /3
- y -

5)
= 32 {a^d

- Babe + 2b^),

whence a^uvw = 32J.

203. Solution of the quartic. This is the same problem
as that of the reduction of the quartic to its canonical form

ax^ + Grfy -f e?/*,
for in this form it can be solved like a

quadratic. One method of reduction has been explained

(Art. 172) ;
the reduction may also be eiFected by means of

the values given for S and T. Imagine the variables trans-

formed by a linear transformation whose modulus is unity,

and so that the new h and d shall vanish
;

then we have

8=ae-\-^c^^ T=ace — c^] and the new e is given by the equa-
tion ^c^- Sc-\- T=0, We get the x and y which occur in

the canonical form from the equations

Z7= ax^ -t- Gcicy + ey\ ir= acx" + [ae
-

3c') x^ + cej/*,

whence cU-H=^ (9c'
-

ae) xy.
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Our process then is to solve for c from the cubic just given,

and with one of the values of c to form cU—H which

will be found to be a perfect square. Taking the square root

and breaking it up into its factors we find the new x and y, and

consequently know the transformation, by means of which the

given quartic can be brought to the canonical form. . Having

got it to the form ax^ + Qcx'^y^ + e?/*,
we can of course, if we

please, make the coefficients of x* and y^ unity, by writing
x^ and

y"^
for x^ V(«)) and y^ \/[e).

Ex, Solve the equation

a;* + 8a^y
- 12xV + l{)ixy^

-
20y* = 0.

We have here S = - 216, T=- 756, and our cubic is 4c» + 216c = 766, of which
c = 3 is a root. The Hessian is

H=-6x* + eOx^y + 72a;y + 2ixy^
-

636^<,

BU-H=9{x*- 4x^y
-

12a;y + 32xy^ + 643^*)
= 9 (a:^

- 2a^ - 8y^y.

The variables then of the canonical form are X=x + 2y, Y = x — 4y, which give
6x = 4X+2Y, 6y = X—Y; whence, substituting in the given quartic, the canonical

form is found to be 3X* + 2X^Y'^- Y*. The roots then are given by the equations

{x + 2y) 4(3) = X - %, {x + 2y) 4(- 1) = a; - 4y.

204. Since J is proportional to the continued product of the

x and y of the three canonical forms, and since we have just

eeen that the square of the product of one set of x and y is

<iU— i?, where c is one of the roots of the cubic 4c' - Sc+ T— 0,

we have J' proportional to 4Z?' - SEU^^ + TW, By calculating

with the canonical form, we find the actual value to be — e/'.

Or, again, we saw in Ex. 2, Art. 202, that

U[ap^U-H)=a\\

lQ{ap^U-H)=aW,
and in the following example that

a^uvw = 32J,

hence by the values of p^j p^^ p^ of Ex. 1 of same article

205. Prof. Cayley has given the root of the quartic in a

more symmetrical form. It has been shown that ap^U-Hy
opJJ—H^ ap^U- H are perfect squares severally of u^ v, w^
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If, further, we enquire under what conditions \u -{ /jlv -\- vw

is a perfect square, we find that

V (a^c,
-

&,=) + li' {a^c^
-

b,) + v'
{a,o,

-
J,')

=

must be satisfied (compare Ex. 2, Art. 202), or, as it maj^ be

written,

P^-Ps Pz- Px Pi- Pa

If we further wish to make

X V(«P, U-H)+fjL ^[ap,U- H) -f V '^{ap^U- H)

vanish with
Z7, we must have X + /* + v = 0, whence, solving,

we find

P^-Pz Pz-Px Px-P2'
thus

(p-p,)^/{ap,U^E)-^{p,-^p,)^{ap,U-E) + {p,^p;)^{ap,U-H).

Ex. 1. This may be verified by means of the canonical form, taking for simplicity

o and e = 1. If we solve the equation 42' — z (1 + 3c^) + c — c» = 0, we find the

three roots to be c,
—

^ (c + 1),
—

i (c
—

1) ;
and the three corresponding values

of H ~ cU are

(1
-

9(^2) xV, i (3c + 1) (x' 4- y^f, h (3^
-

1) (^'
-

/)"•

Now in order that any quantity of the form

may be a perfect square, we must obviously have a^ = 4^(13^
—

y'), which is

verified when

a2 = 1 - 9c«, /32
= |(3c - ly (3c + 1), y^ = i (3c + l)^ (3c

-
1).

Ex. 2. If this method be applied to the example Art. 203, the other values of c are

J {— 3 + 9 J(- 3)}; and the squares of the linear factors of the quartic are given

in the form

-24{B){x'-2xy-Sy^}±^{l-^i-S)}[{l + ^{-3)]x''+{lO-24{-3)}xy-{2-104{-3)}y^]

±h{l + 4{-B)}[{l-4{-B)}x^+{10+24{-3)}xy-{2+104{-B)}y^].

Ex. 3. The factors of H are the values of

(j>2
-

Pz) 4{aPi^U-p,H) + (p,
-

p,) 4{ap,^U-p^]I) + {p,- p,) 4{ap^U-p,E).

206. It remains to distinguish the cases in which the trans-

formation to the canonical form is made by a real or by an

*
Bumside, Hermatkena IV. 1876.
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imaginary substitution. The discriminant of the canonical form

is, as we have seen (note, Art. 200), ae, (ae
—

9c'y ;
and since the

sign of the discriminant is unaffected by linear transformation,

we see that whenever the discriminant is positive, a and e of

the canonical form have like signs ;
and when the discriminant

is negative, unlike signs. Now the form ax* -f Qcx^y^ + e?/*

evidently resolves itself into two factors of the form, either

{x^ + X'lf) [x"" + A^y )
or [x^

—
\y^) [x'

-
ixy^) ;

that is to say, the

quartic has either four imaginary roots or four real roots. On
the contrary, if a and e have opposite signs, the two factors are of

the form [x^ + Xy^) (x^
—

fiy"^)^
or the quartic has two real and two

imaginary roots. Hence, then, when the discriminant is negative,

that is to say, when S^ is less than 27 T'\ the quartic has two

real roots and two imaginary; and when the discriminant is

positive, it has either four real or four imaginary roots.* Now
the discriminant of the equation 4c"-ASb+ T=0 is 27T^-S%
therefore (Art. 167) when S^ is less than 27

2''^,
the equation in c

has one root real and two imaginary ;
in the other case it has

three real roots. Hence when a and e have opposite signs, that

is, when the quartic has two real and two imaginary roots, the

transformation can be effected in one way only. Next, if a

and e have like signs, in which case the equation can be

brought to the form a;* + 67/ia;y +^ >
it is easy to see that

the equation can by two other linear transformations be brought
to the same form; for write x + y and x — y for x and y,

and we have [l -{- 'Sm) x" -\- 6 {I
- m) xY {- [l -\- Sm) y\ Write

^ + 2/V(— 1), and x-y\/{-l) for x and y^ and we have

(1 + 3m) £c* + 6
(7/z

—
1) xY + (1 + 3m) y^. Hence when a and e

have the same sign, that
is, when the quartic has four real

or four imaginary roots, though there are three real values

for c, one of these corresponds to imaginary values of x and y ;

and there are only two real ways of making the transfor-

mation.

* The signs of the invariants do not enable ns to distinguish the case of four

real roots from that of four imaginary; but the application of Sturm's theorem

shews that (the discriminant being positive), when the roots are all real, both the

quantities b"^ ~ ac and BaT+2 {b^
—

ac) 8 are positive, while if either is negative

the four roots are imaginary. (Cayley, Quarterly Journal, vol. I v., p. 10).
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The same thing may also be seen thus. Imagine the quartic

to have been resolved into two real quadratic factors

[a, b, clx, y)% [a\ h\ cjx, yf ;

then these two factors Z7, V can, by simultaneous transformation,

be brought to the forms AX''+BY\ A'X''-\-B'Y\ where X^ and

Y'^ are the values of X Z7+ F corresponding to the two values of

X given by the equation

(ac
-

V') \' + [ac + ca - 2hh') X + {ac
- r) = 0.

In order that the values of X should be real, we must have

the eliminant of the two quadratics positive, or

{a-a')(a-^')(/3-a'){^-^')

positive. Thus then when the quantic has four real roots, if

we take for a and y8 the two greatest roots, and for a' and ^' the

two least
; or, again, if we take for a and ^ the two extreme

roots, and for a! and B' the two mean roots, we get real values

for X. In the remaining case we get imaginary values. If

either of the quadratics has imaginary roots, the resultant of

the two is positive, and the values of X real.

207. Conditions for two pairs of eq^ual roots. If any quantic

have a square factor x% this will be also a factor in the Hessian.

For the second differential U^ contains x\ and U^^ contains
a;,

therefore x^ will be a factor in U^^ U^ — UJ, If then a quartic

have two square factors, both will be factors in the Hessian,

which, being of the fourth degree, can therefore difier only

by a numerical factor from the quartic itself. In fact, if a

quartic have two square factors, by taking these for 'x' and y\
the quartic may be reduced to the form cx^y^ ; but, by making

a, 5, J, e all =
0, the Hessian, as given Art. 202, reduces to

Thus then by expressing that a quartic differs only by a

factor from its Hessian, we get the system of conditions that

the quartic shall have two square factors, viz.

ac — h^ ad —he ae-{- 2bd— 3c' he - cd ce — d'^

2h 6c 2d
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a system equivalent to two conditions, as may be verified in

different ways.
We have, in Art. 138, given other ways of forming these

conditions. From the expression (Art. 202) for the covariant

J in terms of the roots, it appears that every term of it must

vanish identically if any two pairs of roots become respectively

equal. This also follows from the consideration that J is the

Jacobian of the quartic and its Hessian, and must Vanish

identically when these two only differ by a factor; now the

coefficients in J are, only in a different form, the conditions

already written. Again, we have said (Art. 138) that in the

same case the covariant S (a
— ^Y (i^

~
t)'' (7

~"
^f (^

~ ^T vanishes

identically. But this, it will be found, is the same as 3TU— 2SH\
and we can easily verify that this covariant vanishes when the

quartic has two square factors ; for, making a, J, d^ e all = 0,

U reduces to ^cx'y\ H to -
Sc^x'Y, T to -

c\ and 8 to 3c'.

Thus, then, we see that in the system of conditions given above,
3 jT

the common value of the fractions is —-r,
2o

208. We next show by Prof. Cayley's method (Art. 194)

that the system of invariants and covariants already given
is complete. W^e start with the seminvariants a, ac — })\

d'd-^abc-\-2l% de-^a^hd^-^ah''c-U\ the first three being
the leading coefficients of

Z7, ZT, /. Since any relation between

the leading coefficients of covariants implies a similar relation

between the covariants themselves, there will be no incon-

venience in calling the first three terms by the names
C/, ZT, /;

the fourth we shall call provisionally L. If now we make a = 0,

we have ?7' = 0, H' = -h\ J' =-2h% L' = -Sh*', and by elimi-

nating b between the second and third, and second and fourth of

these equations, we have

Now these two quantities which vanish on the supposition a = 0,

* It is easy to see that any result of elimination, obtained by combining these

equations differently, will vanish when the two equations, written above, are

satisfied.
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win, when we give H^ J, L their general values, be divisible by
a power of a. The first has been already discussed in the

theory of the cubic. It gives 4.H^ -\-J'^ = WD^ where

D = d'd^ + 4ac' - &ahcd+ 4Fd - 35V.

The second, treated in like manner, gives ^H^^ + L — U^S. We
have thus been led to the two new seminvariants i), Sj and we

may dismiss X, which we have seen can be expressed as a

function of simpler covariants. Making a = again in D and S,

we have

whence, since H' = —
lf^ we have D' — H'S' = 0. And giving

D, H, S their general values, we find D-HS=-UT, We
are thus led to the new invariant T and may dismiss i>, which

has been linearly expressed in terms of simpler covariants.

Making a = in T, we have T' = ^hcd— eW — c\ and we cannot

now by elimination of 5, c, d, e obtain any new relation between

-5"', J', S\ T'. The system is therefore complete, consisting of

Z7, Hj Jj Sj T with the equation of connection

209. We have already (Art. 190) mentioned Mr. Burnside's

remark on the identity of the theory of the quartic with that

of a pair of conies {Conies, Art. 370). By the substitution x, y, z

for x\ 2xy, y\ the quartic becomes

ax^ + cy^ + €z' + '2dyz + 2czx + "ihxy
=

0,

with the identity 4cxz — y^
= 0. Calling these two conies u and v

the discriminant of w 4 Xv is 4X^ - SX-^ T— 0. Thus we see that

the invariants of the system of two conies are also invariants of

the quartic. The solution of the quartic evidently is given

by the cubic in X just written; for if X be one of its roots, we

know that the ternary quadratic is resolvable into two factors.

The discriminant of the resolving cubic, 27 T^^ - /S', which

vanishes when two conies touch, gives also the condition that

the quartics should have equal roots. To the Hessian of the

quartic answers the harmonic conic [Conies, Art. 378) of the

system of two conies, and to the sextic covariant J, which is the

Jacobian of the quartic and its Hessian, answers the Jacobian
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of the two conica and their harmonic conic; that is to say,

the sides of the self-conjugate triangle common to the two

conies. The expression for the square of J in terms of Uy H^ /S,

Ty answers to the expression given, Conies^ Art. 388a.

210. Since H is a covkriant of
Z7,

it follows that if a and ^
be any constants, a C/+ 6/3^ will be a covariant of

Z7,
whose

invariants also will be invariants of U, The following are the

values of the S^ T, and discriminant i?, of this form :

S (a Z7+ &PH) = Soi' + 18 Ta^ + dS'ff\

E{olU-\- Q^H) = i2 (a'
- 9 SoLff'

- 54 T/SJ.

The last is a perfect square, because, as was already mentioned,
instead of six cases where a £/"+ Q/SH has a square factor, we
have three cases where it has two square factors.

Hermite has noticed that if we call O the function of a, ff,

a!'-'dSa^''-54:Tl3% then the values just given for the /Sand T
of a 27+ 6/3irare respectively the Hessian and the cubicovariant

of G. The discriminant of G differs only by a numerical

factor from the discriminant of U,

The COvariants of a 27+ Q^H are also covariants of U. Its

Hessian is

which is the Jacobian, with respect to a, /8, of G and aZ7+ 60H.
Since J is a combinant of the system 27, H, the / of a £^+ GySiT

will be the same, multiplied, however, by the numerical factor G,

The Hessian of /is S'W - SQTUH+ 12SR\ which is the

resultant of a 27+ 6/35" and the Hessian of G, Prof. Cayley
has thrown this into the form

(^SD- ^HJ + ~ (S'
- 27 r) H',

shewing that it is a perfect square when the discriminant of 27

vanishes.

Ex. 1. For the form all - ^H the function G of a, /3, is 4a» - Sa^ + 7)3'.

Thus the quartics of the system af/— /3J2" whose discriminant vanishes are deter-

mined by the reducing cubic of U. The same cubic determines what quartic of the

system coincides with its Hessian,

Ex. 2. The factors of all- 13H are, as in Art. 205, the values of

(p2
-

Pa) 'ii'^iiPi
-

«) 4{<^PiU- E) + {ps- Pi) 4{(^(ip^
-

«) Kap2U-H)
+ {Pi- Pi) -ii^^Ps

-
«) K^PzU-n).
DD
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211. Since it has been just proved that the Hessian of the

Hessian of a quartic is of the form olTU+ ^SH^ we can infer,

as in Art. 191, that the same is true of the Hessian of the-

Hessian of any quantic. For if we form the Hessian of

WjjW^j
—

w,2^ this involves the second, third, and fourth differ-

entials of w. But, by the equations (w- 3) w,j,
=

irMj,j, +^Mj^,2»

&c., we can express the second and third differentials in terms

of the fourth, and so write the second Hessian as a function of

the fourth differentials only, and of the x and y which we have

introduced, and which, it will be found, enter in the fourth

degree. It will then be a covariant of the quartic emanant.

Now every covariant of a quartic is a function of U and H
(Art. 208), and when the covariant is of the fourth degree it

must be a linear function of these quantities. Actually it is

found to be proportional to {2n — 5) TU- SH^ where 8 and T
are invariants of the quartic emanant and, as in Art. 141,

covariants of the higher quantic.

212. System of a hiquadratic and quadratic. This system
is most easily dealt with by Mr. Burnside's method, Art. 190.

Let the quadratic be ace' -f- 2^xy + 73/', and let the quartic be

given by the general equation, then (Art. 190) this is equivalent

to the system of two conies and a right line

ax^ + cy^ + ez"^ -f 2dyz + 2czx + 2bxy^ Axz - y\ ax-\- Py + 72;,

the properties of which have been discussed. Conies^ Art. 370, &c.

For example, the formula of Conies^ Art. 377, expressing the

resultant of the three ternary quantics in terms of simpler

invariants, gives at the same time an expression for the

resultant of the two binary quantics. The formula just cited

gives the resultant as
(f>^
—
422', where

2 = a'^ (ce
-

d') + ^' [ae
-

c') + 7'^ [ac
- ¥)

-{2 {be- ad) l3y-{-2 (hd
-

c') 7a + 2 {cd
-

he) a^,

2' = 4(a7-n
= ea' + 4cy3' + ay^

- Ah^y + 2cyoL
-

4c?a/3.

In the above, 2' is proportional to the discriminant of the

quadratic, (f>
is an invariant got by substituting differential

symbols in the quadratic, squaring, and operating on the quartic;
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if we operate In like manner on the Hessian of the quartic,

we get an invariant of the same order as S, but differing from

it by a multiple of S2\ If we treat 2, 2', <^ as conies and form

their Jacobian, we get another invariant of the system of

conies, the vanishing of which geometrically represents the

condition that the right line shall pass through one of the

vertices of the common self-conjugate triangle of the two conies.

It is

a' {Scde
- 2d' - he') + aV (3See

- 2hd' - ade)

+ ay' {ahe + 2¥d - 3acd) + 7' [o'd + 2Z)' - 3ahc)

-f /3a' [Qcd* + 2hde - 9c'e + ae') + 0L,8y {Qad'
-

Qh\)

+ Pi" (- a'e - 6&'c + 9ac' - 2abd) + /S'a (
1 2hce - Sbd' - 4.ade)

+ /3V (- \2acd^ Sb'd + 4.ahe) + /3' {4.ad'
-

45*'e).

This is a skew invariant of the binary system of the quartic

and quadratic. The formula {Conies^ Art. 388a) gives an

expression for the square of this in terms of the other invariants.

From what has been stated, as to the geometric meaning of

the skew-invariant, it follows that if it vanishes two of the right

lines which pass through the intersections of the two conies

intersect on the given line
;

that is to say, these equations are

of the form X + i/=0, where L is the given line and M some

other line. The corresponding property for the binary equations

is, that the vanishing of the skew-invariant is the condition that

the given quartic can be resolved into two quadratic factors

L±M where L is the given and M some other quadratic. The

system of quartic and quadratic has only these six independent
invariants now indicated

;
viz. the S and T of the quartic, the

discriminant of the quadratic, those which we have just called

2 and <^,
and the skew-invariant.

We get immediately two quadratic covariants of the binary

system by introducing differential symbols into the given quad-

ratic, and operating on the quartic and its Hessian. Thus we

get the two forms

[col
-

2hl3 H- ay) x'' + 2 {da
- 2c/S + hy) xy + {ea

- 2^/3 + cy) y* ;

{a (ae + 2ld- 3c*0
- 6^8 [ad

-
he) + 67 [ac

-
¥)} x'

4 {6a (&e
-

cd)
- 4/3 (ae + 2bd - 3c') + 67 [ad - he) } xy

-f {6a (ce
-

(^^)
-

6/3 {he -cd) + y [ae + 2hd - 3c')} y\
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To these two binary covariants answer covariant right lines

in the ternary system, which are found by taking the pole of

the given line with regard to either conic and then the polar

of this point with regard to the other. Having now three quad-

ratics, viz. the given one and the two just found, we obtain,

three more quadratic covariants by taking the intermediate

covariant (Art. 193) of each pair; and these six quadratics

complete the system of quadratic covariants. There are five

quartic covariants, viz. in addition to the given quartic and its

Hessian, the Jacobian of the quartic and quadratic, of the

Hessian and quadratic, and of the Hessian and the first covariant

quadratic. Lastly, there is the sextic covariant of the quartic.

The eighteen forms enumerated make up the complete system.

Ex. 1. Required the right lines which have the same pole with respect to each

conic.

The first of the above quadratic covariants identified with ax^ + l^xy + yy^ gives

ay — 2i/3 -^^ ca — \a,

by - 2c/3 + ^a = X/3,

cy — 2c?/3 + ea = Xy j

whence, eliminating a, |3, 7, a, h, c — \

b, c + ^\, d =0,
c — X, d, e

the reducing cubic of the biquadratic (see Art. 172) is thus found : hence there are

three such lines, and the reduction of a quartic to its canonical form is again seen to be

the same problem as that of two conies to a self conjugate triangle.

Ex. 2. The above skew invariant is also found by operating with the sextic

covariant of the biquadratic on the cube of the quadratic. Geometrically, we may
determine it, either by expressing that the quadratic is a pair of a system in involu-

tion with the biquadratic, or by expressing that the quadratic is harmonic with one

pf the factors of the covanant sextic (Art. 202, Ex. 1).

213. System of two cubics. We begin with those invariants

of the system of two cubics (a, &, c, d\x^ yY, (a, b\ c', d^^jx;, yf^
which are also combinants. The simplest is (see Art. 140, Ex. 2)

(ad^)
— 3 (^c'), which we shall refer to as the invariant P. The

properties of this system may be studied most conveniently

by throwing the equations into the form

Au' + Bv' + Cw\ A'u' + BV -f C'w%

a form to which the two cubics can be reduced in an infinity

of ways. For, the cubics contain four constants each, or eight
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in all. And the form just written contains six constants ex-

plicitly ;
and w, r, w contain implicitly a constant each, since

u stands for x + Xi/, &c. The second form then is equivalent

to one with nine constants, that is to say, one constant more

than is necessary to enable us to identify it with the general

form.

Any three binary quantlcs of the first degree are obviously
connected by an identical relation of the form au -\- jSv -h yw = 0.

We write
ar, ^, z for aw, /3i;, 71^, so that the two cublcs are

Ax' + By' + Cz\ Ax' + B'f + CV, where a? -f ^ + ^ = 0.

Putting for z its value, and writing the cubics

(^ _ 0,-G,-C, B-ajx, y)% {A'-C',-C',-C',E- C'Jx,y)'';

then forming the invariant P of the system, we find it to be

[BG') + {GA)-\-[ABy

The resultant of the system is found by solving between

the equations Ax'^-By'+ Cz'== 0, A'x' + By + (7V = 0, whence

we get x'={BC'), f =
{CA'), z'={AB')', substituting in the

identity a; + ?/ + s = 0, the resultant is

{BC')^ \- {GA')^ + {AB)^ =:0,

or [[BC) + [CA') + [AB')Y:=21 {BC) [CA') {AB').

Now, if we denote the two cubics by u and v, it has been

proved. Art. 180, that there is an invariant, which we shall call

Qj of the third order in the coefficients of each cubic, which

expresses the condition of its being possible to determine X, so

that u + \v shall be a perfect cube. This invariant is identical

with the product [BG^) {GA') {AB"), which is of the same degree
in the coefficients. For, if any factor {AB') in this product

vanish, Av — A'u evidently reduces to the perfect cube {A G') z'.

It follows then that the resultant is of the form P' - 27 Q,

214. If it were required to form directly the invariant Q
for the form (a, 5, c, djx^ yf^ {a, b\ c\d'^x^ y)'^ we might

proceed as follows. If w + \v be a perfect cube, its three second

differentials will simultaneously vanish
; or, for proper values of
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a;, y, X, we have

ax + hj -^-X [ax + Vy) = 0,

hx-\-cy-\-\ {b'x + cy) = 0,

ex {- dy + X [ex + d'y)
= 0.

Solving these equations linearly for
a;, ?/, XXj \y^ and then

equating the product of x by \y to the product of y by Xo:,

we get for the required condition

a, Z>,
a'
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SO that ac - h% ac + ca -
211% ac - h"'

ad— he
J
ad! + da' — he — ch\ ad' - h'c — Qj

hd - 6\ hd' -f d¥ - 2cc Vd' - c'

or yet again, eliminating dialytically,

0, 0, a, Z>, a', h'

0, 0, J, c, h\ c

0, 0, c, J, c', d' = Q,

a, b^ a\ h\ 0,

h^ c, Z>',
c'. 0,

c, t?, c', <^', 0,

If, as In the last article, we give a, 5, &c. the values A —
C^

-
O, &c., this Q would become (^(7') ((7^0 [AR], If then we

subtract twenty-seven times this quantity from {(acf)
— 3 (5c')}^,

we get the resultant In the form

B = {ady - 9 {ady (he') + 27 [ea')' [cd') + 27 (d?^')' («2>')

- 81 (aJO (Z^cO [cd')
- 27

(ac^') («50 {cd'),

a result which agrees with that of Art. 80, it being remembered

that there the cubics were written without binomial coeflScients.

215. We have, in Art. 213, formed the invariant P of the

system Ax^ + Bf + Cz^, A'x^ + B'y^ + C'z^^ by first reducing
them to functions of two variables, and then calculating the

value of {ad')
— 3 [be'). We shall, for the sake of establishing a

useful general principle, give another way of making the same

calculation. We know that we may substitute in any binary

quantic -y- ,

—
j- for a: and ^, and so obtain an invariantive sym-

bol of operation. Now when this change is made in a function ex-

pressed in terms of
a;, y, s, where s is —

(a; -j- ^), we must for z write

-^ J-
, And when the operation is performed on a function

similarly expressed, since its differential with respect to x will

be -7- + -1
—r- , or, In virtue of the relation between x, y. z,

ax dx dz. ^

-J
T- )

we see that the rule may be expressed, that in any
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covariant we may substitute for a:, ?/,
z respectively

d d d d d d

dy dz ^ dz dx^ dx dy
'

and so obtain an operative symbol which we may apply to any

covariant expressed in terms of
ic, ?/, z^ without first reducing

it to a function of two variables. Thus, in the present case, we

find the invariant P by operating on ^V + B'y^ + (7V, with

\dy dz) \dz dx) \dx dy)
'

and the result only differs by a numerical factor from the

foregoing expression [BG') + [CA') + [AB'), _
In like manner we find that, in the symbolical notation, 12,

as applied to a function expressed in terms of
cc, y, 2?,

denotes

1,1,1
d d d

dx^
'

dy^
'

dz^

d d d

The Jacobian of the system of two cubics is a combinantive

covariant, whose value is

1,1,1
Ax\ By\ Cz'

Ax% By\ C'z'

or {BC) yV + ( GA') ^V + {AB') xy.

This is a quartic, for which the two invariants may be expressed
in terms of the combinants which have been enumerated already.

Putting in for z^^ [x + y)'\ and multiplying the Jacobian by six

to avoid fractions, we get

a = 6(C^'), h==3{CA'), e = e{BG'), d==3{BG'),

c={BG') + { GA') + [AE) = P,

whence S^3F\ T^UQ-P^ We have seen that the dis-

criminant of a biquadratic is S^ - 27 T\ The discriminant of

the Jacobian, therefore, is proportional to Q [P^
- 27 $), which

agrees with Art. 180.
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216. The value of the Jacobian of the cubics

u = ax^ + ^hx'y + ocxy^ + eZ/,

V =aV + ZVx'y -I- ^c'xy' + d:y\

is [aV) aj* + 2 (ac') a;^ + [{ad') + 3 (ic')] a^y+ 2 (J^) ir/+ (c^') y' ;

writing this

we have, since, P= (ac?')
— 3 (5c'),

(a5')
= a„ [ac')

=
2a^, (a^^)

=
3a, + ^ P,

(5c')=a,-iP, (^>^')
= 2a„ (cdf')=a,.

Accordingly, the identity

(}>c) [ad!) + [ca) (hd') -f (a5') (cf^')
=

gives us a^a^
-

^a^a^ + Sa/ = -^^F"^ ;

also substituting these values in the determinant form of Q
expressed by means of them, p. 206, we find

The covariant 12'' of w and v is,
in full,

(ac' + ca' - 2J5') a;''' + {ad'+ 6?a'- Jc' - ch') xy + (5^' + J5' - 2cc') f^

which we write = ^^ = ajO;'' + 2y8ja;y + '^{y^

thus ac' + ca' - 255' = a^,
acZ' H- c5' - 25c' =

^8^ + JP,

5c' + <?a'- 2c5' =
/3,

- iP, 5^' + (^5' - 2cc' = 7^.

If the Hessians of u and v be written respectively

^= oca;''' + "l^xy + 7/, IT' = a'a;'' + 2^3;^^ + 7'/,

where ac ~ 5*'' = a, &c.,

we find, as in Ex. 6, p 24,

8 (a7' + 7a'
-

2/3/3')
= 4 (a,7,

-
/S/O + P'''.

The results of operating with either cubic on the Jacobian

are two linear covariants, which may be compared with the

results of operating on the cubics with the Hessians
;

it is easy

to see that we have thus the different ways of writing them,

ac' - 2/S5' + 7a' = - (a7^
-

25/3^ + caj = | {aa^
-

Sha^ + 3ca,
-

c?aj

= -
{5 (5c') + c [ca') 4- d (a5')}

=
L^,

ac?'~2^c'+75' = &c. = Z,,

ca' - 25/3' + a7' = &c. = L\, da' - 2c^' + 57' = &c. = Z'„
E£
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A, A

ax + ly^ a\ V
hx + cy^ h\ c

ex + dy^ c',
d'

= c.

denoting these two linear covariants by

L^L^x^L^^y, L^L\x^L^,
or in determinant form

dx + Vy^ a, h

L= ¥x -^ cy^ b, c
,

X'

c^x 4- d^y, c, d

It is obvious that their determinant

a, 2/3, 7

«„ 2/3„ 7i

«
, 2^', 7'

Ex. For the forms in Art. 215, the above quadricovariants are

BCyz + CAzx + ABxy,

{BC + CB') yz + {CA' + AC) zx + [AB' + BA') xy,

B'C'yz + C'Mzx + A'B'xy,

and the above linear covariants are found by operating by the method of that article

to be

A'BCx + B'CAy + C'ABz and AB'C'x + BC'A'y + C^'^'z.

217. There is another form in which the system of two

cubics may be usefully discussed, viz.

ax"" + Zlx'y + Zcxy^ + dy^^ hx^ + ^cx^y + ^dxy^ + e/.

In other words, the cubics may be so transformed as to become

the differential coefficients of the same quartic, with regard to

X and y respectively. We can infer, from counting the constants,

that the proposed form is sufficiently general ;
but the possibility

of the transformation will be more clearly seen if we consider

the two linear covariants just obtained: if we make a', h\ c',

d' = &, c, d^ e, we have U = Tx^ L — Ty. Thus we see that,

in order to effect the proposed transformation, we are to take

these two linear covariants for the new variables.

If u and V be the differentials with regard to x and y of the

same quartic, the quartic itself can only differ by a numerical

factor from xu-\-yv] and in fact L'u-\^Lv is immediately seen

to be a combinant, as being a function of the determinants

{aV) &c. The leading term in L'u + Lv is

{aV) {he') -f [aV) [ad')
-

[acj.
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resultant F''-27Q being aV{ad- %c). Now, for this form,
the biquadratic is Aad'X^ + {d'd'

- eahcd-ShV)\'' + 4.db\', or

multiplying by six to avoid fractions Z) = Z>' = 0, M=Qdb^^
M' = Qac\ N= a^d' - Qabcd- 35V = F' - I2¥c\ Hence,

S=3N'^ 4.MM' = 3P (P'
- 24 (2) ;

T=2iV"i/if'- i\^' = - (P«- SGP^e + 216 00,

whence the discriminant of the biquadratic S''^-27T^ is pro-

portional to Q^ (P'
- 27 0), which agrees with Art. 183.

The method used above is evidently also applicable to

covariants. Thus let the Hessian of w + Xi; be ^+ \H^ + \^H\
and we are led to the intermediate quadratic covariant ZT,, whose

leader is ac' + ca — 2bb\ The covariants and invariants of the

system of three quadratics, just mentioned, are also covariants

and invariants of the system of two cubics. Thus if we take

the Jacobian of each pair of quadratics, we have three quadric
covariants of the orders (3, 1), (2, 2), (1, 3). We have seen

(Art. 167) that a cubic and its Hessian have the same dis-

criminant, and therefore we may identify the discriminant of

H+ XH^ + \W with the expression already found for the

discriminant of u + \v. Now if w, v, w be three quadratics,

the discriminant of \u + /Jbv+ vw is plainly X'^i^^, + 2\fxD^^ + &c.

Thus for the system under consideration, we see that
i)^^, Z^^^,

can only differ by a factor from M^ Jf' already enumerated;
and we have the two invariants D^^^ 2D^^ whose sum similarly

is, to a factor, the same with N, Another relation was already
found (Art. 216) between them and P. These invariants, there-

fore are not new but can be expressed each in terms of N and

the combinant P. The expression is most easily arrived at by

taking the particular case already considered u = ax^ •{Zbx^y^

V — 2>cxy^ -f dy^^ in which case we have

H^^acx''-V{ad'-bc)xy-\bdy% 2D^^=^b^c% ^D^^^^abcd-a'd'-Vc^,

Thus we find, for the case when the discriminants of both

cubics vanish, the relations P' - iV"= 24i>^„ P' + 2iV= - VlB^^ ;

and it can easily be verified that these relations are true in

general.

Lastly, we may form the invariant P of the system of three

quadratics, but we have found this already to be the combinant Q,
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219. We are able now to give a list of the covariants of

the system, which the investigations of Clebsch and Gordan

show to be complete.* There is one quartic covariant (1, 1),

the Jacobian (Art. 216). There are six cubic covariants, the

two cubics themselves (1, 0) (0, 1), their two cubicovariants

(3, 0) (0, 3), and the two Jacobians (2, 1) (1, 2) of either cubic

combined with the Hessian of the other. For the canonical

form, the last four covariants are included in the form1,1,1
Ax'

, Bf ,
Cz'

A{By+Cz), B{Cz + Ax), C{Ax^By)

according as we accentuate the coefficients in neither, either,

or both of the last two rows. There are six quadratic cova-

riants, viz. the two Hessians (2, 0), (0, 2), and the intermediate

covariant (1, 1), these three being for the canonical form

^BGijz, ^RG'yz, '^[BC ^B'G)yz', and for the remaining
three covariants (3, 1), (2, 2), (1, 3), we may take either the

Jacobians of each pair of these (Art. 218), or the results

obtained by operating with each on the quartic covariant.

There are six linear covariants, viz. the two (1, 2), (2, 1)

considered Art. 216; two (3, 2), (2, 3) obtained by operating
with the Hessian of either cubic on the cubicovariant of the

other; two (1, 4), (4, 1) obtained by operating with either cubic

on the square of the Hessian of the other. Lastly, there are

seven invariants, viz. the two discriminants (4, 0), (0, 4), the

combinants P, Q, (1, 1), (3, 3) (Art. 213), and the invariants

M, M', N, of Art. 218. Of the preceding invariants Pand Q
are skew. We have in Art. 218 connected P'^ with the in-

variants D^^, i>22 <^f t^i3,t article, and the expressions there

given for the S and T of the biquadratic are, in fact, expres-
sions for PQ and Q^ in terms of N, M\ &c. We can also con-

nect Q^ with the functions D^^, D^.^,
&c. if we remember that,

as was remarked (Art. 218), Q is the invariant 12.23.31 of a

* Of the eight linear covariants which they supposed to be irreducible, Sylvester

has shown that two are not, and d'Ovidio and Gerbaldi have developed their

expressions, Atti di Torino, XV. 267.
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system of three quadratics, and that it was proved at the end

of Art. 193 that double the square of this invariant is

A„ A., ^.e

A« A« As
^IS, As, ^33

219a. Geometrically, the two cubics may be taken as two

triads of points on a conic, as in the case of Art. 198. When
any point {xy') on the conic is joined to the points of the

triad (w), the joining lines meet the sides of the triangle {u) in

points forming a triangle in projection with (m), and it is easily

seen that the first emanant with regard to x\ y' of the cubic w,

whose roots are represented by the points of the triad, is the axis

of the projection. Similarly, may be made the centre of a

projection for
?;,

and the axis corresponding be found
;
these two

axes intersect in a point 0\ and as moves round its conic,

U describes another conic which intersects the conic in four

points representing the roots of the Jacobian of u and v. The

four corresponding points can without difficulty be de-

termined.

The roots of the covariant B.^ are represented by two points

on the original conic whose axes with respect to the two triads

are conjugate lines with respect to that conic.

In Art. 198 it was seen that for a system of a cubic u and a

quadric V the simplest linear covariant is the centre of the

projection with regard to u whose axis passes through the pole

of F. If we calculate for the triad consisting of this centre

and the two points where V meets the conic, the combinant P
with the triad u^ we find P=0. It follows from symmetry that

each of the vertices of the former triangle is the centre of a

projection with regard to w, of which the axis is conjugate to

the opposite side
;
and that such relation holds mutually between

u and V when P=0. Another way of stating the condition

P= is that the triads are such that H and its pole are axis and

centre of a projection with regard to y, and H and its pole,

axis and centre of a projection with regard to u.

The simplest linear covariants discussed above are represented

as follows ; L is the centre of the projection with respect to v,
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whose axis is the line joining the poles of 5, W ;
and U the

centre of the projection with respect to u of the same line.

The identities established, Art. 216, show that L is also centre

of the projection with respect to w, whose axis joins the poles

of H^ H^^ and L' centre of the projection with respect to v,

whose axis joins the poles of H^^ H\ Thus the pole of H^ can

be constructed.

If the points Z, L' coincide, H^ 5,, W are concurrent lines,

and the line joining their poles is the axis of projection for

the L point with respect to both triads and the combinant Q
vanishes.

2195. System of four cuhics. It is desirable to generalise

to this case the theorems given p. 181 for three quadrics. For

the determinant of the system, if we denote the combinant

{a^d^)
- 3 (Z>^cJ by P^^, &c., we have, by Art. 33, Ex. 4, the

relation

P^Pu + PnPu + -P.A = - 3 («.iM),

and this becomes when a^, &c., are replaced by y^, &c.

«ij «2) «3J y^

K K K -
^y'

x'y

= 3

'D "^a? "'sJ

-3
a^x + \y^ a^x + h^^ a^x +%
h^x^-c^y^ \x-\c^y^ \x + c^y

c^x + d^y^ c^x -f d^^ c^x + d^

This is the cubic which determines the values of x\ y\ so

that Xj?/j + \u^ -f XgWg
=

[xy'
-

x^y)^ be a perfect cube, see Curves

(Art. 216a &c.), and the discussion of unicursal cubics there given
furnishes an additional geometrical illustration of this theory.

For four cubics, denoting the function just written by J^j^, we
have the equations

^34^ + J^42^+^23^4 = -3/,3„

^24^1 + ^41^2 + ^12^4
= -

3/412)

^23^1 + ^31^2 + ^12^3
= -

3/x23>

a linear transformation in four variables.
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If
t7j2 signify the Jacobian of the cubics a^x^+&c.^ a^cc'+ &c.,

we have six such Jacobians each a quartic in
ic, ^, which we

may write

J,,
=ay + ^lyy + ^c^f + 4.d^,a:f + e^^y\ &c.,

Now it is easily found, as in Exs. 3, 4, Art. 33, that

(«l^M) = «12^34 + «13^42 + «14^23 + VlS + «42«13 + «23^14

= - 4 {^12^ + ^13<2 + ^14^23 + Ml2 + ^42^13 + Mul

Hence, and from the vanishing combinations,

«A + «34^2 + &c. = 0, &c.,

the linear relation had by dialytic elimination of
a?*, ixPy^ &c.,

between the six functions J^^ is found to be

PJu+PA. + PJ^ + PuJ. + P.A, + -P^u = 0-

Other relations can be established connecting the functions H
with these, as at p. 181, on which we need not delay. For

instance, we might show for five cubics, with an obvious notation,

that
2^,/«.=
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x'yzw are determined by x -
32/7 + Zzi^ - w'f = 0, or tlie

points of contact lie in the plane w'x - Sz'y + ^/z — x'w — 0, but

this plane passes through x'yzw.

Hence, in any plane F^ ax + 2>by -f ^cz \-dw = ^ there is a point
whose coordinates are

c?,
—

c, b^
—

a, which is the intersection

of osculating planes at the points in which it meets the curve,

and the point and plane may be said to correspond. When
lies in the plane F^ corresponding to a point 0\ the above relation

shows that 0' lies in the plane F corresponding to
;
and the

line 00' possesses an invariant relation to the curve. For

two such planes Fj F the P invariant vanishes.

Two equations of the line meeting the curve in the points

jJ„ t^
are x-y{t^ + t;)-^zt^t^

=
i), V -^[h^Q + wt^t^^O, if we

express that this line passes through the point (9, the parameters

^j, t^
of the points in which the chord of the curve through

meets the curve are the roots of the quadratic

(ac
-

h') f + {ad -hc)t-\hd- c' = 0,

thus the Hessian of the binary cubic is represented by the

intersections of the chord through with the curve.

The determinant, whose constituents are the coordinates of

the coUinear points 0, ^„ t^^
and of any other point, vanishes

identically. Hence, by the first formula of last Article, if we put

ax^ -f ^hy^ •\- Scz^ + dw^ = X^,

ax^ + Shy^ + 3cz^ + dw^ = \,

we have identically

\ [xw^
-
^z^ + 32^2

- wx^ - \ [xw^
-

Syz^ -\- Szy^
-

wx^)

=
{x^w^

-
3y^z^ + 3z^y^

-
u\x^) [ax + Shy + Scz -\-.dw).

Hence the plane F contains the line of intersection of the

osculating planes at the Hessian points.

The plane through the intersection of the osculating planes

\ {xw^
-

3yz^ + 3zy^
-

wx^) + \ [xw^
-
^z^ + 3^y,

- wx^ =

which is harmonic to the former is easily found to represent the

cubicovariant, and having the same Hessian, its corresponding
FF
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point is the harmonic conjugate of with regard to the

Hessian points.

219(i. A second plane 4> gives rise to a similar system, and

besides to the results of combining the two. The coordinates of

the tangent line to the curve at any point are f^
-

2^', t^ ,3^^ 2^, 1,

whence we find that t is a root of the Jacobian of F, 4> for any

point on the curve whose tangent meets the line in which the

planes intersect. The line joining 00' meets the tangents at

the same points.

The parameters of the points in which a chord through any

point on 0' meets the curve are given by

From any point given on the curve, two chords can be drawn

to meet 00\ and if -H,
=

0, these chords meet 00' in points

harmonically conjugate to and 0\

The simplest linear covariants are represented by the point

where the plane through containing the chord through 0'

meets the curve again, and that in which the plane through
0' containing the chord through meets the curve again.

The invariant P vanishes for two planes if the point

corresponding to one lie in the other, in which case the line F^P

becomes identical with its corresponding line 00\
The combinant Q vanishes when it is possible to draw an

osculating plane through the line F^, in this case it is easy
to see the corresponding line 00' meets the curve and the two

points which represent the simplest linear covariatfts coincide.*

219e. Si/stem of a quartic and cuhic. This system consists

of sixty-one formsf: 1 sextic, 2 quintics, 5 quartics, 8 cubics,

10 quadrics, 15 linear, and 20 invariant functions. An invariant

of the third degree in the coefficients of the quartic, and

of the second in those of the cubic, can at once be written

* See a paper on this geometrical representation by Mr. W. R. W. Roberts, Proc.

Lond. Math. Society, vol, xili. Also Dr. Lindemann's paper, Note p. 216.

t In Dr. Gundelfinger's inaugural dissertation the number was assigned as 64,

but Dr. Sylvester has since shown {Comptes Rendus, t. Lxxxvii.) that two of the

quadratic and one of the linear covariants are reducible.
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down from the determinant form of the sextic covariant, p. 192,

being the result of operating with that covariant on the square
of the cubic, a',
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quartlcs, /, is

aa;^+3Xaj*3/+(3/3+6/i)a;y+(7+8S)iry+(3/3'+6/>t')a;y+3Va:/-fay.

Again a combinant quadratic P or 12' is

[^
-

3a6) x'-^{y- 28) xy + (^'
-

3/.') y\
The sextic J has an invariant of the second order in its

coefficients (Art. 141), and the discriminant of P is of like order,

neither being identical with A,

The condition that u and v be derived functions of a quintic,

is the vanishing of B a,
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Again, if we form the invariant which we called I (Art. 198)

of the quadratic and cubic at the beginning of this article, it

will be found that

[A + 485) [A -
165) -B = -

128/,

a formula obtained by Mr. Warren, Quarterly Journal^ Vol. VII.,

p. 70.

221. We consider next D^ the resultant of the cubic and

quadratic, and E the discriminant of the cubic. D is the

invariant which we have called 8 (Art. 182). It may be

mentioned, that besides the methods already indicated for

calculating that invariant in general, the following may be used.

It is required to find the condition that \ can be determined

so that the three expressions w,, + XVii, ^12 + ^^12? ^22 + ^^22 ^^^

be made to vanish together. Now we may multiply each of

these by the 2 (n
—

2) terms
cc'^""*, &c., of a quantic of the degree

2n — 5, and so obtain 6 (n
—

2) equations, from which we can

eliminate dialytically the 6 (n
—

2) quantities ic'""', &c., A,a;^""',&c.,

and so obtain 8 in the form of a determinant. In the case

of the system of two quartics,

H- 36aVV' + 36a'XV\' + UX'X"' [jSfi' + ^» - 96a/x'VV
-

dQaf/'X^fi
-

eyXfi/ju'^
-

67/i'A.V
-

SQ^X'X'fi"'
-

363Xyu,'^\'*

-
ASafifi""

- 48aW -
248X/Lfc/'

- 24SX,>V + 24a/3W'

+ 24a'/3'\^X,'
- 18a^'\V - ISffoL^Xy - QS'X'X''+ 877VV'

- XX>/ (162aa' + 90/3/3')
-

36a/3/A'*- 36a'/Sy + 96S'XX>/
+ (228aa'

-
60/3/3') /^V'

- 4aVV' - 4a'V^' - 16a/S''^X'V

-
16a'/8''XV

- 30aa''XV - 30a'a'X> - 50aa'XX' {/Sfi' + /8»
- 20SXX' (Xi3a' + Va/3') + 27/x/ (X/8a' + Va/8') + 4.SB'(iijlX''

+ 488V/i'X'^+ 24ay8'V/^"''+ 24a'y8VV+ 56a/S;3y
'+ 56a'yQ/3>'

+ 240aa'/3/^/'+ 240aaVy -5' + 32aSV' +32a'8V + 3X'y3V
+ 3X'Vy8'^ + 24aa' (/3V' + ySV) - 6aaVV/^' - 12a^a ^XX'

-
30aa'/3/3'XX' + 60aa'XX'S''^ + 12/3/3'XV8'''

+ {84aV'+ 120aa'/3/3'- i2^'^/3''} /-t/^'- 192aa'aV/+ 4878V/*'
- 488'XX' + 67aa '/3X -i- 67a-a';8'X' + 48aV' {/Sfi' + /6»
+ 24aa'8 (^y+ ^'V)

- 96aa'8^ (y3/-f- )8» - aVV- 4aa'^/3'

-
4a'^a'/3'^+ 8aV- 47SaV - 48a^a"^8'^ - 168'^aaW + 64aa'S\
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222. In studying the relations of these combinants, we may,
without loss of generality, suppose one quartic to want the first

two terms, and the other the last two
;
that is,

we may write

To save room, we write ae =
lj

hd = m, cc=nj cad^ + c^e¥ = p^.

We find then

B = m^ ^j)'^ -f w (Z
—

w),

E= r{l- Urn) + 96Zy - 72^?* (I -f 8m) + 1296ZV,

J = - IW + Aim' \-f [r
- 'llm - 8m'0 + 6/

-n[r + 6lm' - Urn')
-
dnlf + 12n' [r + lm-' 2m^),

D^-ri' {9Zm' (?
-
4m) - 6/ (2P- 6?m - 4m')

-
27p*+ 16w (Z- m)*},

^= - ZW + 2Zmy (Z + 27w)
-

(Z + 2m)Y - 27iZm'
(Z + 2m)''

+ 4/ + 2w/ (Z + 2m)'
-

ISwp'Zm'
- ?i' (Z + 2m)*

+ 367i'Zm' (Z + 2m)
- 6w/ (Z + 2m)

- 6ny (Z + 2m)*

+ 27?iy + 4w' (Z 4- 2m)'
- IGBn'Zm'.

By the help of these values we can verify the equation

16J5' - AB"" - 2IB-^ E= n,

which expresses E in terms of invariants already found.

The Jacobian, with this form, wants the extreme terms.

There is no difficulty, therefore, in calculating its discriminant,

and thus verifying the theorem of Art. 1 80.

Finally, we have seen that a cubic and quadratic have a

skew invariant M, The equation of connection given at the

end of Art. 198, when applied to the case considered in this

article, shows that the system of two quartics has a skew

invariant M of the 9^^ order in the coefficients of each, whose

square is given by the formula

M' =A{AE-rY-SD{r-9AIE-\-5WE).
Mr. Burnside's method, reducing the theory of two quartics

to that of three conies, discussed Conies^ Art. 388, would have

led us to the same results.
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223. I have also sometimes found it convenient to suppose

each quartic to be the sum of two fourth powers, so that for

each the invariant T vanishes. Let the quartics be avt" 4- 5i;*,

aV + ^V, where u is d^x -f /S^?/,
&c. We use (12) to denote

afi^
—

a^/?!,
and employ the abbreviations

{12)(34)=rX, (13)(42)=i/, (14)(23)=iV^;

where it will be observed that we have identically L-\-M-\-N= 0.

Now the invariant 8 is got by substituting -j ,
—

-7- ,
for

a:, y

in the quartic and operating on it with the result. If we

operate in this way with u upon u the result vanishes
;
but if

we operate on v the result is (12), We find then at once that

the 8 ofXU+fiVis

Va5(12)*+V{aa'(13)*-|-a5'(14)*+Ja'(23)*+55'(24)*} + /^'^ar(34)*.

The combinant then which we have called A is

{aa' (13)* + «&' (1 4)* + ba' (23)* + hb'
(24)*}"^

- 4.aba'¥L\

In the same case B is found to be — abab'UMN,
The invariant T is found by operating on a quartic with

its Hessian. But here the Hessian of U is ab (12)W. We
find then that the Tof XCZ+A^Fis

XV [aba' {UY [ny (23)'' + abb' (12)* [Uf (24)=^}

+ Xfi"" {a'b'a [nY[W (34)' + a'b'b (23)* (24)* (34)''l.

Hence, we have immediately

^=-a'^^V^Z»''^X*{aa'iV^^(13)*+a2»'if''(14)*4^^a'if*(23)*+5&'i^(24)*}*,

D=^-d'h'a''b''U {aVW* (13)' -f d'y'M' (14)« + bVM^ (23)«

+ ¥U'N' (24)'
- 2MNd'a'U (13)* (14)*

- ^MNb'a'V (23)* (24)*

- 2MNa"ab (13)* (23)*
- ^MNb^ab (14)* (24)*

+ 2M'N'aba'b' [M' + N' - 2^)},

I=-aba'¥L\aVN\nY^a'¥'M\l^f-VbVM\2^Y^-Fb''N\2^^^

+ {M' + N'- 2U) [a'a'U (13)* (14)* + ¥a'¥ (23)* (24)*

+ a'^ab (13)* (23)* + V'ab (14)* (24)*}

+ 2M'N' [M' + N'- ^U) aba'U],

by the help of which values we can verify the equation already
obtained.
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Sylvester has reduced by two the total number of independent
forms for the system of two quartics which Gordan enumerated

as thirty, viz. there are for each quartic the five forms w, H^ »/,

8^ T\ twelve more forms are got by taking the operations

12, 12Y 12', 12* performed on the pairs m, w'; u^ H' ] u\ H;
two more by 12^, 12* performed on H^ H'

;
and lastly, four more

are obtained by operating on the sextic covariant of either

quartic with the other quartic or with its Hessian. This gives

in all eight invariants, eight quadratic, seven quartic, and five

sextic covariants.

The following are examples added in further application of

these principles to binary quantics of the first four degrees. In

dealing with the sextic we shall return to the system of two

quartics.

Ex. 1. If three quadratics be the three second derived functions of a single

biquadratic function, express the relation between their coefficients.

With the notation of p. 181, u=aiX^+2bixy+Ciy'^, v=arix:^+&,c., 2Dr»=arCt+asCr^2brbs,

we must have
h, «2> *a

'i>

«3> ^3

C-, b.

= 0.

^2> ''ZJ '^3J
'

This may be found by comparing coefficients when we effect a linear transfor-

mation on the quadratics. It may be found more rapidly in another form, as follows :

The general conic identity between the quadrics (p. 181) for

u = ax^ + 2bxy + cy"^, v — bx^ -\- 2cxy + dy"^,
w= cx^ + 2dxy + ey"^,

has Dii = ac-b^, D22 = bd-c% 1)33 = ce-d^,

22)23 = be- cd, 27)31 = ae + c2 - 2bd, 2i),2 = ad- be,

whence, by the identity {ac
-

b^) (ce- d^) + {ad
-

be) {cd- be) + {ae
-

bd) (bd
-

c^)
= 0,

derived from the matrix \ a, b, c, d \

,
we get

\
b, c, d, e\

D,,D,, - 4.D,^D^^ + i)22 {D^ + 27)31) = 0.

Ex. 2. To give a geometrical signification of the preceding relation ?

The equation {ax + by + cz) x' + {bx + cy + dz) y' + {ex + dy + et) z'
—

is that

of the polar of (a;', y', z') P to the conic u — ax'^+ cy'^+ ez^+2dyz+2czx+2bxy = ;
and

if y'^
= 4z'x', P moves on a conic v = 0, and its polar touches

{ax + by + ez) {ex + dy + ez) = {bx + cy + dz)^.

This conic is found to be the harmonic conic of u and v, and to meet v in the

points which are the roots of the Hessian of w as a binary quartic. A binary

transformation leaves v of the same form as before. The three quadratics correspond

of course to right lines, and if a binary transformation make them the derived

functions of a binary quartic ti, they must be two tangents and their chord of contact

to the harmonic conic, which is the reciprocal of v with respect to u. That the

reducing cubic of the quartic is clear of its second term is {Conies, Art. 381, Ex. 1)

equivalent to this special determination of the harmonic conic F. The conies u and v

are said to be apolar {Apolaritdt und rationale Curven, F. Meyer, Tubingen, 1883).
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Ex. 3. What relation holds among the coefficients of four quadratics if by the

same linear transformation two of them become derived functions of one cubic and

the other two of another ?

«!, bi, flg, *2

!" ?' !" ? = ^»^" + ^^^33 - 2 {A2^34 + ^I30« - i>l4Aa),
"3> ''3> «4> *'4

^3> ^3> ^45 ^4

the notation being the same as in Example 1, are easily found to be equal, and the

condition required is got by equating them to zero.

Geometrically, the lines are such that a quadrilateral can be inscribed in the

fundamental conic, having its sides each through the pole of one of the given lines ;

thus, points P and R can be found on the conic, such that when P is joined to the

pole of line 2 and R joined to the pole of line 1 the lines meet in Q on the curve ;

and when P is joined to the pole of line 4 and R to the pole of line 3 these lines

must meet in S on the curve.

Similarly considered, Ex. 1 has the lines so placed that a quadrilateral can be

inscribed in the conic, having two alternate sides through the pole of one given lino

and the other sides severally through the poles of the other two given lines.

Ex. 4. "What relation holds among the coefficients of three quadratics which can

be the simplest quadric covariants H, Hi, H' of two cubics ?

In Art. 219 it was pointed out that P"^, PQ, Q^ can be independently expressed

by means of the functions D. The values are in the present notation

P2 = 4 (4i),3
- D^) ^"' -^21' ^31

Q" = 16 Du, i>22, A2
PQ = 8 {B,,D^ + B,,^

- DnD^ -
B,,D^}, -^^ j)^ d],

whence, comparing values of P^C^, also writing the minors of the last determinant

^HF=B» + 2BG+CA.

The form of this relation, compared with that in Ex. 1, shows that the Jacobiana

of //, Hi, H' are second derived functions of a quartic.

Ex. 5. A cubic can be uniquely determined whose covariant Hi with a given

cubic vanishes identically.

Ex. 6. The P invariant of

u-{x~ ay) {x
-

^y) {x - yy), v = A {x- ayY -^ B {x
-

fiy)* + C {x - yy)>,

vanishes identically. Similarly, 12" vanishes identically for two quantics

u = {x~ aiy) {x
-

a^)...{x
-

a^y), V = ^, (a;
-

ajj/)" +...+ An {x
-

o^yY,

Two binary quantics for which 12" vanishes are said to be apolar (see Ex. 2) : also,

conjugate binary forms by Dr. Schlesinger, Math. Annalen xxil.

Ex. 7. For two cubics, show that, in terms of the roots,

(a
-

a') (iQ
-

^') (y
-

y') + {a-^'){fi- y') (y
-

a') + (a
-

y') (^
-

a') (y
-

/3')

op
= (a-a')(/3-y')(y-i8')+(/3-^')(y-«')(«-r') + (y-y')(a-^')(/3-«') =^.
Ex. 8. In the system of cubic and quadratic (Art. 198), calling the Jacobian of

Z7 and V, u, prove that the combinant P for the cubics u, U, is double the inter-

mediate invariant /, and that the P for the cubics u, J, vanishes.
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Ex. 9. For the cubicovariants J, J' of two cubics u, v the eombinant

Ex. 10. Calculating, as in Art. 216, the determinant form = R of the resultant

of two cubics (Ex. 2, Art. 90), we get at once

-3R = P (a^a^
-

^Uia^ + Za^

+ {aa^
—

Sba^ + 3ca^
-

da^) {ayd'
-

Sa^c' + Sa^b'
-

a^a')

+ (aa^
-

Sba^ + Sca^
- da^ {a'a^

-
Zb'a^ + 3c'a^

- d\)

= ^P' + ^ (LxL',
- L,L\) = ^{P'- 27 Q).

For the biquadratic this gives the discriminant in the usual form, ao &c., are then

coefficients of the Hessian.

Ex. 11. The expression u'^D' - iu^vM' + Gu^v^N - Auv^M+v*l) contains as a

factor the square of the Jacobian of u and v. If the division be efEected, show that

the quotient is 2 {P.J+ G^' (/)}.

Ex. 12. The combinants P and Q of two cubics are each expressed in terms of

the S and T invariants of the discriminant quartic, by a biquadratic whose quad-

rinvariant vanishes.

Ex. 13. If the roots of two cubics a, (3, y; a', /3', y', be connected by the relation

»j{(a-a')(/3-7')(y-/3')}+V{(^-/8')(y-«')(«-y')}+'4{(y-y')(«-/3')(/3-«')} = (>,

shew that u + \v admits of being a perfect cube.

Ex. 14. Determine the condition that a quartic may be such that its covariant

12* with another quartic may vanish identically.

It is ST=zO.

Ex. 15. The determinant form for J (Art. 202) is got by expressing that a quartic,

whose covariant 12 with u vanishes identically, has a double root.

Bz.16. If
''.|;

+
2«.4"'-'"'^-'^n

=
'' *«i

+ ^*'
I;

+•••+'*-
^,=*''

concomitants of the system aQX**+...= n, iga;'" +...= v, can be derived from their

sources by repeating the operation 6 + S', and this operation on the coefficient of the

highest power of x vanishes : as in the case of a single original function (Art. 147).

Ex. 17. If we combine any quadratic with a cubic and form their Jacobian

Art. 198, it becomes in the method of Art. 219c a plane, and as we vary (the quad-

ratics) the chords of the twisted cubic the Jacobian varies, but always passes through

a fixed point. This point is easily seen by the determinant form for the cubicovariant

of a cubic (Art. 195) to be the point which corresponds to that cubicovariant.

Ex. 18. In the system of cubic and quartic the simplest linear covariant p. 219

vanishes identically if the cubic be of the form uvw and the quartic Au*+Bv* + Cw*' In

general, the system may be reduced to the form Au* + Bv* + Cw*, A'u'^ + B'v^+ C'w*,

where u + v + w = 0, by the canonizant a', a, b,
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LESSON XVIII.

HIGHER BINARY QUANTICS.

224. The Qmntic, There are in all (including the quintic

itself and four invariants) twenty-three forms. The invariants

are /, JT, L of the orders 4, 8, 12 respectively, and a skew

invariant / of the 18th. The discriminant R of the quintic

is not reckoned as a separate invariant, inasmuch as it
is, as

we shall presently see, a function {J^
— 128^) of the invariants

J and K.

Three of the covariants invite special attention, viz. the

Hessian 12'',
which if we take the quintic to be («,^,c,eZ,e,/3[a;,y)'*,

has for its value,

H= (ac- 2>')ic^+ 3 {ad-bc)x''i/+ 3 {ae-\-bd-2c')xY'{-{af-\-7he-Scd)xY

+ 3 {bf+ ce - 2d') xY + 3 (c/- de) x/ + [df-- e')/ .

There is a second covariant of the second order in the

coefficients, viz. the covariant quadratic 12*, the S of the quartic

emanant, which has for its value

8={ae- Ahd + 3c'0 x^ + (a/- 3be + 2cd) xy -f [bf- 4.ce + Zd^) y\

And thirdly, there is a covariant of the third order in the

coefficients, viz. the canonizant, the determinant expression for

which we gave Art. 169
;
that is to say, the covariant cubic which

has for its factors the
ic, ?/,

z of the canonical form. This covariant,

which is also the T of the quartic emanant, has for its value

[ace
- a(f-ei'+ 2bcd- c'j x^ + [acf- ade - Z>y+ bee + bd' - c'd) x^y

-^(adf-ae'-bcf\bde^6'e-cd:')xy^^^df-be^--cj\2cde-d')y\

225. In studying the quintic we constantly use the canonical

form aj' + by^ + c/ (where a; + y + ^ = 0), to which it has been
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shown (Art. 168) that the general equation may be rediicecl.

For this form the three covariants just considered are respectively

8 =2
hci/ii + cazx + ahxy^

T=dbcxyz,

Differentiating the quintic with regard to x and y successively,

we have u^
= ax*' — cz^, u^

—
hy^

- c^*. It is evident that the

resultant of these two will be the discriminant of the quintic,

and that the combinants of this system will be invariants

of the quintic. These invariants are then immediately found

from the expressions in Art. 223, where we must write for

a and &, a and —
c, for a and h\ h and — c. We have (24),

and therefore ilf=0; (13)
=

1, (12)
= -

1, (34)
= -l, (14)=-1,

(23)
= 1. We observe then at once that B vanishes. We can

see, by counting constants, that any two cubics can be brought

by linear transformation to be the two differentials of a single

quartic ;
but two quartics cannot be similarly brought to be the

differentials of a single quintic, unless the condition 5=0 be

fulfilled. Or it may be otherwise stated that this is the condition

that the quartics should be reducible to the form aw* + hv^ + cm?*,

The combinant A in like manner becomes

5V -f cV + a^h' - 2abc (a + J + c).

This, which we shall call J, is the simplest invariant of the

quintic, and it may be obtained in other ways; viz. either

by forming the discriminant of
/S,

or the quadratic invariant

12' of K
In either way we obtain the general value of / =

aY - 10a&e/+ ^acdf-\ 16ace' - I2ad''e + Uh'df

4- 9&V - 12&cy~ l^hcde + 485^' + 48c'e - Z2d'd\

226. The discriminant of the quintic may be obtained either

from the theory of two quartics, or by direct elimination

between the two differentials ax^ — cz\ hy^
- cz^. When these
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vanish together, we may take abc as the common value of

ax^j hy*'^
cz^

;
whence x = (Jc)^, y = (m)*, z = [ab)K Substituting

in a; + ?/ + 5! = 0, we get the discriminant in the form

(5c)i+(ca)i+(a&)i
=

0,

or {&V+cV+a'5''-2a?;c(a+ h+c)Y-U^d'y'c\hc + ca^ ab)
= 0.

Thus then we are led to the form for the discriminant J"^— 128JT,

where K is the invariant of the eighth order in the coefficients,

which for the canonical form is a'^^V {he + ca + ah).

This latter invariant may be otherwise defined : the invariant

K is found by substituting in the usual way differential symbols
for the variables, and operating with the square of the canon izant

on the Hessian. This can easily be verified by the canonical

form. Or else K can be found by forming the invariant 7, as

in Art. 198, of the covariant quadratic bcyz + cazx + abxy^ and

the canonieant. In any of these ways the general value is

found to be ^=
a'cdf - ayW - ay'b'd-Say'd'e

-
^a'fbc^ + Mfde^ + bafb'c

- 2aV - 2by' 4 a'/'bV + 1 Xd'fbcde
- hdjbci - baf'b'de

+ VldTbd^ + 12ay% - ZOdybd'e' - 80af'Fc'e + 15a'bde*

+ Ibb'cef
-
2ldy'c'd'

-
Ud'/c'de'

-
SAafb'cd' -f 22aVV

+ 22b'dy' 4 ISa'/cd'e 4 Uafb&d - 48a'ccfe' - ^^bVdf
- 21ayd''

-
21afc 4 ISa'^V 4 18&V/' 4 nUfb^e^cd

- UabW - 545W/- ISafb'd^e
- 18a/5cV 4 Sab'dV

4 3&Vey- 220afbec'd' 4 lOQabcW 4 10Qb'cd'ef+ ^^afbcd*

+ dSafc*de-SOabe'cd^ -SObWdf- dabed^ - dbec^- 38acV

^ SSb'dy- 4:2afc'd'+ 8acW 4 Sb'c'dy+ 6ac'd'e 4 ebc'dy

+ 27&V - 81&VC6Z4 385V(^'4 385Vc'4255VVc^'^- 575''ecc?*

- blbeVdi- 186''^Vl8cV4 1^becV^2Abc'd'-24.c'd'e+8c'd\

The value of the discriminant in general can be derived hence,
or else, as I originally obtained

it,
from the formula (Art. 220)

for the resultant of two quartics. We thus find
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R = a'f - 20aYhe - UOa'fcd -I- 160 {aJW -f ay'h'd)

+ 360 [a'fd'e + a'fbd')
- 640 [ujde' + afFc) + 256 (aV + h'f)

- lOaJ'hV - l^^OaY'hecd-^ 320 (a'yZ^e^c + a/'SW)
- U^Od'f {hd' + c'e) + 4080 [d'/Md' + «/'^Z>W)

- 1920 [d'he'd-\- I'ecf) -f 2640ayVaf='+4480 (at/cW + a/'^»W^)

- 2560 (aVe* + JVy'^)
- 10080 {aycd^e + «/''5cV)

+ 5760 [a^cd'i + Z>^cW/*^) + 3456 {d'd'f-^: afc')

- 21 60 (a'^^V + Wf) -
\%^afVi - U^20afh'e^cd

+ 7200 [aFe'c + Vidf) + 960a/(Z>'-'ecZ' + &eV)
- 600 [aV'id' + 2>Vcy ) + 28480a/Z^ec'^cf-l ^^m{aUd'd\h\cd'f)
- 1 1520a/ (Z>C6^* + G^de) + 7200 («5eW + V'e^df]

+ 6400 (acV + Wd'f) + 5120a/c'(^'
- 3200 (aeV^^ + Z'VJy)

- 33755V + 90005VcJ - 4000 (Z>V^' + 5Vc') + 20006Vc'<f.

The discriminant may also be expressed as follows : Let

A -aY -
Z^afhe + leafed

- S2ace^ - S2b'df- I2aed' - \2Uf
+ 2255V - 8205ec^+ 480 \:hd + ^e)

- Z2^c'd'
;

B= ^d'f - 22afhe
-

12a/c6^ + 64 {ace' + ¥dj )

- 36 (ae(^' + hcj)
- A5hV + 20hecd

;

0= aye + 2afbd
- dahe" - dafc' + 32acde - 1 8a^' + 6h'c/

-Idhed' + lOhcd^

D = U^df- 2aV - 9a/5c + ahed + ISac'e - 12aci' + ^Wf

-155'ec+10ra';

and let G\ U be the functions complemental to G and D (where
all these functions vanish if three roots be equal), then three

times the discriminant is

.45+ 64(7(7' -64i)i)'.

227. Quintics have also an invariant of the twelfth degree,
which may be most simply defined as the discriminant of the

canonlzant. For the canonical form for which the canonizant

is ahcxyz^ this discriminant is - a*5V. And, in general, this

discriminant is — Z, where the following is the value of L as

calculated by M. Fak de Bruno. To save space in printing we
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omit the complementary terms. Thus {a^&dip) stands for

L = aVJy* - 2 {ctc'de^f) + [a'^e^f)
" 6 (a^V^) + 16(aWV/^)

- 14 (aWe'/) + 4 (aV) + 4 (aVy^j - 11 {a'd'e^f)-\\^{a^d\'f)
- 3 (aV-e^) + ^a%'cdeY - 2 [a%Wf) -f 6 {a'h'd'ef)

- 16 {a'h'dVD + 14 (a^^raey)
- 4 (a^^»V) + h^a'hc'd^ef

- 82 [d'hc'dej') + 32 (a'^>cV/)
- 36 (a^^caf^ ') + 30 [a'bcdVf)

+ 30 [a^cd^ej)
- 24

(a«Z>ct?e«) + 28 [a'hd'ef]
- 50 {a'bdVf)

+ 22 (a^^'^e') + 16 (a'cV/) + 22aVd^f + 50 {a^^d^e^f)

- 16 (aVcZey)
- 16 (aVe«)

- 54 [a'c'd'ef)
- 46 [a'c'dVf)

+ 60 (aV-c?V) + 6 [d'cd'f) + 70 [a\d'ej)
- 56 (aWV)

- 18 (aVV) + 14 (a^c^V) + a'h'e'f + n2a'h'cde'f-b0[a:h'cey)

+ 14 [a'h'd^eY)
- 60 [aWd'eJ] + 30 (a'^>Ve«)

-
U^a'h'c'd'e'f

+ 48 {a'h'c'dej) -f 4 (a'^^^cV) + 48 [a'h'cd'ef) + 2 {a'h'cdVf)
- 6 {a^^cd^i)

- 62 (a^ray^) + 90 {a'h'd'ey)
- 39 (a'Z.Ve*)

- 112 (a^5cV/)
-

%2a'hc'd'ef + 170 [c^h^d^i.f) + 104 (a^JcVe*^)

H- 108 {a'hc'd'f) + 42 (a='^cW/)-298(a'Z>c'JV)-242 {a'hcd'ef)

+ 294 (a^JccZV) + 72 (a=^5cZy)
- 78 (a^5(^V) + 164 (aVtZey)

+ 24 (aVe^)
-
63a=cV/^- 394 [a'c'dVf]

- 194 (aVcTV)

+ 324 (aVc^V) + 440 (aV^V) - 78 (aV^y )
- 428 [aVd'e')

+ 180 {a'cd'e)
- 27 (aV^°) + l^ahVf^ 38a5Wey+ 36 (aZ^W)

+ 204 [ah^d'ey)
- 102 (aJW) - 308 [aWde') - ^"laWd^if

- 674 [aFcdVf] + 590 {aWcd^e') + 128 (ai'c^V)
" 138 (a5'c^V)

+ 4 (a^Ve^) 4- 652 {aWd^e^) + 714a2>VJV/+ 498 (ah'cd'ef)

- 1246 {ah'c'dV)
- 224 (aJ'ct^y) + 516 {ab'cd%')

- 48
(aS'^t^'e)

- 136 {abc'de')
-

l07Sahc*d'ef- 206 (a^'cVe^) + 342 (aJc'c^y)

+ 804 (aJc'c^V)
- 506 (ahc'd'e) + 90 [ahcd')

- 16 (acV)

+ 220 (ac'd'e')
-

lOQac'd'/- 392 (ac't^V)+222(acVe) - 40(«c'c?")

- 27^>V + 234&We^ - 32 {b'dV)
- llSb'c'dV + 246 [b'cdV)

- 4 {b'dV) + sm'c'dV - 550
{b'c'd'e') 4- 56 {b'cd'e) + 4

(^.^c^^J

- IddbVdV + 354 (5Vc/'e)
- 83

{b'c'd^)
- 3305c'c^^e

+ 72
(bc'd')

- IQc'd',
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On Inspecting this invariant it will be seen that It vanishes If

Z>, c, d all vanish. Consequently the form ax^ -^-bexy^ -\-fy^^ to

•which Mr. Jerrard has shown that the quintic can be brought

by a non-linear transformation, is one to which no quintic can

be brought by linear substitution unless L = 0,

228. We take J, K, L as the fundamental invariants of the

quintic, and we proceed to show how all its other invariants can

be expressed in terms of these. In the first place, it will be

observed that the interchange in the canonical form either of x

and
?/,

or of x and z^ is a linear transformation whose modulus

is — 1. Hence, if any invariant is such that when transformed

it is multiplied by an even power of the modulus of transfor-

mation, it must, for the canonical form, be unaltered by any

interchange of a, 5, c
;
that is to say, it must be a symmetric

function of these quantities. If the invariant is multiplied by an

odd power of the modulus, it must be such as to change sign when

any two of the quantities a, J, c are interchanged ;
It must

therefore be of the form [a
—

h)[h
—

c) (c
—

a) multiplied by a

symmetric function of a, 5, c. Now an invariant is in trans-

formation multiplied by a power of the modulus equal to its

weight. And (Art. 143) the weight of an invariant of the

quintic, whose order is n^ is |w. A quintic cannot have an

invariant of odd order in the coefficients. If the order is a

multiple of 4, the weight is an even nnmber, and the sign of the

invariant is unaltered by the interchange of x and y. If the

order be not divisible by 4, the invariant Is what we have called

skew^ that Is to say, such as to change sign when x and y are

interchanged. Let us first examine the former kind, which we

have seen must, for the canonical form, be symmetric functions

of a, Z>,
c. Now, since «/= (5c + ca -f a5)'— 4a5c (a + 5 + c),

X= a'^^V
[Jbc + ca + a5), L — a%^c^^ {from which we infer

^=J(^2-/Z)=a'^^V(a + & + c),*) it follows that if we are

* The reader must be careful to observe that though, in the case of the canonical

form, a^lr>& (a + i + c), for example, is divisible by a*b*c*, we have no right to infer

that in general S is divisible by L, unless in cases where the quotient abc {a + b + c)

haa been also proved to be an invariant.
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given any quintic, and transform it to the canonical form by
a substitution whose modulus is unity, the numerical values of

the new a, Z>,
c are given by the cubic

Now the order of any symmetrical function of a, J, c will be

equal to its weight in the coefficients of this cubic, and when

this weight is a multiple of 4, it is easy to see that the symmetric
function is a rational function of J, K^ L,

Being given, therefore, any invariant whose order in the

coefficients is a multiple of 4, it has been proved that we can

write down a rational function of /, JE", L^ which, for the

canonical form, shall have the same value as this invariant,

and therefore be always identical with it. And since it would

be manifestly absurd to suppose an integral function of the

coefficients to be equal to an irreducible fraction, it follows that

every non-skew invariant is an integral function of /, K^ L,

If we make the first three coefficients a, 5, c each equal 0,

J, K^ L all vanish. Hence when three roots of a quintic are

all equal, these three invariants vanish.* If we make a, J, e^f
all equal 0, e/ becomes - 32c'^d'\ and L, — 16cV^, and therefore

/' — 2048Z vanishes. Quintics therefore which have two pairs

of equal roots must not only have the discriminant =0, but

also J' = 2048L.

229. The simplest skew invariant is got by forming the

resultant of the quintic ax^+ hy^ + C2*, and its canonizant ohcxyz.

Substituting successively the three roots of the canonizant in

the quintic, and multiplying together, we get for the resultant

a^Z>V {b
— c){c-a){a — b),

'

This invariant, therefore, is of the

eighteenth order. Previous to its discovery by M. Hermite,t

* In general all the invariants of a quantic vanish, if more than ^n of its roots be

all equal. For when half the coefficients, counting from one end, simultaneously vanish,

no term of the proper weight (Art. 143) can be made with the remaining coefficients.

t See Cambridge and Dublin Mathematical Journal, vol. IX. p. 172. M. Hermite works

with a new canonical form, the x and y of which are the two factors of the quadratic

covariant. The quintic then is supposed to be such that ae — Ahd-it-dc^, b/— 4ce + 3d^

both vanish, and the quadratic covariant reduces to xy. The advantage of this is that

the operating symbol thence derived is simply
-

,
and some of the covariants

CISC wV

H H
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the possibility of the existence of skew invariants had not been

recognised. I took the trouble to calculate this invariant, and

the result is printed [Philosophical Transactions^ 1858, p. 455*),

but as it consists of nearly nine hundred terms I cannot afford

room for it here. The leading terms are aVy® — a^c^ ;
in this,

as in every skew invariant, the complementary terms having

opposite signs, and the symmetrical terms vanishing. More-

over if the alternate terms in any equation be wanting every
skew invariant vanishes. For in this case the weight of each

coefficient is even, but the weight of any skew invariant is an odd

number. Thus / vanishes if &, c?,y vanish ;
that is to say, if the

quintic can be reduced to the form x {x^
—

a**) [x^
—

/S**),
in other

words, if we consider the quintic as denoting five points on a

right line, the vanishing of / is the condition that one of these

points should be a self-conjugate point of the involution deter-

mined by the other four.

By the argument used, it is proved that every skew in-

variant of a quintic must be the product of this invariant / by
a rational function of /, K^ L*

230. The square of / being of the thirty-sixth degree can

be expressed rationally in terms of /, Z, L (Art. 228). The

actual expression is easily found.

By forming the discriminant of the cubic (Art. 228)

H
,
K

we obtain the product of the squares of the differences of a, J, c

in terms of J, K^ X, and thus have

PL = H'K' + 1%HKU - 27Z* - 4.K'U - 4.E'
;

or putting for il its value \{K'^ -JL)^ and dividing by Z,
we have

16P = JE"- + 8Zir' ~ ^J^LK"" - 12JKU - 432Z' 4- J^L\

In the last equation of Art. 222 when we make ^ = for

two quartics derived from a quintic we find by the same article

obtained by thus difEerentiating assume a very simple form. Notwithstanding, I

have preferred using Sylvester's canonical form, wliich I find much more convenient.

* Where the coefficient of hH'e^f %\iQy£A have been printed 12500.

a'-Tl^'-f-Tia-I^,
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^=D and by Art. 220 1+0=0; whence Jf' becomes the

function written here.

231. We come now to the covariants. We have already

(Art. 224) mentioned the quadratic covariant ^S' and the cubic

covariant T, Considering this system of a cubic and quadratic,

we have (Art. 198) a series of covariants which give com-

pletely all the covariants of the quintic which are not higher
than the third order in the variables. The five invariants of

Art. 198 reduce to four /, K^ L^ I already mentioned, the

discriminant of the cubic, and the resultant of cubic and

quadratic, both reducing to L, The four linear covariants

of the system of cubic and quadratic give four linear covariants

of the quintic, of the orders 5, 7, 11, 13, which for the canonical

form are respectively

abc {bcx + cai/ + abz)^

ahc {{bV+ a'bc) {y-z)+ (cV+ b'^ac) [z^x) + (aT+ c^ab) [x-y)],

a'5V [be (:y-z)+ ca {z-x) + ab {x
-

y)},

.a*JV [ax -{by + cz] .

These are the only distinct linear covariants of the quintic.

If we eliminate either between the first and last of these, or

between the second and third, or between the first of them

and the canonizant, we get Hermite's /; and if between the

first linear covariant and the quintic itself we get / (/*
—
3^).

Thus, then, if I vanish, or if J'^ = 3Jr, the quintic is immedi-

ately soluble, one of the roots being given by that linear

covariant. Hermite has studied the quintic by transforming
the equation, so as to take the first two linear covariants for

x and y, when all the coefficients in the transformed equation

are found to be invariants. The transformation becomes impos-
sible when the two linear covariants are identical, which will

be when their resultant JK+ dL vanishes.

The system of cubic and quadratic have (Art. 198) three

quadratic covariants, viz. in addition to 8 itself, the Hessian

of T or a''5V [x" + y'^ + z^)^ and the Jacobian of this and 8^ or

a'^^V {bcx (y
—

^) 4- cay [z-x)+ abz {x-y)].

These are the only distinct quadratic covariants of the quintic.
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Lastly, there are three cubic covariants, viz. in addition to

T itself, its cubic covariant c^W^ {y
—
z)[z

—
x) [x

—
y)] and the

Jacobian of S and T,

abc \bcyz [y
—

z)-\- cazx (s
-

jc) + abxy [x
—

y)}.

These are the only cubic covariants of the quintic. We have

now enumerated fourteen forms, whose order in the variables

is not higher than the third; adding to these the quintic and

its Hessian, there are still seven forms to be mentioned. If

we operate with S upon H^ we get a quartic of the fourth

order in the coefficients, which only differs by a multiple of

the square of S from dbc [ax*' + hy^ + cz^),

A second quartic covariant is the Jacobian of this and S^ or

a5c {a* (5
-

c) a:* + 6" (c
-

a) 2/* + c" (a
-

J) 2^}.

These are the only two quartic covariants. We have a quintic

covariant by taking the Jacobian of S and 27,
viz.

a*[h-c)x'-\-h*[c-a)y' + c'{a-l)z'

- abc [y -z){z~ x) [x
-

y) [yz + zx + xy),

A second quintic covariant is found by taking the Jacobian of

U and the quadratic covariant a*bV [x^* + 3/''
+ z*).

This gives

a'iV {ax' {y-z)+ by' {z-x) + cz' [x
-

y)}.

Of sextic forms there only is, in addition to the Hessian, the

Jacobian of S and -S, or

abc [ax^ (y
-

^) + by^ {z-x) + cz" {x
-

y)].

There is one septic form, viz. the Jacobian of U and the

simplest quartic covariant, or

abc [bcy^z^ (y-z) + caz^x^ (2
-

a;) + abxY [x-y)]-

And lastly, one nonic, namely, the Jacobian of i[7and ZT, or

a'hx'f
- a'cx'z' + 2>V«' - ^V^^' + c'az'x' - c'bz'y''

+ abcx^z^ {y
-

z){z
—

x) [x-y).

232. The forms might also have been arranged, as

Prof. Cayley has done, according to their order in the coeffi-
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clents. We give here, in his order, the leading terms of

the less complicated.

(1) w, Quintic, a,

(2) B^ Quadratic, ae - ibd + 3c^

(3) E, Sextic, ac - b\

(4) r. Cubic, ace - ad'' - h'e + ^hcd - c^

(5) Quintic, d'f- babe + 2acd + Sh'd - Qbc\

(6) Nonic, a'c?- Sabc + 26^

(7) Invariant / already given ;
fourth degree in coefficients.

(8) Quartic, d'
[e' -d/)+a {3bc/- 3bde - 4.c''e + Acd')

+ 6b'ce + 2b''d'' - 2by- Sbc'd+ Sc\

This differs by the square of S from the corresponding quartic

covariant. Art. 231
;
and is 12'' of Tand u,

(9) Sextic, a"" {cf- de)
- ab^- 2abce + 4iabd' - ac'^d + We

-eb^cd-^Sbc',

(10) Linear, d' [cf - 2de/+ e') + a (- by -
4.bcef+ Sbd''/)

+ a(- 2bde^-26'df-V 14cV) + a(- 22cd'e + 9t^')+ ^oWef- \2Wcdf
- 15bW + 10¥d'e + 65cy+ SObc'de - 20bcd^ - 15c'e + lOc'^.

(11) Cubic, a' {cef- 3dy+ 2de^) + a(- b\f\ Ubcdf- llbce^)

+ a {-bd'e-dcy-h U6'de- Qcd')
- Sb'd/+ 95V+ 66V/- IGb'cde

-f sra' + 35c'e - 2bc'd\ This is the Jacobian of S and r.

(12) Septic, a^ [2c'f- 6cde + U^) + « (- 4JV+ ^^Ve + bbc'e)

+ a (- 75c^' + c'd) + 26y- 5^>^C6 - 2b''d'^ Sb'c'd- 3bc\

(13) Quadratic, d' (- c^ + 5ccZe/- 3ce' - ddy+ 2dV)

+ a {2bY" - 5b'de/+ 3bV - 5bcY+ Ucdy)
+ a (- bcdd' - bd'e - c^df+ 6cV - ^6'd'e -f 3c6?*)

- b'P + 5^>^ce/+ 26Vy- SZ^^^e'^ - ^h'd'df- 4^>VV + 7Z>W''e

- Fd' + 35cy+ 55cVe - A.b6'd^ - Zd'e + 2c^d\

(14) Quartic, a' (- df^ e'f) + a' (3Jc/'+ 2bdef- 5be'- Sc'ef)

+ a' {2cdy+ 12cde'-Qd'e)-\-a{-2by''-2b'ce/-Qi;'d'f-\-lSb'de')

+ a (205c''J/'+ 45cV - 52Jc(^=^6 + 245^^* - 90*/+ 20c'c^e - lOc't^')

+ ebY- I2b'cdy^ 16bW + lOb'd'e + 6&V/+ 306V(^
- 20&'''c<f - 155c'e + lO^^c'^.
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(15) Linear, a' [cf - 4.def' + 36^) + a'^ (-Ff -
Zhcef^)

+ d' (1 ^hd'f + 4j6^ey- 15^»e* - ^^df" + 4cV/- 22c^y )

+ d' {2Qcde' + 9^y- l2dV) + a (7&V' " ^Ob'cdf + 5Vy*)
4- a (- 74.¥dY+ 84^6^ + IS&cy^ + IGOZ^cVe/- dShcV)

4- a (- 20bcdy- dihcdV + 5l5J*e - 81cV+ 18c'c?y+ 140c'Je")

+ « (- lOOc^^'6 -f I8ci') + Sb'df - ISb^ey- 65V/^ -f S2b'cde/

4- 455W + 112Z>Vy- IbOb'dV-QbVef- 284.¥cV/+ 50bVde*

+ 3205'''c^'e - 120^' + 2Ubc*d/- 153cV- SlObc'd'e + 130Jc'(^'

- 54cy+ dOc'de - AOc'd^

(16) Quintic, a'{cdf'^2cey^2dY-de') + d\-¥d/'-t2bV/)
+ a^^ (- 35cy=^

-
ebcde/+ 13bce' - Sbdy+ 2bdV)

+ d' [UcY- 2c'dy- 38cVe' + S4.cd'e - dd')

+ a {pVcf + 2Wdey- l2bV - 24JV6/+ 52b'cdy+ Ib'cde')

4- a (- 22¥d'e - 52bc'dy+ UbcV 4- 85cV^e - 5c^* 4- 18cy )

4- a (- 25c*^e + lOc'^')
-

2by'' 4- lOb'cef- 2Sb^dy+ ^Ob*de^

+ mb'c'dy^ 35b'cV - 60b'cd'e 4- 30J'^* - 12Z»V/4- WbVde
- 405V6^' - 1 5bc'e 4- 105cV^

(17) Invariant ^already given, 8^^ degree in coefficients,

(18) Quadratic, 8*^ degree in coefficients.

(19) Cubic, 9*^ degree in coefficients.

(20) Linear, 11*^ in coefficients.

(21) Invariant L already given, 12^^ degree in coefficients.

(22) Linear, 13^ in coefficients.

(23) Invariant 7, 18*^ in coefficients.

For (18), (19), (20), (22) we refer to Prof. Cayley's Ninth

Memoir on Quantics, PhiL Trans.^ 1871, p. 17.

233. Prof. Cayley* has been led to consider in the theory

of the quintic a new canonical form, which is obtained as

follows : Taking for convenience the quintic to be

(a, b, c, d, e, ^Jx, y)%

* It has been already mentioned (p. 134) that the method of discussing covariants

by means of their leading terms or sources was introduced by Prof, M. Roberts

See Quarterly Journal, vol. iv.
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using small Roman letters for the coefficients, suppose in the

first instance that a, &, c, d^ e, f denote the leading coefficients

of the first six covariants of Art. 232 respectively, thus

a = a, tf = ac - b2, e = a2f- 5abe + 2acd +SbM - Gbc^

i = ae - 4bd + Sc', <? = ace - ad^ - b^e - c^+ 2bcd, /= aM - 3abc + 2h\

where —f^ — a^ [ad
—

he) + 4c^ identically, so that any rational

and integral function containing f can always be expressed as

a function linear in regard to f. This being so, we have the

function

-
(a, b, c, d, e, f )(a:

-
by, at/)5

= x^ + lOxV (ac
-

b«) + lOx^ (a^d
- 3abc + 2b»)

+ 5x2^* (a'e
- 4a2bd + Gab^c - 3b*) + y^ (a^f

- 5a'be + lOa^bM - lOab'c + 4b'),

and forming the values of a^h — ^c^ and a^e - 2cf^ this is found

to be
=

(1,0, c,/, d'h - 3c^ a'e - ^c/Jx, y)\

The last-mentioned function, considering therein a, J, c, e^f as

denoting not the leading coefficients, but the covariants them-

selves, and (a;, y) as variables distinct from those of the quintic

and its covariants, is the canonical form in question. Using
in like manner d to stand for the covariant, we have between

the covariants a, 5, c, d^ e,y the foregoing identical equation

-f'^a^{ad-hc) + ^c\

which is to be used to reduce functions of the covariants so as to

render them linear in regard toy.

234. Criteria for the reality of roots of quintics. It ought
to have been stated earlier that the sign of the discriminant

of any quantic enables us at once to determine whether it

has an even or odd number of pairs of imaginary roots.

Imagine the quantic resolved into its real quadratic factors,

then (Art. 110) the discriminant of the quantic is equal to

the product of the discriminants of all the quadratics, multiplied

by the square of the product of the resultants of every pair

of factors. These resultants are all real, and their squares

positive ; therefore, in considering the sign of the discriminant,

we need only attend to the discriminants of the quadratic factors.

But the square of the difference of the roots of a quadratic is

positive when the roots are real, and negative when they are
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imaginary. It follows then that the product of the squares of

the differences of the roots of any quantic is positive when it

has an even number of pairs of imaginary roots, and negative
when it has an odd number. We have been accustomed to

write the discriminant giving the positive sign to the term

which is a power of the product of the two extreme coefficients.

This will have the same sign as the product of the squares of

differences of the roots when the order of the quantic is of the

form 4m or 4^2 + 1, and the opposite sign when the order is

of the form 4w + 2 or 4wi + 3. We see then, in the case of

the quintic, that if the discriminant be positive, there will be

either four imaginary roots or none
;
and if the discriminant

be negative, there will be two imaginary roots. It remains

then further to distinguish the cases when all the roots are

real, and where only one is so.

235. In order to discriminate between these remaining cases,

there are various ways in which we may proceed. The fol-

lowing* are, in their simplest forms, the criteria furnished by
Sturm's theorem. Let / be the quartic invariant as before, and

ii - 5" - ac, S^ae-^hd-V Zc\ T= ace + 'Ihcd- ad'' - eh^ - c',

M= aV - a^df+ ^alcf- Zahde + ^acd'' - 4ac'e - Wf
+ 5b'ce + 2hV-Sh(fd+3c%

then the leading terms in the Sturmian functions are proportional

to a, a, ir;5ES-\-daT, ^ EJ+USM+^S' -2UT% the last

of course being the discriminant
;
and the conditions furnished

by Sturm's theorem to discriminate the cases of four and no

imaginary roots, are that when all the roots are real the three

quantities H^ 5HS+ daT,
— HJ+ &c. must all be positive.

* These values are given by Mr. M. Roberts, Quarterly Journal, vol. iv. p. 175.

The reader who may use Prof. Cayley's tables of Sturmian functions (Philosophical

Transactions, vol. oxLvii. p, 735) must be cautioned that the fourth and fifth

functions are there given with wrong signs.

M is already written as (8) in Art. 232, and is connected with D in Art. 226

by the equation D := S"^ — 3M. In fact the expression for the discriminant E there

given is 9R = 257^ _ 192 (D^D^ - 4Z),Z)3 + SD^^), where the covariant whose source

is D is written Df,x*+4DiX^y+&c., and D=Do, C= 2D^, 8£ + ^ = - 10/, 3i? - J = 48i)2,
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236. We may apply these conditions to the canonical form

(c
-

a) x^ + bcx^y + lOcxY + l^cxY + 5ca;/ + (c
-

&) /,

in which case the equality of all but two of the coefficients

renders the direct calculation also easy. We easily find then

that the constants are c — a, c — a, «c,
— «V

;
and the fourth

being essentially negative, we need not proceed further, and we
learn that the equation just written has always imaginary roots.

We find then that when the invariant X of a quintic is positive,

the roots of the equation cannot be all real. For L being, with

sign changed, the discriminant of the canonizant, when L is

positive, the roots of the canonizant are all real, and the quintic

can be brought to the canonical form by a real transformation.

When L is negative, two factors of the canonizant are

imaginary, and the canonical form is

a[-2xf+[c-d^/[- 1)} {x\y^J[- 1))^

which, expanded, is

cZ/ + bcy^x
-

lOdy^x'
- 10cfx^ + bdyx" + {c-l 6«) x\

Writing for brevity c^ -\- d'^ = r\ I find for this form the Sturmian

constants to be d, d, r^, r*, r^ {-4:d'd'^ + 20acr^ + 57^^),
and it

would seem that the discriminant being positive, the roots are

all real if d and — 4aV^ + 20acr^ + 5/ are both positive.*

237. In practice the criteriaf furnished by Sturm's theorem

are more convenient than any other, because the functions to

be calculated are of lower order in the coefficients. It is, how-

ever, theoretically desirable to express these criteria in terms of

the invariants, and this is what has been effected by different

* I give this result, though suspecting its accuracy, because it seems to me to

disagree with the theory derived from the other methods.

f It may be noticed that there is no difficulty in writing down a multitude of

criteria which might indicate the existence of imaginary roots; for any symmetric
function of squares of differences of roots Z (a

—
/S)^, &c. must be positive if all

the roots are real. We can without difficulty write down such functions which are

also invariants
;
and which, if negative, show that the equation has imaginary roots.

But then these may also be positive when the roots are imaginary, and the problem

is to find some criterion or system of criteria, some one of which must fail to be

Batisfied when the roots are not all real.

II
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methods by Hermite and by Sylvester. We proceed briefly

to explain the principles of Sylvester's method, which is

highly ingenious. We have seen already that when the

invariants J, K^ L are given, then a, Z>,
c of the canonical

form may be determined by a cubic equation ;
and we can infer

that to every given system of values of J, K^ L will correspond

some quintic. But to every system of values of J, K^ L will

not correspond a real quintic. In fact, we have seen, Art. 230,

that the J, K^ L of every quintic with real coefficients, are such

that the quantity G is essentially positive, where G is

JK' + ^LK' - 2rLK' - 12JUK- 432i:^ + J'L\

For G has been shown to be the perfect square of a real

function of the coefficients of the general quintic, viz. a'c?y®+&c.,

this being the elimlnant of the quintic and Its canonlzant, and

therefore necessarily real. We may in the above substitute for

iTits value in the discriminant from the equation J"^— 128ir= i>,

and so write G^

JIT -4. [J' + 2'L) D' + (6/^
-

29-2^°i:) J'D^

- 4 [J'
- ei.2VL - d.^'^'L') JD + {J''- 2''Ly (J'- 27.2'°Z).

If now, to assist our conceptions, we take /, i>, L for the

coordinates* of a point In space, then G=0 represents a surface
;

and points on one side of
It, making G positive, answer to real

quintlcs, while points on the other side, making G negative!,

answer to quintlcs with imaginary coefficients.

238. Now, in the next place, we say that if the coefficients

in, an equation be made to vary continuously, the passage from

real to- Imaginary roots must take place through equal roots.

For, let any quantic (t>{x) become by a small change of

coefficients i^ (a?) +£>|^ (a:),
where s is infinitesimal, and let a be

a real root of the first^ a + A a root of the second
;

then we

*
Sylvester takes L in the usual dii-ection of a;, J of

t/,,
and J) of z.

t Points for which G = answer to real quintics,. and it is easy to see that in

this case the equation admits of linear transformation to the recurring form. For we
have proved that when G = two of the coefficients of the canonical, form are equal.

The equation is therefore of the form ax^ + ay^ + b {x + yY = 0.
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bave
<!> (a + h) + Byfr (ol)

=
] whence, since

(f) (a)
=

0, we have

^</> (a) + e>|r (a)
=

0, which gives a real value for h. The con-

secutive root a + ^ is therefore also real. But if 0' (a) vanishes

as well as
</> (a), the lowest term in the expansion of (^ (a + A)

will be h^j and the value of h may possibly be imaginary.

When, therefore, the original quantic has equal roots, the cor-

responding roots of the consecutive quantic may be imaginary.
It follows then, that if we represent systems of values of

J, Z>, L by points in space. In the manner indicated in the last

article, two points will correspond to quintics having the same

number of real roots, provided that we can pass from one to

the other without crossing either the plane D or the surface G,

If points lie on opposite sides of the plane Z>, we evidently

cannot pass from one to the other without having, at an inter-

vening point, Z> = 0, at which point a change in the character

of the roots might take place. If two points, both fulfilling

the condition G positive, be separated by sheets of the surface

G, we can not pass continuously from one of the corresponding

quintics to the other; because when on crossing the surface

we have G negative, the corresponding quintic has imaginary
coefficients. But when two points are not separated in one of

these ways, we can pass continuously from one to the other,

without the occurrence of any change in the character of the

corresponding quintics.

Now Sylvester's method consists in shewing, by a dis-

cussion of the surface G, that all points fulfilling the condition

G positive, which he calh facultative points, may be distributed

in three blocks separated from each other either by the plane
D or the surface G. And since there may evidently be

quintics of three kinds, viz. having four, two, or no imaginary

roots, the points in the three blocks must correspond respectively

to these three classes. I have not space for the elaborate

investigation of the surface G, by which Sylvester establishes

this; but the following is sufficient to enable the reader to

convince himself of the truth of his conclusions.

239. One of the three blocks we may dispose of at once,

viz. points on the negative side of the plane V, which we have
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seen (Art. 234) correspond to qumtics having two imaginary-
roots. Next with regard to points for which D is positive.

We have seen, in the last article, that a change in the character

of the roots takes place only when D = 0] our attention is

therefore directed to the section of G by the plane D. We see

at once, by making Z) = in the value of G (Art. 237), that

the remainder has a square factor, and consequently that the

surface G touches D along the curve J^ — 2^^L^ and cuts it

along e/^ — 27.2**'Z. Now, if a surface merely cut a plane, the

line of section is no line of separation between points on the

same side of the surface. If, for example, we put a cup on a

table, there is free communication between all the points inside

the cup and between all those outside it. But if a plane touch

a surface, as, for instance, if we place a cylinder on a table,

then while there is still free communication between the points

inside the cylinder, the line of contact acts as a boundary line,

cutting off communication as far as it extends, between points

outside the cylinder on each side of the boundary.
Now Sylvester's assertion is,

that if we take the negative

quadrant, viz. that for which both / and L are negative, and

if we draw in the plane of xy the curve J' — 2"Z, then all

facultative points in that quadrant, lying above the space in-

cluded between the curve and the axis Z = 0, form a block

completely separated from the rest, and correspond to the case

of five real roots.

240. In order to see the character of the surface, I form the

discriminant of G considered as a function of K^ which I find

to be —V [J^ + 27i>)^ Consequently, when both / and L are

negative, the discriminant is negative, and the equation in K has

only two real roots. To every system of values, therefore, of

J and L correspond two values of K^ and consequently two

values of D and the surface is one of two sheets. Now I say

that it is the space between these sheets for which G is positive.

In fact, since G is JZ)* + &c., it may be resolved into its factors

J [D - a) [D
—
^) [[D

—
r^Y -\- h"^] '^

and since J is supposed to be

negative in the space under consideration, D must evidently be

intermediate between a and ^ in order that G should be positive.
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Now the last term of the equation being {J''-2'^LY (/'-27.2''X),

if J^ be nearly equal to 2"Z, will be of opposite sign to Z, or

in the present case will be positive. And the coefficient of D*

being negative, we see that on both sides of the line J^ = 2^^L

the values of D are, one positive and the other negative, that

is to say, the two sheets of the surface are one above and the

other below the plane jD. But I say it is the upper sheet which

touches D along J^ — 2"X. This may be seen immediately by

looking at the sign of the penultimate term in the equation

for i>, by which we see that when the last term vanishes, the

two roots are and negative. The theory then already ex-

plained shows that the curve J^ = 2"Z acts as a boundary line

cutting off communication in that direction between facultative

points on the upper side of D. But, again, communication in

the other direction is cut off by the plane Z = 0. For when

we make L positive, the discriminant becomes positive, and the

equation in D has either four real or four imaginary roots.

But the first Sturmian constant is proportional to L (/* + 12Z),

which, when / is negative, and L positive and small, is negative.

Immediately beyond the plane L, therefore, the equation to

determine D has four imaginary roots, or the surface does not

exist. The facultative points, therefore, lying as they do within

the surface or between its sheets, are cut off by the plane X,
on which the sheets unite, from communication with points

beyond it. Thus the isolation of the block under consideration

has been proved.

I need not enter into equal detail to prove that all other

facultative points have free communication inter se. The line of

contact 2"Z/ — J^ is no line of separation in the quadrant where

J and L are both positive. For then it is seen, as before, that

it is the points outside the two sheets which are facultative, and

not the points between the surface and touching plane.

The result of this investigation is, that in order to have all

the roots real, we must have the quantity 2"i^ — J^ positive,*

*
Sylvester has inadvertently stated his condition to be that 2"Z — J^ is

negative. It is easy to see, however, that what he has proved is, that this quantity
must be positive. For the block which he has described hes on the side of the curve

2^^L—J^ next to the axis L — Q. But when L is and J negative, 2^^L—J^ is positive.

m
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and L negative, which also infers / negative. If either con-

dition fails, our roots are imaginary. It is supposed that in both

cases D is positive.

241. We have seen that the cylinder parallel to the axis

of z. and standing on the curve 2"Z — J^ does not meet G above

the plane D ;
the two values of z being one 0, the other nega-

tive. Any other surface then standing on the same curve and

not meeting G would serve equally well as a wall of separation
between the two classes of facultative points. For, all the

points between the cylinder and this surface would be non-

, facultative, and therefore irrelevant to the question. Sylvester

ba^ thus seen that we may substitute for the criterion 2"X —
«/',

2"iy — «/' + /iJZ>, provided that the second represent a surface

not meeting G above the plane D. And on investigating

within what limits jx must be taken, in order to fulfil this

condition, he finds that /* may be any number between 1

and - 2.

He avails himself of this to give criteria expressed as sym-
metrical functions of the roots. In the first place

2(a-/3r(^-7r(7-ar(8-£r
is an invariant (Art. 136), and being of the same order and

weight as / can only differ from it by a numerical factor,

which factor must be negative, since this function is essentially

positive ;
and / we have seen is essentially negative when the

roots are all real. And secondly, the symmetric function

2(a-/3r(/3-7r(7-ar(s-ar(£-^r(£-7r(S-ar(S-/3r(S-7)*,

(the relation of which to the other may be seen by writing it

in the form D'^ (a
- pf' (^

-
7)"''^ (7

- a^ (B
-

s)"*, where D is

the discriminant), is also an invariant, and of the twelfth order.

It must therefore be of the form aJ ^ + ^JD + 7L. Now, by

using the quintic* x [x^
—

c^) {x^
-

¥)^ the symmetric function

* It was observed, Art. 229, that the characteristic of this form is that Hermite's

invariant / vanishes, hence it may be safely used in calculating any invariant function

whose order is divisible by 4 and is below 36, since such forms cannot contain /, but

though this form may be safely used ia this case, it cannot always be safely used.

For when a linear factor of a quintic is also a factor in the sextic covariant of the

remaining quartic, a relation must exist between the invariants.



INVARIANTS OF PRODUCT OF QUARTIC BY A FACTOR. 247

may easily be calculated and identified with the invariants
;
and

the result is that its value is proportional to 2"X - J^ + i^D,
Since then the numerical multiplier of JD is within the pre-

scribed limits, it may be used as a criterion, and Prof. Sylvester's

result is, that the two symmetrical functions mentioned are such

that not only are both positive, as is evident, if the roots are

all real, but also if both are positive, and D positive, the roots

must be all real. It ought to be possible to verify this directly

by examining the form of these functions in the case of an

equation with four imaginary roots.

242. I have also tried to verify these results by examining
the invariants of the product of a linear factor and a quartic,

(ace 4- /3?/) (a?* + Gw^ccy 4- ^*) ;
these being necessarily covariants

of the quartic (Art. 201). The coeflScients of the quintic are

then 5a, /S, Zma^ 3w^, a, 5y8 ;
and I find for the J of the quintic,

48 {^SH- 3TU), or 48 times

(5m + 27m^) (a* + 13') + (8
- ISm' - 54m*) a'l3\

Now the roots of the quartic are all real when w is negative,

and when 9m* is greater than 1. On inspection of the value

given for /, we see that when m is negative every term but

one is negative. Giving then m its smallest negative value — J,

/ is negative, viz. - 144
(a''

—
/3'^)' ;

and J is d fortiori negative
for every greater negative value of m. Or we may see the

same thing by supposing /8= 0, when we -have only to look at

the coefficient of the highest power of a in 8SH— STU, which

is - 8 {F — ac)S — 3 Ta, But now if we call the three Sturmian

constants -4, jB, C, viz.

A = h'-ac, 5 = 2/9^ + 3Ta, C^8'-27T%
the value given for / becomes —QAS—B, which is essentially

negative when the roots are all real.

The invariant X, according to my calculation, is

54. {8SH-^TUf-UOO {S'-27T') [4.H' -8EU'+ TU')
+ 150 (8' -27 T') U' {SSH+15TU) -4.050U'S' {28H-3TZrjj
whence 2"iy — J^ differs only by a positive constant multiplier
from

- 128 [8'
- 27 T') [Ur - S8HU'' 4- TV)

+ 3 [8'- 27 T') U' {S8H+ 15TU) - 81 U'8' (2/ffl- 3TU),
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Writing ^ = a'^c^ - 3a5c + 2Z>^,
the coefficient of the highest

power of a in this is

128 Cd' + Sld'S' + 4:5a'CB - 54.a'CSA.

All the terms of this but one are positive when the roots are

all real, but as there is one negative term, is it not obvious, on

the face of the formula, that the whole will be positive when

the roots are all real. Still less that if this formula be positive

and J negative, the roots are necessarily all real. Therefore,

although no doubt Prof. Sylvester's rule may be tested by the

process here indicated, to do so requires a closer examination of

this formula than I am able to give.*

243. Prof. Cayley in his Eighth Memoir on Quantics

(Phil, Trans. 1867), proceeded by a method a little different

from that described above. Adopting as coordinates

2"Z-J' D
»=—

j3
—

J y=-j^i ^=^)

then from the foregoing equation

167*^ = JK^ + SLK' - 2J'LK'' - 12JUK^ 432Z' 4 J'L\

where, K=-^\-g (J''*
—

i>), we deduce without much difficulty

P
2.2" _.g

= - 3a;' - a;' + 2/ (72a;' + 205a; + 125) -f y'' (- 29a; - 17)J

+ 2/' (- a; - 9) + y\2 = ^ (a;, y) suppose ;

or, since 2 = J, we have z<^ (a?, 3/)
= 2 . 2"'* y^

=
positive,

and the surface G = may be replaced by z^ (a;, ^)
=

;
that

Is,

by the plane z — and the cylinder (f> (a;, y)
— 0. The configura-

tion of the regions into which space is divided by this surface

depends only on the form of the curve <^ (a?, ^)
=

(Prof.

Sylvester's
" Bicorn "), which is the section of the cylinder by

the plane z = 0^ and the discussion as to the reality of the roots

may be then effected by means of the plane curve alone; the

results, of course, agree with those obtained above.

* The verification, however, is easy in the particular case x (x* + Qmx^y^ + y*).

We have then /= ^^m (5 + 27^2), L = 12™ (5
- Qm^)* ;

2"Z, - /' proportional to

m (1
-

9m2) (50 + ^hm- + 648»i* + 729^6). Thus, when m is negative, and 9^2 > 1,

we have / and L negative and 2"Z - J^ positive. The latter is positive for imaginary-

roots only when m is positive, but in this case J is positive. The imaginary roots

must, therefore, be detected by one criterion or other.
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244. It has been already mentioned (Art. 231), that M.
Hermlte has made use of the fact, that the quintie as well as

every equation of odd degree is reducible to a forme-type^ in

which the x and y are linear covarlants and the coefficients are

invariants. It follows immediately, that by applying Sturm's

theorem to the forme-type^ the conditions for reality of roots

may be expressed by invariants.

Hermite extends his theorem to equations of even degree
above the fourth, by the method indicated in Art. 248. Writing

f'-ZK^M^ JK-\-dL = N', and Q a numerical multiple of

Hermite's /, such that

Q' - JK'M' - 2MNK[J' + UK) + JN' [J' + I^K) - 48i\P,

then the coefficients of the forme-type are

B = JKM' -MN{r + ISiT
) + 30/iV^,

G=Q[JM-12N),
D = J'KM' - JMN{J^ + mK) + N' (42J^ + 144^"),

E=Q[J''M-2UN),
F =rKM ' - J'MN{J'+ ^2K) + NVi^if' + 2S8K) - 1 1 52A^^

Thus the first Sturmian constant B'^ —AG is found to be

SQN' {{MK- hJNf - UMN'%
The Sturmian constants being essentially unsymmetrical, there

seems no reason to expect that the discussion of these forms

would lead to any results of practical interest. The coefficients

of the forme-typey as M. Hermite remarked, satisfy the relations

AJ''-2CJ+E=0, BJ'-2l)J-\-F^-ll62N%
AE-4.BI) + SC^ = -12'N% AF-ZBE^2CD=.Q,

BF-4.CE+SD' = 12VN\

Thus then the quadratic covariant is N^ {x^
-

Jy^) ;
and

operating with this on the quintie, we get the canonizant in the

form
N' [AJ- C, BJ- Z>, CJ- E, DJ- FJx, yY ;

the coefficients inside the parentheses being all further divisible

by N. Hence we have

ACE-^ 2BCD - AD' - EB' - C=^ = - 4 . 12'N'Q,
KK
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and tlie second Sturmian constant is got immediately by
substituting in the formula of Art. 235, the values just found for

245. The Tschirnhausen transformation consists in taking
a new variable

y = a + /3ic + 70?'' +...+ Xa;"''
;

then there are n values of y corresponding to the n values of x,

and the coefficients of the new equation in y are readily found

in terms of those of the given equation by the method of

symmetric functions, the first for example being as^-^- I3s^+ys^+&c,
The coefficient of y'''^ is evidently a linear homogeneous function

of a, /?, &c., that of
^""''

a quadratic, of ?/""' a cubic function,

and so on. In .the case of the quintic, the transformation is

y=za.-\- fix-\-<yx'' -^ Bx'^j
and we have four constants a, /3, 7, S

at our disposal. Mr. Jerrard pointed out that the coefficient of

y^ being a quadratic function of a, /3, 7, 3 was (Art. 165)

capable of being written as the algebraic sum of four squares,

say t^ - u^ + v^ — w\ It can therefore be made to vanish, by

assuming two linear relations between a, yS, 7, S
;

^ — w = 0,

v — w = 0. If we combine with these two that linear relation

which makes the coefficient of ?/* vanish, we have three relations

enabling us to express three of the constants a, ^8, 7, S linearly

in terms of the fourth. We can then by solving a cubic make

the coefficient of ^^ also vanish, or else by solving a biquadratic

make the coefficient of y vanish. In this way Mr. Jerrard

showed, that by the solution of equations of inferior orders,

a quintic may be reduced to either of the trinomial forms

y^ jfly^ c, or y^ + hy"^
= c. The actual performance of the

* The coefficients of the forme-type of the quintic were given by M. Hermite

{Cambridge and Dublin Mathematical Journal, 1854, vol. IX. p. 193), and re-calculated

by me before I found out the key for the translation of Hermite's notation into

Sylvester's, which is A = 7, J^ = — K, /, = JK + 9L.

The discussion of the invariantive characteristics of the reahty of the roots of

a quintic was originally commenced by M. Hermite in the same classical paper,

and was resumed by him in his valuable memoir presented to the French Academy,
t. 62, 1866. His result, in our notation, is that the roots are all real, when the dis-

criminant being positive, we have also positive K, 2^^L—J^+JD, and K{JL+ K^)—18L^.
It seems to me that this result is superseded by the greater simplicity of Prof.

Sylvester's criteria.
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transformations would be a work of great labour, but M. Hermite

showed how, by somewhat altering the form of substitution, we
can avail ourselves of the help of invariants.

If we have to transform the equation ax + hx"^ + cx"^ + &c.,

Hermite assumes

y — ak-^ [ax + 5) a + [ax^-k- bx + c) ^ + {ax^-\- hx^-\- ca; + c?) 7 + &c
,

then in the first place the transformed equation will be divisible

by a
;
and secondly, if the given equation be linearly transformed,

and if the corresponding substitution for the transformed

equation be

r=^V + [AX + 5) a' + [AX'' + 5X4- (7) /3' + &c.,

then he has shewn that the expressions for a', /3',
&c. in terms

of a, /3, &c. involve only the coefficients of linear transformation,

and not those of the given equation. It is hot so with respect

to the first coefficient
X,,

which we have therefore designated

by a special letter. But the theory of linear substitutions will

be directly applicable to all functions of the coefficients of the

transformed equation which do not contain \. Such, for

example, will be all symmetric functions of the difierences of

the roots of the new equation, since, on subtracting

y^
= aX+ [ax^ + 5) a + &c., ^^

= a\ + [ax^ + J) a + &c.,

X disappears. Or, what comes to the same thing, if we take \
such that the coefficient of ^""^ in the new equation shall vanish,

then the theory of linear substitutions is applicable to all
thp

coefficients of the transformed. I give Cayley's proof of

Hermite's theorem, and, after his example, take, to fix the

ideas, the quartic

(a, 5, c, d, ejx, l)\

Then, as we have used binomial coefficients, we shall write

the equation of transformation

y:=aX-\-[ax + 45)7- (aa;"'+ ^hx + 60) /8 + (aa;'-f ^hx'-\- Qcx + 4J) a.

Adding the 4 values of y^ and employing Newton's formulae

for the sums of powers of the roots, we see that the coefficient

of ^""^ in the transformed equation will vanish if

aX + 3Z>7
-

3c/3 + cZa = 0.
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This reduces the value of y to

(oo; + 5) 7 - [ax^ + ^bx + 3c) /3 + {ao^ + 45a;'' + 6ca; + 3c?) a.

In general it will be observed, that in this substitution all

the terms have the binomial coefficients corresponding to the

order of the given equation, except the terms not involving a?,

which have the binomial coefficients answering to the order

one lower.

246. Now what is asserted is, that all the coefficients of the

transformed equation will be invariants of the system

(a, 5, c, d, ejx, y)\ (a, ^, rflx, y]%

and of course if we regard y as constant, the whole transformed

function will be such an invariant.

This will be proved by shewing that it is made to vanish by
either of the operations

d ^i d ^ d , ^d ( d ^r^ d\

.n d ^ d ^ , 6? d /
-,
d d\

Let the general substitution be y = F, and let F^, F^, &c. be

what F becomes when we substitute for x each of the roots of

the given equation, the transformed in y is the product of the

factors y— V^^y— Fg, &c., and it is sufficient to prove that each

of these factors is reduced to zero by this differentiation. We
may, as in Art. 64, write the first part of the first operation

-^ ,
and in order to calculate

~-jp ,
we must find -^ . Operating

on the given equation, we get

dx dx
(a, h, c, d]ix, If^ + (a, h, c, djx, 1)^

=
0, or ^

= - 1.

The part then of the difierential of F which depends on the

variation of a; is
^

-
{^7

-
[2ax + 42>) /8 + (3aic' + Shx + 6c) a},

and the part got by directly operating on the a, Z>,
&c. which

explicitly appear in F is

ay - {lax 4- 65) /8 + (4aa;' + Uhx + 9c) a.
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Adding, we have

-^
=- 2 [ax + h) ^ + {ax^ } ^hx + 3c) a =^ -

(a -^ +2/3 —j ,

which proves that the effect of the first operation on V is zero.

In like manner, for the second operation, we have, by

performing on the original equation,

{a, h, c, dlx, 1)'^ + a; (5, c, d, eXrr, 1)'
= 0.

But the original equation may be written

X (a, 5, c, d\xj iy+ {by c, dj e^x, 1)^
= 0.

Hence ^- = ic^ The part of ^- due to the variation of x Is

drj
*•

drj

therefore

ax'y
-

[2ax^ + ^hx^) yS + (3aa:* + 85a;' + ^cx^) a.

The remaining part is

{^hx 4- 3c) 7
-

{^hx^ + I2cx ^^d)P-T (45a;' + 12ca;' -f 12c?a; + 3e) a.

Adding, the coefficient of a vanishes in virtue of the original

equation, and the remaining part is found to be

/ dV ^^dV\

which completes the proof of the theorem.

247. When this transformation is applied to a cubic, if we
consider a, /3 as variables, the coefficients of the transformed

equation in
i/

will be covariants of the given equation. The
transformed in fact has been calculated by Prof. Cayley, and

found to be y^-^ZHyW^ where -9^ is the Hessian {ac—W) a^-|- &c.,

and J is the covariant (Art. 142), {d'd- Sabc + 2¥) a' + &c.

Prof. Cayley has also calculated the result of transformation

as applied to a quartic. Take the two quantics, as in Art. 212,

(a, 5, c, d, ejx, y)\ (a, /3, rf^x, y)\

and let G denote the skew invariant of the same article, p. 203
;

let 8 and T denote the two invariants of the quartic ;
also let

S' = 6A, then the transformed function in y is

/ + 6 (S f M)/ + 4(7^H- /^<^''- 32'- 6fi'2A + 18T<^A.
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Prof. Cayley has also calculated the S and T of the trans-

formed equation. In making the calculation, it is useful to

observe that since the square of /, from which G was derived

(p. 204), can be expressed in terms of the other invariants, so

also may the square of C; the actual expression derived from

his being in our notation

- C' = T(t>'- S^cj^'- 9 (22 4- ^S'A) rA<^+ (2S + 3>S'A)''S + 5iT'A\

The result then is that the new S is
/S'(/)' + 3/S"A'+ IS^A^,

and the new T is Tf + S'Acj;' + dA'STcji + A^ (54r -
S'),

Finally, he has observed that these are the ^S' and T of

U<f>-{-6HA, as may be verified by the formulae of Art. 210.

It follows, then, that the effect of the Tschirnhausen transforma-

tion is always to change a quartic into an equation having the

same invariants as one of the form U+XH, and, therefore,

reducible by linear transformation to the latter form. The

foregoing results in a different notation are reproduced, and the

corresponding results for the quintic are obtained in Prof.

Cayley's Memoir on Tschirnhausen's Transformation, Phil,

Trans., vol. CLII. (1862).

248. The following is the form in which M. Hermite

presented his theory, and applied it to the case of the quintic.

Let w be a quantic (ic, yf ; w^, u^ its differentials with regard

to X and y ;
let (^ be a covariant, which we take of the degree

w — 2 in order that the equation we are about to use may be

homogeneous in x and y ;
then the coefficients of the transformed

equation, obtained by putting z =—
,
are all invariants of u.

The equation in z is got by eliminating x and y between

zu^
—y^ = Oj and w = 0, or, what comes to the same thing,

zu^ + £C(^
=

0, which follows from the other two. If we linearly

transform x and y, the new equation in z is got, in like manner,

by eliminating between zU^— Y^ = OjzU^ + X^ = 0. But, if

X = \X-\- fJbY, y = X'X + yLfc'F, A = Xfjf
- XV, we have

AX= f/x — fiy, AY=\y —
\'x,

and Art. 130, U^ = \u^ + \\, U^ = iiu^ + /a\, and, since ^ is a

covariant, we have 4> = A*0. Making these substitutions, the

equation in z, corresponding to the transformed equation, is got
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bj eliminating between

z {\u^ + \\) - A*-'<j> {\y
-

\'x)
=

0,

z
{fjLU^ + fji\) + A'-'cf) [tix

-
tiy)

= 0.

Multiply the first by /*',
the second by X', and subtract, and we

have ^zu^
—
A*y^ = 0. In like manner, multiplying the first

by /^, the second by \, and subtracting, we get ^zu^ + A'ic<^
= 0.

In other words, we have the two original equations, except that z

is divided by A*'\ Consequently, the equations in z corre-

sponding to the original equation, and to the same linearly

transformed, only differ in having the powers of z multiplied by
different powers of the modulus of transformation A, and

therefore the several coefficients of the powers of z are

invariants.

The actual form of the equation in z will be

^" +
^^"-'+^^"-'

+ &c. = 0.

It is easy to see that the discriminant will appear in the

denominator
;
and the coefficient of ^""* will vanish, since, if

<j}

be any function of the order w — 2, the sum of the results of

substituting all the roots of U in
-jj

vanishes. In fact, when

the terms of this sum are brought to a common denominator,
the numerator is the sum of (pa. multiplied by the differences of

all the roots except a, and this is a function of the order n — 2

in a, which vanishes for n — 1 values of a, a = y8, a = 7, &c., and

must therefore be identically nothing.
In applying this method to the quintic (ic, 1)*, Hermite

substitutes

where ^j, (^2, (f>^^ (j>^
are four covariant cubics of the orders

3, 5, 7, 9 respectively in the coefficients.
<f>^

is the canonizant.

<^2
is the covariant cubic of the fifth order, the Jacobian of S

and T whose leading term or source^ whence all the other terms

can be derived, is printed in full as (11) Art. 232
;
on inspection

we see that this source vanishes if both a and h vanish
;

consequently, if the given quintic has two equal roots, their
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common value satisfies this covariant. We can form a

covariant cubic of the seventh order from
<j)^

in the same way
that <^3

was formed from 0^, and by adding (/>,, multiplied by J
and a numerical coefficient, can obtain

(f>^^
such that its source

vanishes when a and b vanish
; and, in like manner

(p^
can be

made to possess the same property.

When this substitution is made, the coefficient of z^ is a

quadratic function of a, /3, 7, B. Hermite finds for its actual

value (a result which may be verified by working with the

special form, note, p. 248),

{Fa' + eKJDay -D {F+ 10JK) y'} + D {Kfi' + 2F0B

-{dKB-^lOAF}^'],

where F=d [l^L—JK)^ which vanishes when the quintic has two

distinct pairs of equal roots. By breaking up into factors each

of the parts into which this coefficient has been divided, the two

linear relations between a, 7 ; yS, S, which will make it to vanish,

can readily be obtained
;
as also by another process which I shall

not delay to explain. The discussion of this coefficient is also

the basis of Hermite's later investigations as to the criteria for

reality of the roots. He avails himself of a principle of

Jacobi's [Grelle^ vol. L.), that if a, /3, 7, &c. be the roots of a

given equation, and if the quadratic function

be brought by real substitution to a sum of squares, the number

of negative squares will be equal to the number of pairs of

imaginary roots in the equation. Hermite shews, by an easy

extension of this principle, that the number of pairs of imaginary
roots of the quintic is found by ascertaining the number of

negative squares, when the coefficient of z^ just written is

resolved into a sum of squares. And since the same process is

applicable to every equation whose degree is above the fourth,

he concludes that the conditions for reality of roots in every

equation above the fourth can be expressed by invariants.

249. It does not enter into the plan of these Lessons to

give an account of the researches to which the problem of
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resolving the quintic has given rise.* The following, however,

finds a place here on account of its connection with the theory

of invariants. Lagrange, as is well known, made the solution

of a quintic to depend on the solution of a sextic
;
and it can

easily be proved that functions of five letters can be formed

capable of six values by transposition of letters. Let 12345

denote any cyclic function of the roots of a quintic ; such, for

example, as the product

(«- /sr (^
- 7r (7 -ar (8 -£)'(£-«)•,

where evidently 23451 and 15432 would denote the same as

12345; then it can easily be seen that there can be written

down in all twelve such cyclic functions. But, further, these

distribute themselves into pairs ;
and by so grouping them we

can form a function capable of only six values; for instance,

12345 + 13524, 12435 + 14523, 13245 + 12534, 13425 + 14532,

14235 -M2543, 14325 + 13542. The actual formation of the

sextic having these values for its roots is in most cases a work

of extreme labour. M. Hermite, however, pointed out that

when the function 12345 is the product of the squares of

differences written above,! all the coefficients of the corre-

sponding sextic are invariants, and that the calculation therefore

is practicable. I have thought it desirable actually to form

the equation, because, in the development of the theory of

sextics, it will be necessary to ascertain the invariant

characteristics of sextics whose solution depends on that of a

quintic; and it may be useful to be in possession of more

than one of the sextics which spring out of the discussion of a

quintic.f I take the simple example £c*+ 2ma3Y^+ a:^*,
of which,

Among the most remarkable of recent investigations in this subject is the

application to it of the theory of elliptic functions by M. Hermite and M. Kronecker.

t In the method of Messrs. Harley and Cockle, the function 12345 is

al3 + l3y + yS + St + ta,

and the sextic chosen is that whose roots are 12345 — 13524, &c. This has been

calculated by Prof. Cayley {Philosophical Transactions, 1861, p. 263), and the result

is very simple, two terms of the sextic are wanting; but the coeflBcients are not

invariants.

X The form arrived at by M. Kronecker and M. Brioschi is

{x
-

a)* {x
-

5a) + 10* {x
- af - c {x

-
a) + 5*2 - ac = 0. •

By the help of the formulae given further on, the invariants of this equation can

be calculated, and a, b, c eliminated.

LL
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since two pairs of roots are equal with opposite signs, the

functions of the diiFerences can easily be formed. I find then

that the sextic is the product of

i' + 2' (w -f m') t + 2'° (m*
- 2m* + 5m'),

by the square of

e + 2* (m' + 3m) ^ + 2** (m' -f 5m* + 19m'' - 25).

But if we first multiply the quintic by five, its invariants are

/= 2*m (5 + ^m\ D = 2«.5= (1
- mj, L=.Am{5- m']\

To avoid fractions I write /=2J;, i) = 2505, er-2"X = 50(7;
and then forming the sextic, and expressing its coefficients in

terms of the invariants, I obtain

f -f 4LAe -f (6^''
- 25^) ^ + {4.

A' + 20- bOAB) ^

+ f {A' + 4.Aa-llA'B + ^^B')
+ 1 (2A'C- 4.A'B-7BG-{- noAB') + C - 4:ABG-h 20A'B\

which is a perfect square, as it ought to be, when D = 0.*

250. M. Hermite has studied in detail the expression of the

invariants in terms of the roots. He uses the equation trans-

formed so as to want the first and last terms
;
that is to say,

so that one root is and another infinite
;
and the calculation

is thus reduced to forming symmetric functions of the roots

of a cubic. I had been led independently to try the same

transformation on the problem discussed in the last Article, but

found that, even when thus simplified, the problem remained

a difficult one. It would be necessary to form for a cubic the

sextic whose roots are the six values of

a^(y8-7)^(a-7r + ^V(a-/9)^
and then to identify the result with combinations of the forms

assumed by the invariants of the quintic when a and / vanish.

M. Hermite expresses his own invariant / as follows. Let

a.
= {a-/3)(a-e)(S-7) + (a-7)(a-S)(^-e),

a,
= (a-^)(a-7)(e-SJ + (a-8}(a-s)(^-7),

a,
=
(a-/3)(a-S)(e-7)_+(a-7)(a-s)(8-/3);

the continued product of these is symmetrical with respect to

all the roots except a
;
and if we multiply this product by the

similar products obtained for the other four roots we get /.

* Though the form with which I have worked is a special one, I beheve that the

result is general ;
because it seemed to me that the coefficients only admitted of being

expressed in terms of the invariants in one way.
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These factors are of course the values of the determinants

a^ 2a, 1
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Similarly for the harmonic condition, we get the mvariant

a^'T^T^TyT^T, = 5^' (2^^3^Z + 2'3VJr- J').

Again, the function 2 (a
— ^f (a

—
7)*^ (8

—
zf consists of six

terms belonging specially to a, which we may denote by ^„,
and similarly for J3^, &c. It is easy to see that, if we write a

ioY X \ y in the above value for the covariant S^ the right side

becomes 25a. Hence, the eliminant of S and u is the product
of these five factors. But by Sylvester's canonical form or

otherwise, that eliminant is found to be 2JK—^L — J^^ and

by a special quintic such as {x- ly [x-k- 2) x^ = 0, we can find

the value of the constant, thus

^o}'H,EpHyH^H, = 10' (2/^- J' - 9i).

Similarly we can see that / is the eliminant of T and m,

for, the result of substituting a in the above value of T is

six times the product of the factors a^, ag, a^.

Again, by taking a special quintic of the form used in

Art. 241, we find the constant which gives the symmetric function,

= J . 5^° (2"i: -J'^ \JD) = 2.5' (5.2'Z -J'- 2'JK).'^

252. The Sextic, The investigations of Clebsch and Gordan

show that, including the sextic itself, there are in all 26 forms.

There are four independent invariants, which we shall call

A^ Bj (7, 2>, of the orders 2, 4, 6, 10 respectively ;
a fifth E,

of the order 15, is skew and its square a rational and integral

function of the other four. There are six quadric covariants

whose orders in the coefficients are respectively 3, 5, 7, 8, 10, 12
;

five quartics of orders 2, 4, 5, 7, 9
;

five sextics, orders 1, 3, 4

and two of the sixth
;

three octavics, orders 2, 3, 5
;

one

decimic, order 4
;
and one duodecimic of order 3.

The first invariant A is 12*, formed by the method of

Art. 141, and for the general sextic is

ag- ehf+Uce-lOd',
I have given (Art. 174) the canonical form of the sextic

;
but

I believe it will be found in practice not less convenient to use

the more general form

aw* + hv^ + cio^ + dz*.

* The equation determining the anharmonic ratios of the roots has been given by-

Mr. M. J, M. Hill. Proc. Loud. Math. Soc, vol. xiv.
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To this we should be led by the theory of two quintics, which

cannot be more simply expressed than as each the sum of four

fifth powers. For the form just given, the invariant A
is, by

proceeding as in Art. 223, found to be 2a5 (12)^, or, in full,

ab (12)« + ac (13)' + ac? (14f + he (23)' + bd (24)' + cd (34)'.

The Hessian of the sextic, 12'*,
is of the eighth degree, the

general coefficients being ac—b^^ 4,{ad-bc)^ 6ae-\- 4,bd—10c^,

4:a/+lQbe-20cd, a^ + 14^/+ 5ce - 20^^',* &c.
;

and for my
canonical form is '2abii%* (12)^*. The sextic has another covariant

of the second order in the coefficients, with the variables in

the fourth degree, viz, the 8 of the emanant quartic, which is

for the canonical form ^ahu^v^ (12)*, the general coefficients being

a6-45J+3c', 2a/-6J6 + 4cc?, a^
- 9c6 + 8(f*, &c.

To these we add, the covariant sextic, of the third order,

the T of the quartic emanant, which for the canonical form

is '2>abc[l2y (23)'* (31)'' u^vV^ and whose general coefficients are

ace + 2bed- ad' - eb^ - e% 2ac/- 2ade - 2by+ 2bce + 2bd^ - 2c'd,

acg + 2adf- Za^ - ¥g - 2bcf+ 4.bde + 2c'e - Zed',

2adg
- 2aef- 2bcg + ^bdf- 2be' - 2cy+ 6ede - 4iZ'* &c.

Also, the simplest quadricovariant Z,
of the third order, 12* of

S and w, or 12' of w and Z?, which for the canonical form is

2a5c (23)* (3 1)'^ (12)' w^, and whose general coefficients are

aeg
-

b^g
- Badf+ Sbef-i- 2ae' - bde - Sc'e + 2cd' =

?„,

adg
-

beg
- aef- 8bdf+ dc'J + dbe^ - llede + 8d^ =

2/^,

aeg
- Udg + 2c'g

- af + 2>bef- cdf- Zee' H- 2d:'e =
/,.

253. We take for the invariant B that which has been

called by Sylvester the catalectieant^ which expresses the condition

that the sextic should be reducible to the sum of three sixth

powers, and is (Art. 171) the determinant
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This expanded Is

ac£g
- acf - ad'g + 'iadef- ai - h\g + by^ + 2bcdg - 2hce/

- 2bdy^ 2bde' - c'g + 2cV/-f cV - 3c(fe + d'.

If now we form the quadrinvariant of the Hessian, we find it

proportional to A^ + 300^
;

if that of the covarlant S^ we find

A^ — 36^
;
and if we operate on the sextic with the covarlant T^

we get B, Applying this last process then to the canonical

form, we get the value of B^
abed (12)"^ (23)=^ (34)*-^ (41)'^ (13)' (24)',

which vanishes, as it ought, if any of the quantities a, 5, c, d

vanishes, or if any two of the four functions w, v, w^ z become

identical.

254. We take for the form of the fundamental sextinvariant

0, that which involves no power higher than the second of the

leading coefficient a, and which for the general form is =

d'd^g^
-

^d'defg + ^.d'df^ + ^aVg -
^aVf''

-
^abcdg"" + l^abcefg

- Uabcf + Uabdjg - ISabde'g + Qabey+ 4.acy
-
2AacVg

-
lSac*d/g + SOac'ef + biacd'eg

- UacdT - ^^acdej

+ 12ace* - 20a^V + 2lad^ef- %ad'i 4- 46W/ ~ VlWefg

+ %Wp - %WcY + ^Qb\e^g
- 2^Wcef -

Ub'd'eg
- 24^^'

+ QOb'deY- 27JV 4- Qbc^g
-

4.2bc'deg + GObc'df
- SObcVf

+ 2Abcd^g
- Ubcd'ef+ GQbcde^ + 24J)dJ- 24.bd'e' + 12c'eg

-
27cy'-Sc^d'g-\-e6c'def-ScV-24:c'd^/-3dc'd'e'+36cd'e-8d\

In terms of these we can express the other invariants of

the sixth order. Thus, the cubinvariant of the covarlant

quartic is ^^—108^5—540; the cubinvariant of the Hessian,

p. 141, is SA^-100AB-\-2750C', the discriminant of the quadratic I

is 4(^2
—

^1^)
= ^^^ + 3^5 ^^^ t^® quadrinvariant of the sextic

covarlant Is 2AB— G. The last-named invariant can be easily

calculated in the case of the canonical form. We have to

operate with Sa5c (12)' (23)' (31)VvW on itself. Now if we

operate with u^v'^z^ on u^v^w^ the result is proportional to

(12)WiV, where M and N have the same meaning as in Art.

223; and if with u'v'io' on itself the result is - (12)' (23)' (31)'.

Hence we get for the invariant in question

^a'bV (] 2)« (23)« (31)«
- 2abcd^ab (12)WW^
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255. If a, &, c all vanish, the invariants A^ B, G become

respectively
—

lOc?^, d^^
— 8c?^ Hence, when the sextic has as

factor a perfect cube, the conditions must be fulfilled A^ = IOOjS,

4:AB=5C, AG=80B\ If we make a, h, /, g all =0, the

invariants become

15ce - lOtf
,
cV - Scd'e + d*,

- ScV - 39c'cPe' + SQcd'e - 8^
;

consequently when the sextic has two square factors, in addition

to the discriminant vanishing, the condition must be satisfied,

(^'
- 300^5+ 250(7)' = 5 {A'

-
100B)\

256. If we make 5, d^f— in the equation, the discriminant

will be ag multiplied by the square of the discriminant of

(a, 5c, 5e, g^Xj yf ;
and if all the terms vanish but a, c?, ^, the

discriminant will be ay multiplied by the cube of the discrimi-

nant of (a, lOcZ, ^X^, yf' Knowing these terms in the

discriminant, the rest can be calculated by means of the diflferential

equation. The resulting value of A is
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4' 127500 a^W^eg''
- 171300 aWd'/Y
-346500 a^WMfg^

+ 616500 a%^dePg
-240000 d'h^'df

+ 7500 d'WeY
- 23250 a^Wif'g

+ 11250 a'&Vy*

+ 57000 dhcj^
+ 30000 a^hd'deg^

-346500 a%c'dfY
-596250 a%cVfg'

+ 1222500 a%c^ef^g

-506250 a'Jcy
-330000 a^cd^'g^

+ 1590000 d'hcd'efg''

- 330000 a^lcd'Pg

+ 750000 c^hcdig"-

^^172500 d'bcde'fg

+ 1537500 d'bcdef*

+ 375000 d'hceYg

-225000 a'bcey

+ 780000 a'bdyg^
- 1350000 d'bdVf
- 2190000 a'bd'e/'g

+ 1200000 d'bdy''

+ 4650000 dbd'ifg
- 2550000 a%d^d'P
- 1500000 d'bdig

+ 900000 d'bdej''

-150000 a'cV
+ 7500 aV/y
+ 250000 aV^y
+ 750000 dc^defg'

+ 37500 aV^V

+ 1062500 aVey
-2821875 a^c^eTg

+ 1265625 aVe/*
- 1350000 a'c'c^y/

- 3562500 aVdVg'
+ 4725000 a^d'd^ePg
- 2062500 aV^f/"

+ 4875000 d'c^difg
- 2625000 a^c^dip
- 1875000 aVeV
+ 1125000 aVey
+ 3750000 aWV
-300000 d'cdy'g
- 9750000 d'cdV/g

+ 5250000 aWV'
+ 3750000 a'WeV
- 2250000 dcdVp
- 1000000 dd^g'

+ 3000000
a'c?'e/;^

- 1600000 ddy
- 1250000 aW^
+ 750000 dd'^if

+ 9375 a^V
- 7500
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-506250 ahc^ej'
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vanish identically; though there are enough linear equations
to give a determinant condition among the coefficients of the

sextic, this will be found skew symmetrical of the fifth order,

and therefore the condition is identically satisfied. Hence,
this problem admits of solution generally. In fact, it is easy
to verify that if we write the quartic S, which we shall now call

1= [ae
- 4:hd+ 3c') x*+ 2 (a/- 35e + 2cd) x^y + (a^-9ce+86f)£cy+&c.

=
fc.x* + ^i^x^y + 6t,a;y + ^i^xy"" + *y,

then
atg

—
35^, + 3ct, -c?t^

=
0, &c.,

thus it satisfies the conditions of the question.*

This quartic covariant furnishes to the system of the sextic

besides its invariants its Hessian and its sextic covariant.

The determinant value of B^ treated by the rule of Art. 2195,

at once gives the invariant

a:' - 365 = 12
(V4 - 4*^*3 + 3^,')

=
12/3,

as we shall write for brevity. If the coefficients of the Hessian

of i be written out, we find that its source satisfies the relation

Writing out the corresponding equations for the other coeffi-

cients, multiplying the first by i^
the second by —

4tg, and so

on, and adding, also calling the invariant

*o^/4 + "^h'^h
-

h'z
-

K^'x
-

^3'
=

^,J

* It should hare been noticed that if in a skew symmetrical determinant of odd

order the constituents in any row or column be replaced by arbitrary quantities, the

determinant formed is a linear function of the binary determinants formed from

the constituents of the replaced and its conjugate column or row. And again, if in

a skew symmetrical determinant of even order all the constituents in any row or

column be replaced by arbitrary quantities, the value of the determinant formed

is the product of two linear functions of the constituents of the replaced and its

conjugate column or row. Thus the value of the detcminant

,
a

,

- 35
,

Zc
, -d, b^

-o, 0, 6c, -8i?, 3c, -46i

36,
- 6c

, ,
6e

,

-
3/, 662

-
3c, 8</,

- 6e
, , g, ~

ib,

d, -3e, Bf, -g, 0, b,

00,
— 4a„ 6a2,

-
4^3, a^,

enables us to write down in a determinant of the fifth order the product of the

covariant t by any one of its coefficients.

= 6' (aot4
-

4aii3 + Qa^i^
-

Aa^ii + Uti,,) .

{bQl^
-

4^1 1, + 662I,
-

ib^Li + biLf),
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we get 36/3 + 2^/^ = 12(Z^?,-Zj")
= 3(4^^+ 3a), Art. 253,

whence 108^5 + 54 - ^' = 2 1 6/3.

The relations just employed show that the Hessian of t may-
be replaced in the system of the sextic by the result of operating
with I on the sextic, and the sextic covariant of % by the result

of operating with I on the Jacobian of the sextic and i.

The same relations being employed to determine the quadrin-

variant of the function (aZ,
—

26/j + cZJ ic* + &c., lead to the

equation

= I (2// + 3^/3) = i {2A'B + 3^ + 725^^).

258. It should have been mentioned in dealing with the

system of a quartic and a quadric that if we call the quadric

covariants at the end of p. 203 respectively

a^x' + 28^xy + yy, aV + 2/3'iry + 7'/ ,

and operate with the former on the quartic a new quadric

covariant a^x^ + 20^xi/ + y^y'*
is found, if we operate with this

on the quartic we get another
agOj" + 2j3^xi/ + y^^^ and so on.

From the system of equations thus derived

a^^ay- 25/3 + ca, a,
=

07^
-

2hff^ + ca,, a,
=

ay^
-

25/9, + ca„

/S,
= 57-2c/3+c?a, ^,

= by,-2c^^+da^, fi^
= hy^-2c^,-t da,,

7,
= C7

- 2dl3 + ea, 7,
=

cy^
- 2J/3^ + ea,, 73

=
cy^

-
2dy, + ea„

it can easily be seen that each covariant admits of linear ex-

pression by two preceding it in the series, the values being

Kg
=

SoL^-{-2 Ta, a^
=

Sa^-\'2 Ta,, &c. Moreover, these equations

show that a72
—

2^/3^ + 7aj
= 2 (aj7j

—
^^^), and when we write

/Sa, + 2 Ta = 07,
-

25^3 + ca„ &c.,

we see that

«i7,
-

2/3,^, + 7,a.
= S {ay,

-
2/3/3, + 7a,) + 4 r(a7 - /3^),

«.7.
- ^: = S (a,7,

- ^n + T[ay,
-
2^^, + 7aJ.

In the notation of Art. 212, 4 {a.y
-

/3')
=

i:', a7
-

2/3/3,+ 7a,
=

<^,

a,7,
—

/3,^
= 2 + /S (a7

—
/3^), thus the successive invariants of

the quadrics are expressed in terms of these five invariants, and as

the skew invariant differs only by a factor from

its square can be similarly expressed.

«, /3, 7
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It may also be noticed as regards the covariant a that we

find Sa^=2Sa + a
',

and likewise for the series of derivatives

according to the law corresponding to cl from the quartic,

a"' = 3/SV + 2 {5ir - S') a, &c.

Also a'' + Sa=2S'a+lSTa^.

259. Now when we take as quartic the covariant t of a sextic

and take its covariant I as quadric, we derive a new quadric m
by operating with I on

^*,
another n by operating with 7n. on

i*,

and by what we have just seen, the further quadric covariants

thus derived are reducible. These three thus give rise to a

complete quadric system of which we proceed to consider the

invariants.

The relations between the coefficients of t and of its Hessian

used in Art. 257 give

12 [a [i^c^
-

l;)
- 2b

{^^L^
-

t^g -h c
(t„t, +2t,t,

-
3^/)

- 2d (*/,- ^,0

6(.,?,-2y,+
.,y

=
r^,,

mil rn^ having similar expressions to that for m^.

By the same relations, determining the result of operating

with the square of I on the Hessian of
i,
we find this invariant

linearly related to the result of operating on the sextic with

the cube of
Z, aZ/

—
Qbl^\ + &c. = D^^ and to the last invariant

written in Art. 257
;
but it is also obviously so related to the

discriminants of I and of m. We find as the result of the

comparison what we shall call

D' = m^m,
-

772^
= 9 {D^

-
2iBI^).-\

* In full, the value of m,,
=

a^cg^
-

^a^dfg + SaV^r - ZcC-ef^
-

a^g"^ + Qabcfg + TiacHg - Mabdeg

- ^acd^g + ABabdp - ^bac^P - ISaie^+ l^acdef
- ASad^f- 36ace»

+ 28a(?V - %'^ceg + 7262(fV
- ^^hcHg + 36cV - 14:ib^'def+ lOSbc'^ef

+ 96bcdy- 72c^df+ SUV _ i26bcde^ - 27c^d^ + 16bd^e + 96c^d^e - 32cd*.

t It was mentioned in the second edition that instead of the discriminant A we

may use another invariant of the tenth order D, in which no higher power than

the fourth of the extreme coefficients a, g appears, and which does not contain

the product a^g*. The quantity multiplying a* in D is (eg
- f-y, and the relation
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We can now, writing 6
(t„?7i,

-
2L^m^ + t^m^)

=
t?^, &c., express

the remaining invariants of the quadratics by means of the

invariants A, 7^, /g,
D\ In fact, using last article, we have

l,n^
-

2l^n^ + l^n^
= 2 (mjn,

-
m^) = 2D',

m^n^
-

2m^n^ + m^n^
= 36 [I^{l^m^

-
2\m^ + Z^/teJ + 2U^ [IJi^

- i;%

and we have already at the end of Article 257,

Z„m,
-

2l^7n^ + l^m^
= 4 (2// + 3^/,).

We have, of course, also the skew invariant of the system of

quadrics which must be to a numerical factor the E of the sextic,
and its square will be expressed by the other invariants in

the usual manner by putting in their values in the expanded
formula for

*o» 'i> h

m., m,, m.

4(2/22 + 3^/3),

22)',

22)'

n<„ n„ nj

4 (2/2^ + 3^/3),

22)', 288 (/j* + 2^/2/3 + 9/32)

288 (/2» + 2^/2/3 + 9/32), 72 (/j/)' + 48/22/3 + 72^/32)

moreover, the identical relation between the quadrics may be

written down by equating this determinant bordered with them

to zero.

260. By means of the differential equation I calculated

the invariant E. Its value was given at length in the second

edition, where it occupied thirteen pages, but I have not

thought it worth while to reprint so long a formula. The

terms containing the highest power of a are

whence making all coefficients vanish but a and f the deter-

minant at end of last article is found = 2 {27Ey\

connecting A and 2) is A = 4* - 375^3^ - 625^2^ + si2bJ). The value of 2) was

there given at length, but I have not thought necessary to reprint it. Taking either

of its special values in the cases mentioned at the beginning of Art. 256, D^ is found

connected with it by the equation Di = D + 6B (3C + 2AB) : whence we find

9A - 31252)' = 5SiA^ - 12000.42 {AI2 + 5/3) + 75000/2 {AT^ + 6/3).
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The expression for E in terms of the other invariants may be

otherwise found from the following considerations: If in the sextic

5, d^f vanish, E necessarily vanishes. For, since the weight of E
is forty-five (Art 143), the weight of some one of the constituent

coefficients in each terra must be expressed by an odd number
;

and when in the sextic we make all the terms vanish whose

weight is odd, E vanishes. ^=0 is therefore the condition

that the roots of the sextic should form a system in involution.

If then we make J, ^,/= in A^ B, (7,
A and eliminate a, c, e, g

from the results, the relation thus obtained between -4, B^ (7, A
must be satisfied when E vanishes, and must therefore contain

it as a factor.

From what has been just remarked it follows that the

expression for E in terms of the roots is the product of the

fifteen determinants of the form

1, a + y3, a/3

1, 7+5, ryB

1, £ + ^, £0

or of the fifteen factors (Ex. 7, p. 25)

If we write ag = X, ce =
/li,

ae^ -f gc^
=

v, the values of the

invariants got by making b, d^f— 0, may be written

^ = X + 1 5/x, -B = X/i + /a'
-

y,

= -24X/x,'- 8/t' + 4(\ + 3At)v,

A = X {V _ 150V ~ 1875/t' + 500^/}'.

Eliminating v in the first place, the last two equations become

(7=4;A(X-/i)'-4(X+ 3/i)^, A = X(X'+350Xy[A-1375ytA'-5005)'.

Then eliminating /a by the help of the first equation, we get

1024X'-1152XM+(132^'-10800^)X+3375(7+2700^5-4^'=0,

X (256X'
- 320^X + 55^' + 4500^)'

- A = 0.

The resultant of these two equations is of the thirtieth degree

in the coefficients; and therefore, from what we have seen, can

only difi'er by a constant multiplier from E^,
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261. By Art. 234, when the discriminant is negative the

sextic has either six or two real roots
;
and when it is positive,

has either four or none. We can readily anticipate that the

discussion of this expression for E is likely to lead to the same

results in affording criteria for further distinguishing these cases,

as the corresponding discussion of the expression O in the case

of the quintic. Analogy also leads us to expect that what will

be important to examine will be the result of making A =
in the expression for E. Now, although the calculation of this

general expression for E may be a little laborious, that part

of it which is independent of A is easily obtained. It will

evidently be the product of 3375 C + 2700^^ -4J.' by the

square of the resultant of the cubic and of the quadratic

256X* - 320^X + 55^' + 45005.

And again, analogy leads us to believe that the first of these

factors is not important in the question of the criteria for real

roots, and that it is the square factor alone which needs to be

attended to.

The result I find is that, writing for convenience B' for lOOi^,

C for 125(7, the quantity squared differs only by a constant

multiplier from

4^" - l^A'B' - A9A'B" - 4^'C - 805" + h2AB' 0' - 4 C'\

Analogy then leads me to suppose that the criteria for the

number of real roots of a sextic depend on the signs of this

quantity, and of A' - 1005, ^' - 125
(7,

(J.'
- 300^5 + 250 (7)'

- 5 (A' - 1005)',

which, as we saw, vanish when three roots are all equal.

262. If we now resume, from Art. 223, the consideration of

the system of two quartics

u = ax^ -f 4:hx^y + Qcx^y^ H- ^dxy^ -t- e/y* ,

V = a'ic* + ^b'x'^y + Gc'ic'i/' + ^d!xf + ey" ;

and, as in Art. 216, write their Jacobian or functional deter-

minant, which is in full,

{aU) x^^Z (ac') x^'y + 3 {[ad!) + 2
(Jc')} x^ + {[ae] + 8 [hd!]] xY

+ 3 {[he) + 2
[cd!]] x'y" + 3 [ce] xy" + {de) y^

•

=
a^x^ + ^a^x^'y + ISa^a^y + 'iOa^xY + 15a^ccy + ^a^xy^ 4- a^y%
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and their quadrlc combinant of the same order in the coefficients

{{al)
- 3 [be]} x' + {K) -

2{hd')] xy + [[he]
- 3 {cd')} y"

=-p,x'-V2p^xy+p^y%

we express as follows all the determinants of the second order

employed in Arts. 220- 1 in calculating the combinant invariants,

[ce')
= 2a„ [ae')

=
4.a^ + f;.„ [hd')

=
2a^

-
ip^,

Between these determinants we have five identical relations

of the form [ah') (cd') + [ac) [dU] + [ad') [he)
=

0, but of which

any two result from the other three, and these introduce the

simplest quartic covariant of our sextic Jacobian. In fact,

writing as in Art. 257,

the identities are

«oi^2
-

2^,^, + a^p^
=

5^,
-

1;?;,

a^p,
-

2a^p, + a^p^
=

5t,
-

|p,p,,

«2^2
-

2^3 Pi + «4 Po
=

5t,
-

3-2^ [p^p, + 2^;-^),

«3i^2
-

2«4Pl + «5?0
=

5^3
-

iPxP,^

«4F»
-

2a,p^ + a^p^
=

5l^
-
ip^.

Now if,
in order to combine these, we write, as in Art. 252,

«0^
-

^«/3 + 6«2'2
-

4«3^ + ^A = 2?o)

«i*4
-

^«2^3 + ^agt,
-

4a,t^ + a^t^
=

2Z^,

also calling

«o«6
-

6«i^5 + 1 ^^2^,
- 1K' = Aj P0P2 -Vx = ^J

%P^ -
^^^PlP2 + 2«, {p,p^ + 2p;0

-
4a3 p^p^ + a,;?/

= K^/],

we find 2
{*,;?,

-
^L.p, + .,??, + i^,;?J = 5 . 2 .

?^
-
f [a^p;'],

[%P2] = 5 [KP2
-

2*1 Pi + I'^Po)
-

T%Pp.i
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from which eHminating [<^o^/]j ^^^ writing down similar

relations for the following coefficients and putting for brevity

K=IA^-^^P, we get

It will be observed that the i and I coefficients depend solely

on the coefficients a, hence these equations enable us to determine

the
'p

coefficients by means of those of the sextic Jacobian.

In fact, they enable us to solve linearly for the p coefficients in

terms of these quantities and P, and when this is done to form

from them the value of P.

Thus the notation of Arts. 256, 258 gives us the determinant

K ) 2^3 -iT, ^3

t, + ^, 2.3 , L^

we find incidentally 50Zj + ^KP= 15
{l^p.^

-
2\p^ + Z^pJ, and

finally to determine P= ^ [A^
— 6^) arrive at the quintic*

^K' - A^K' - 101,K' + 2 [AJ, + 15/3) K'- %AJ^K

Hence we see that as the Jacobian is a sextic of full generality,

it is possible to express any given sextic as the functional deter-

minant of two quartics in five ways ;
when any root of this

quintic is employed, a quadric p is linearly found by means of

the given sextic by the above equations, or we have definitely

in terms of the covariants
Z, ?w, w of the sextic :

i (2/3
- l^K+ K')p = {K' -I,)l- IKm + i-,n,

and hence the values of the determinants [ad!)^ &c., are found.

In preparing the following sketch of Dr. Brill's paper, Math, Annahn xx.,

p. 330, I had printed thus far without seeing the "Memoire sur les faisceaux

de formes binaires ayant une meme Jacobienne," by M. Cyparissos Stephanos, in

Tome XXVII. of the Savants Etrangers of the Academie des Sciences, 1883.

M. Stephanos obtains this quintic, but with a slightly different notation, p. 78. lu
the preliminary notice in the Comptes Rendus, 12 Dec., 1881, it is given incorrectly.

i' NN
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263. From the system of three quartics

we can obtain a similar theory. In fact, they afford the

eextic covariant

oa;2 + l^xy + yy\ ^x^ + 2yxt/ + Sf, yx^ + 2Sxi/ + ty^

a,x^ + 2^,xy + y,y\ /3,a;2 + 2y,xy + h,y\ y,x' + 2^,xy + e^
aV + 2/8'x2/ + yy, /S'x^ + 2y'ary + h'y\ y'x^ + 2(5'a^ + e^

which, using (ayS7) to denote the determinant (ayS^), &c., we

may write

=
[p.^i)x^\ 2(aye%^2^+[(a/3£)+ 3(a7S)]ajy+2[(a7£)+ 2(^7S)]a:y

+ [(aSs) + 3 (;S7£)] a^y +2 (^Ss) a:/ + (7S£) /
= \x^+ 6^>,£c'3/ + Xhh^xY + 2053a;y + 1 hh^x'y' + 65^0;/ + 1J",

Introducing the present notation, we find the expansion

(p. 3J) of the determmant

a, A, c, d, e

o', i', c', c?', e'

a, A y, ^, «/

«/> A> y,> ^/> «/

a', ^, y', 5', «'

-te{(«S^)-2(^7£)} + i;?J(«7£)-8(/378)}-te{(a/3e)-2(a75)}.

This introduces a new combinant of the three quartics,

which we shall write q^x^ + ^^li^y + ^.^V^
=

[(a^e)
- 2 (a7S)] a^'^ + [(a7£)

- 8 (^7^)] xy + [(aSs)
- 2 (/87s)] 3/' ;

by whose coeflScients along with those of h we can express all

the determinants*

!°

~
S!

"
S" "•

= (^^^) = *»
-
*?" ^« = ("'^^'

=
^*' + ^?"

a,
=

(^«£)
=

365,

«o= (72s) =Je.
a,
=

(/37s)
=

3J,
-

\q,, p, = (a8s)
=

66. + |j,.

* It is useful to have both notations : the identities following may be written by

letting X and y go through all pairs of values of a, /3, y, ^, t in the matrix

a, a„ a', {xya)

y, y/> y'> i^yy)

and are p^o-t
—

/^3«i + /^4«o
=

0,

aia4
—

a^a^
—

(S^a^
= 0,

a^a^
-

a^a^
-

^303 = 0,

02«5
-

"lOe
-

/34«8
=

f>.
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Among these there are five identities, as in Art. 28, three

of which only are independent, and which lead to the system
of equations of the type

Ki.
-

25,?. + &A = i?o'
- 10 (¥* - ^hh + 36."),

whence the determination of the covariant q from J, by aid

of which any given sextic may be identified with the functional

determinant of three quartics, follows immediately as in last

article. It is to be observed that the duality, of which these

two articles furnish an example, is general; that if we have

a system of p independent quantics of the n^^ degree^ n not less

than p^ they have a functional determinant of the degree

{n-p-{'l)pj which is a quantic of full generality of that

degree, and that any quantic of the degree {n-p + l)p may
be identified, by adjoining to it a suitable irrationality, either

with the functional determinant of p quantics of the n^ degree
or with the functional determinant of n- p-^l quantics of the

T^th degree. The irrationality in the present case for either form

is the root of a quintic, by means of which the quadratic

covariant is linearly determined. Moreover, the system of

combinants of the p quantics of the n^^ order, for n not lesa

than Pj is in number and form identical with that of n —p + 1

quantics of the same order,

264. If the quartic \£/+/LtF+ vTF" break up into the quad-

ratic factors

[t^x^ + 2r,a;y + r^f) [r^'x' + 2r\xi/ + r\y'),

on comparing coefficients, we can find easily that the second

factor may be determined, in general, by the first, as

a, a„ a', r„ 0,

4A 4^„ 4^'. 2r„ r.,

6y, 6y„ 6y', r^, 2ri, r^

4d, 4^rti 45', 0, rj, 2ri

«, «„ i', 0, 0, r^

0, 0, 0, x\ xy, 2/2

whence this particular value of \U+ /jlV+vW is found by

replacing the bottom row by Z7, F, TF, 0, 0, 0, and accordingly

\ : fM : V are determined by r^: r^: r,.
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The second quadratic factor becomes indeterminate if the

former make all determinants vanish in the matrix

a,
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265. When the quartic X Z7-I- //,V+ vW is the square of

s^x^ + 2s^xy + 5.^y, we must have the matrix

a', iV^ = 0.

3y, 3y„ 3y', Vz + 251*

5, 6„ d', S1S2

But this is equivalent, by the identities of note Art. 263, to only-

two equations ;
for example, we may write the two

«oVi
-

J«, (V2 + 20 + a^V.
-

a3<'
=

<>j

Eliminating s^
:
^^

between these, we get a biquadratic in

5j
:
Sg,

and the second equation connects a single value of
s^

: s^

with each of its roots. Thus four quadratics are found to solve

the question: calling them <^„ ^3, ^3, c^^,
we may take the

squares of three of them as basis of the system as regards

comblnant properties. It is obvious that, besides the linear

relation which holds between any four quadratic functions,

there must exist also a linear relation between the squares

of
<^1J 4>21 ^i1 ^4-

If
(f)^
=

X7/^ SO that 5^
=

0, s^=0'j the vanishing of the above

matrix independently of
s^ requires that

a,
=

0, a,
=

0, /9,
=

0, /3,
= 0.

In this way we are led, by employing a root of the quintic

and a root of the biquadratic, to reduce by linear transformation

the general sextic to the following canonical form, given both

by M. Stephanos and Dr. Brill,

x^ + ax^ + bx^ + cx^+l = 0.

266. When, by the methods

identified with the Jacobian of a

criminant breaks up into factors,

these are (Art. 180) their resultant

(Art. 221), which vanishes if w +
The resultant was already given

it in the notation of Art. 261 as

R = 12*

just explained, the sextic is

system of quartics, its dis-

For the case of two quartics

B and the invariant called D
Xv admit of a cubic factor,

(p. 220), but we may write

tto,
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When we reduce this determinant, as can be done very

simply by the rule of Art. 219&, we find

^R = 4* {IbK'
- 20A^K+SA^' - 1257J.

The invariant D will be found in the same notation by

expressing that we have simultaneously

a,x' + 4:a^x'y -f (Ga^
-

ip^) x'f + {4.a^
- f^J xy' + {a,

-
p^) y'

=
0,

a,x' + (4a, -f i^J x'y + {Qa, + ^p,) xy+ (4a,+ ip,) xy' -t- «y = 0,

(«.
-

ii^o) ^" + (4«.
-

l^x) ^V + (6«4- te) a^y+ 4a,^/+ a«i/^
=

0,

and at once this is written down as a determinant of the sixth

order. Dr. Brill shows that the discriminant breaks up into

two corresponding factors for the functional determinant of

p quantics, and in particular determines their values for three

quartics. For his canonical form (Art. 264) it breaks up into

a factor of the sixth degree,

rY+rp(^p'-2)(/+l)+(A/-2)y--rV(/-l)y+i2(2''-l)'=TV^,

and its other factor is the product of four linear factors

From these, taking p, q^ r as rectangular coordinates, after

the manner of Sylvester (p. 242), and considering how space is

parted by the surfaces (7=0, D^ = 0^ D^ — 0^ he investigates

the number of real and imaginary roots for real values of^, ^, r.

We omit the discussion, however, as well as the geometrical

developments given in the M^moire of M. Stephanos, and

conclude with a few miscellaneous examples on the subjects

of this Lesson.

Ex, 1. If the three quartics in Art. 263 have a common factor, we may equate

them to zero, and, multiplying them first by x and then by y, eliminate a*, o;*^, «fec.

Hence we get a determinant

A = a, 4/3, 6y, 4a,

«., 4/3„ 6y„ 45„

a', 4/3', 6y', 4^',

0, a, 4^, 6y,

0, a„ 4^„ 6y„

0, a', 4/3', ^y',

which we can write in either notation as follows

A = 4 {144aoa6
-

Qi^a^a^ + 24 (^a^i +

= 48 {8 (^A -
6*1*, + 15*A - lOV) -

i (M2 - ?i')}.

e,
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Ex. 2. If we take as the three quartics in Art. 263, the simplest quartic covarianta

of the quartics in Art. 262, viz.

E^as^ +...= (ac
-

h^) x* +..., H, = a,a^ +...= (ae' + ca' - 2bb') x* +...,

H' = a'x* +...= (aV - 6'2) X* +...,

we can write the invariant C of p. 220 in the form a, b, e, d, e

a', b', c', d', e'

«j P, y, ^, «

«/> A> r.> ^/> «/

«'> /3', y'j ^', «'

In fact, when a member of the system Xm + fiv admits of being a perfect square, we
can identify Xu + fxv (Art. 207) with X^ZT + X/i^, + /u^jH"', and when we do so and

eliminate dialyticaily, we get this determinant.

Ex. 3. In the case of Ex. 2, if Xm + fxv admit of a cube factor, X'^H + X/iiT, + ^i^H'

is the fourth power of that factor, whence by the matrix

a, a,, a', y* \ =0,

^, ^„ /3', -xy^

«, «„ £', a;*

we can both determine the factor and the condition 2) = 0.

Ex. 4. The quadric covariant I comes naturally in relation with the sextio

covariant T, which may be written in any of the following forms, and which we
shall now call j =joX^ +JViX^I/ + &c.

ax^ -!- 2bxy + cy^, bx^ + 2cxy + dy% cx^ + Idxy + ey"^

bx^ + 2cxy + %^ cx^ + 2dxy + e/, dx^ + 2exy +fy'^

ex^ + 2dxy + e?/^, <?a;2 + 2exy ^fy'^, tx^ + 2/a;y + gy^

ax + %, bx + cy, ex + dy,
—

y^

bx + cy, ex + dy, dx + ey, xy"^

ex + dy, dx + ey, ex +fy, —
ic^y

dx + ey, ex -^-Jy, fx + gy, a?

a,
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(abe) = 6j^ + |?o = e/
-

<f„

{ade) = 6j\ + f^2
= c/

-
c„

{acd) = BJ2
- ik = c„

{bcd)=j, -xi^ = -d„
{bee) =Sj\-ll2 = c,;

280

and we have

{abe) = Jo = g„

{abd)=3j\=-f,,

{bde)=z3j\=-b„

icde) = je = a„
also e/ = 9;2+§7„ -

<f/
= Q;, + i^i, c/^^j^ + ^k.

Now from the identities between the constituents of B and their reciprocals we
can derive relations among the coefficients of covariants, for instance,

(«i)3 = «;3
-

3&;2 + 39i -djo = l {ah
-

*^o) = -^ (a^u

(«?')*
=

aji
-

4:bJ3 + 6cJ2
-

4:dj\ + ejo
= ^ {al^

-
26Z, + c?o)

= i^ {aT)i,

{aj)^ = aj\
—

5bj\ + 10cj\
—

lOdj^ + bej\ —jj^ — 0,

{a3\ = au - 6bjs + l^qj,
-

20dj\ + Ibef^
-

efj\ + gjo
= 4B.

The identities got by writing the above matrix with two additional rows of its

own lead to {Hj\ - ^ {ij),
-

I {il)^ + -^Al = 0.

Theldentities of note Art. 263 applied to the matrix in this Example are

d, {c/
-

c,) _ d,~{d;-d) _ d, (e/
- e,)

1,

and lead to the set of relations of the type

hk -
4;'ii3 + 3/22

= 3L/„2
_ ^ (7j„

_
2ZJ, + ZJo).

Ex. 5. The definition of
Z, ai^

- Ui^ + Qci^
-

4dii + €?o = 2?o &c., combined with

the relations azg
-

36^2 + Sci^
-

di^ = &c. (Art. 258), give the following identities :

aig
—

Sbi2 + 3czj
—

di^ = 0, ai^
—

dbi^ + 3ci2
-

di^ = ^Iq,

big
—

Sci^ + 3dii
—

ei^ = — J?o> ^h ~ ^^h + ^<^h
~ ^h = 2^i»

cig
—

3(Z^2 + 3eij —fio = — f^, ci^
—

Sdi^ + Seig —fh = hhf

dig
-

Bei^ + B/t'i
-

gi^ = - ik, di^
-

Seig + Bfi^
-

gi^ =
0,

which, being solved for the coefficients of i, lead to the relations

-B^o = f {loJ,
- 21J, + IJo)

-
T^^o' &c.,

whence, by the last formula of Ex. 4,

75 {joj\
' ijj, + 3/2^=) + 55*0 = k^ &c.

Ex. 6. If we compare the values of a, b, c, d, e

b, e, d, e, f
c, d, e, f, g

10j7) + l{lok-h') = ^'.

e, -4:d, 6c, -4:b, a

f, -4e, 6d, -Ac, b

g, -^4/, 6e, -Ad, c

lAI^ + ^A^ (Art. 257),we find 6 {joJe
-

Gj\j\ + lhjJ^

whence 30 Oois
-

^JJ, + ^^jdi
- ^W) = 2AB - C.

Ex. 7. If the three quartics in Art. 263 be the second derived functions of the

Bextic in Art. 262, the sextic covariant is the 7 of the sextic a©^ +•••» aJ^d the quadric

covariant q is its I. Using the lettersy and I in this sense, we have

[^oie]
= ^oie

- 6aJs + 15aJ^ - 20aJ3 + 15aJ2 - ^^sJi + ajo-

«1, Oz) «3

and

» ag, a^,

a, b, c, d, e

a', h', c\ d\ e'

«0» «1> <h^ «3) «4

'2> "3»a,, a a.

[^oiJ + i {Pok
- ^Pih + Pih)'
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Ex. 8. If «, V be any two binary cubics ax^ +..., aV+..., and if operating with

n ~-~Sb +... on the product uv, we determine the result to be proportional

to M
;
we find that v must be the evectant of the discriminant of u. This fact has

already been employed to establish a canonical form for the sextic (Art. 174).

The determinant^of that article may be found, as in Ex. 1, Art. 212, by identifying

the cubicovariant 12^ of the sextic and an arbitrary cubic ax^ + 3(3x'^i/ +... with this

cubic and eliminating its coefficients. Thus

ad - 3by + 3<?/3 -da- Zpa,

bS - Bey + 3^/3 ~ea = 8/)/3,

cS - My + 3ej8 -fa = Zpy,

dS-3ey +
Now the determinant which results,

a, b,

ga = Zp8,

d-3p,

d + p,

e,

d-p,

d + 3p

e

f
9

is unaltered by changing the sign of p, whence it it a function of p^ only, and its

value is easily found - J5 + Ap^ + 9/o*.

The canonical form thus arrived at may be written, with the relation m -{- 1? +w= 0, as

au^ + bifi + cw^ + 3duvw {v
—
w) (w — u){u — v) = 0.

By converting this into a binary system, we find

A = bc + ca + ab-9d:^, B = -{bc + ca + ab) d\

whence the determinant just written breaks up into the factors

(9yo2 + bc + ca + ab) (p^
-

d^).

From the value of the covariant

i =lbc+{b-c)d + 3d^] v'^vfl + [ca + (c
-

a) c?+ 3d'^'\ w^u^ + [ab + {a-b)d + Zd^] ttV

it can easily be found that

I = [abc + 2da {b
-

c) + d'^ {5a~b- e)] u^ + \abc + 2db {c- a) + dl^ {bb
- e- a)] ««

+ [abc + 2dc {a-b) + d^ {hc-a- b)] w',

whence by JC+4AB = 4 {lok ~h^)= Ba^^c^+ 2(^2 {5abc {a+ b + c)-2 (b^c^+ c'a' + a^b"-) }

+ 12<?3 (5
_

c) (c
-

a) (a
-

6)
- 9c?< {a2 + 62 + c2 - 2 (Jc + ca + a*)},

we get C - a%'^c^ + Qabc {a + b + c) d"^ + 4: {b
-

e) {o
-

a) {a
-

b) d^ -3 {a + b + cf d*.

The binary sextic has just been expressed by the intersections of a line with a

ternary sextic. The change to expressing it by the intersections of a ternary quadric

and cubic may be made thus. Let u^ = x, v"^ =
t/,

vfl — z\ then, if Ivw —x — y — ty

2wu —y — z — x, 2uv = z — x — y, the relation u + v + w=zO becomes the single relation

4x + ^y + 4z=^ 0, and the sextic becomes

ax' + by^ + cz' — 3d (y
—

z) {z
—

x) {x
—

y) = 0.

Comparing with Curves, Arts. 220—1, we have the values for this of the ternary

invariants, S=—B and T= C, whence the discriminant of the ternary cubic is C2_64£'.

Ex. 9. The invariants of the system of quadrics p, I,
m (Art. 262) have all been

given in terms of A^, I^, I3, ^ with the exception of p^im^
—
2piWj +i>2"^o and the skew

invariant (pirn).

It is easy to show that

P0W2 - 2pimi +i?2»^e = 90^ + 6-^2^2
- ^OI^K - hA^K^ + 30^',

00
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whence we can express the square of {plm) by the others. This invariant {plm) is

of the ninth degree in the coefl&cients of each of the quartics as in Art. 222, and the

invariant E of the sextic contains it as a factor, for, by the linear relation among
p, I, m, n, we have 5 {Imn) = 72 (2/3

- I^K + K^) {plm).

Ex. 10. If the second quartic v of Art. 262 be the Hessian of the first w, the

Combinantp vanishes identically, and the functional determinant becomes the sextic

covariant of the biquadratic u. The identities of that article show that the

covariant i of this sextic vanishes identically (Clebsch, p. 447).

Ex. 11. If the two quartics u and v of Art. 262 be the derived functions of a quintic,

the Jacobian is its Hessian, and their invariant B (Art. 220) vanishes identically. Now
in the present notation we have from that article A + 485 = —

40^2? -^ ~ 125 = — 4P
;

thus for 5 = 0, P = 10^2 '• whence this invariant relation among the quartics
is the

(same as that K = — ^A^ shall satisfy the quintic of Art. 262. (Stephanos, I.e. p. 81
;

F. Lindemann, Math. Ann. xxi., p. 81.)

Ex. 12. If a quintic and a sextic admit of reduction to the forms

A'u^ + B'v^ + C'w^-\- i>'2^ Au^ + Bv'^ + Cw^ + Dz^,

they satisfy the invariant relation a',
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LESSON XIX.

ON THE OEDER OF RESTEICTED SYSTEMS OF EQUATIONS.

267. The problems discussed in this lesson are purely alge-

braical, and in the investigation of them I do not make use

of any geometrical principles. But I find it convenient to

borrow one or two terms from geometry, because we can thus

avoid circumlocution, and also can more readily see how to

extend to quantics in general theorems already known for

ternary and quaternary quantics.

We saw (Art. 78)* that if we are given k equations in h

independent variables, the number of systems of common values

of the variables which can be found to satisfy all the equations,

will be equal to the product of the orders of the equations. Now,
in the geometry of two and three dimensions respectively, the

system of values x — a^y — h^ or x = a^ y = h^ z = c denotes a

point. I find it convenient therefore to use the word "
point

"

in general instead of '^

system of values of the variables," so that

the theorem already stated may be enunciated :
" A system of

k equations in k variables of degrees Z, wi, w, p, q^ &c. respec-

tively, represents Imnpq &g. points^''^ by which we mean that

so many
"
systems of values of the variables

" can be found

to satisfy all the equations. This number Imnpq &c. will be

called the order of the system of equations.

268. If we have a system of A:
— 1 equations in k indepen-

dent variables, we have not data enough to determine any system
of common values of the variables, and the system of equations

denotes a singly infinite series of "
points." Such a system of

equations we shall speak of as denoting a curve. If with the

given system of ^'
— 1 equations we combine any arbitrary

* If as is usual we employ homogeneous equations, the number of variables vrlLl

of course be A- + 1,
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equation of the first degree, we have then data enough to

determine points which will be equal in number to the product
of the degrees of the equations. We shall define the order

n/ of a curve as the number of points which are obtained when,
with the equations which denote the curve, we combine an

arbitrary equation of the first degree.

When we are given a system of A; — 2 equations, these

denote a doubly infinite series of points, since we cannot de-

termine any points unless we are given two other equations.

Such a system we shall speak of as denoting a surface. If

with the system of A; — 2 equations we combine an arbitrary

equation of the first degree, we shall have a " curve
" whose

order is the product of the degrees of the k—2 equations. In

general, by the order of a surface^ we mean either the order

of the curve obtained by combining with the given equations an

equation of the first degree, or, what comes to the same thing,

the number of points obtained by combining with the given

equations two equations of the first degree.

And so, more generally, if we have any system of fewer than

h equations, by the order of the system we mean the number of

points that are obtained, when with the given equations we
combine as many equations of the first degree as are wanting to

make the entire number of equations up to ^, thus affording

data enough to determine systems of values of the variables.

It is evident that in the case under consideration, the order

of the system is the product of the degrees of the equations

which compose it.

269. If we have k \-l equations in h independent variables

whose degrees are
Z, ?w, w, &c., we can eliminate the variables

;

and we have seen (Arts. 76, 78) that the order in which the

coeflScients of each equation enter into the resultant, will be

equal to the product of the degrees of the remaining equations

Taking then, to fix the ideas, the case of four equations : let

their orders be
?, m^ n^ r, and let any quantity enter into the

coefficients of the equations in the degrees X, //-, v, p respec-

tively, this quantity will enter into the resultant in the degree

Xmnr + fxrirl + vrhn + pimn.
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We shall use the word order to denote the degrees Z, m, n^ r,

in which the equations contain the variables which are to be

eliminated, and weight to denote the degrees X, ytt, v, p in which

they contain the quantity not eliminated
;
and the result just

written may be stated, that the weight of the resultant, or the

weight of the system, is equal to the sum of the weights of each

equation multiplied by the order of the system formed by the

remaining equations.

And this is still true, if we break the given system up into

partial systems. Thus, the first two equations form a system
whose order is Im and weight Xm + fil, and the second two

equations a system whose order is nr and weight vr-^pn, and

the value just given for the weight of the entire system is

nr {Xm + fil) + Im [vr + /ow),

that is, it is the sum of the weights of each component system

multiplied by the order of the other. The advantage of so

stating the matter will appear presently.

270. What has been hitherto said in this lesson is but a

re-statement in other words of principles already laid down in

the lesson on Elimination
;
but my purpose has been to make

more intelligible the object of investigations, on which we shall

now enter, as to the order and weight of systems of a somewhat

different kind. We have seen that k equations in k variables

represent Imnp &c. points. But now we may combine with

these k equations an additional equation, which is satisfied for

some of the points but not for others of them. We have then a

system of A: + 1 equations representing points, that is to say, all

satisfied by a number of systems of common values of the

variables, that number being now, however, generally smaller

than the product of the degrees of any k of the equations.

Cases are of constant occurrence where a number of points can

be expressed in no other way than that here described. A simple

geometrical example will suffice. Consider p points in a plane
where ^ is a prime number, and where the points do not lie in a

right line, then these points cannot be represented as the com-

plete intersection of any two curves, and if we have any two

curves going through the points, their intersection includes
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not only these points but others besides. To define the

points completely, we must add a third curve going through
the p given points, but not through the remaining points of

intersection of the first two curves. The points are thus

completely defined as the only points common to all three

curves. Our object then is, in some important cases where

a system of points is defined by more than k equations,

to lay down rules for ascertaining the order of the system ;

that is to say, how many systems of common values satisfy

all the equations.

In like manner a system of Z;
- 1 equations is satisfied by an

infinity of common values. But it may happen that we can

write down an additional equation satisfied by part of this series

of common values, but not by the remaining part. In such

a case, the system of ^ — 1 equations denotes a complex curve,

and it requires the system of k equations to define that part of

it for which all the equations are satisfied. It will be the

object of this lesson to ascertain the order and weight of what

we may call restricted systems; that is to say, where to a

number of equations suflScient to define points, curves, &c., is

added one or more others which exclude from consideration

those values of the variables which satisfy the first set of

equations, but do not satisfy the additional equations.

271. The simplest example of such a system is the set of

determinants

Us V . w =
0,

or, at full length,

vw — wv —
0, wu - uw =

0, uv' — vu = 0.

By writing these equations in the form

u V w
u'" v'~ w'

'

it is evident that, in general, values of the variables which satisfy

two of the equations must satisfy the third. But there is an

exception for the case of values which make either u and w',

V and v\ or w and id = 0. In any of these cases it is easy to see
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that two of the equations will be satisfied, but not the third. And
now it is easy to see how to calculate the order of the system
common to all three. Let the orders of u and u, of v and v\

of w and w\ be
?, w, n respectively ;

then the orders of the first

two equations are ra-\-n^ w + ^,
and of the system formed by

them is (m-H w) (n + Z). But in this system will be included

values which satisfy both w and w\ these values not satisfying

the third equation. Excluding then this system, the order of

which is n^^ the order of the system common to the three

determinants is mn -\-nl-\- Irn,

In like manner, suppose we have a system with three rows

and four columns,

M, W
,
W

,
U

f /r r/r

Let us write at full length the determinants formed by the

omission of the third and fourth columns

u^ {vw
— wv) + v" {wu'

- uw^ + lo" (mv'
—
vu) — 0,

w'" [v-vd
— wv) + v'" {wu^ - uiv) + w"' [uv

— vu) — 0,

then these two equations are obviously satisfied for all values

which satisfy the three vw=wv\ wu=uw\ uv —vu\ But

these values will not satisfy the other determinants of the

given system. From [l-\-m-\- n)\ then, which is the order of

the system formed by the two equations written at length, we
must subtract mn + nl -\- Im^ which has just been found to be

the order of the system special to these two equations, and the

remainder F + m^ -] n^ + mn -\- nl+Im is the order of the system
common to all the determinants. Having thus determined the

order of a system with three rows and four columns, we can,

in like manner, thence derive the order of a system with four

rows and five columns. Proceeding thus step by step we arrive

by induction at a general formula, for the order of a system
with k rows and (A;+ 1) columns.

272. We may consider in succession the cases : 1°, k rows

and k columns
; 2°, k rows and [k + 1) columns

; 3°, k rows and

k + 2 columns, and so on. Writiiig down in each case only the

/
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a + a, & + a 11=0,

a+a, 5 + a, c + a
|1 =0,

0, &c.,

0, &c.,

=
0, &c.,

orders of the several functions, so that a + a, & + /3, &c., stand

for functions of the orders a+a, ^ + yS, &c. respectively ;
the

case r includes the systems

, , ,

. a + a, Z> + a

the case 2° includes the systems

a + a, J + a, c + a

a + y8, 5 + i3, c + /^

the case 3' includes the systems

a + a, 5+ a, c + a, d-hoL

a+/3, & + /e, c+yS, c^ + /3

and so on.

Write in each case

(7j
= 2a, C^^2ah, C^=2ahc, ...,

80 that (7j, 0^, C'a
• • . denote the sums of the products without

repetitions of the letters a, Z>,
... (as many of them as belong to

the system in question) taken one together, two together, three

together, &c., and

J?j
= 2a, ^^ = 2a' + 2aiS, H^=^2a' + 2a.'l3 + 2a/3y, ...,

or let H^^ B^^H^... denote the sums of the homogeneous products,

with repetitions of the letters a, yS, ... (as many of them as

belong to the system in question) taken one together, two

together, three together, &c.

Then in the case

1°, the order of the system is =
(7^ + ZT,,

3°, „ „ =c + o,ir,+ o.fi;+5.,

and so on.

Thus in the case 1°, there is only a single equation ;
and for

the several systems written down above, the orders are a + a;

a + 5 + a + yS, &c., thus for each system the order is C^ + H^,

In the case 2°, for the first of the systems written down

ubove, there are two equations of the orders a + a, h + a re-

spectively, and the order of the system is ={a + a) (& + a), and

this is = a6 + (a + 5) a + a', which is = O^ + C,H^ + ZT^.
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For the second system, viz. the system

a + a, J + a, c + a
I

=0,
a + y8, 5 + /S,

c + ^ I

which includes the first of those considered in last article, applying
to it the reasoning of that article, we have two equations of the

orders a + ^ + a + /3,
a + c + a + /8 respectively ;

the product of

these numbers is

= a' + a(6 + c) + Z>c+(2a+5+c) (a + /3) + (a' + 2a/3 + /3') ;

but we have to subtract from this the product (a + a) (a + yS),

which is = a^ -f a (a + /3) + a;5 ;
and the order of the system is thus

found to be = aJ + ab + 5c + (a + ^ + c) (a + yS) + a'' + y8' + a/8 ;

which is = (7,+ G^H^ + E^.
The next system is

a + a^ 5 4- a, c + a, d+a =0,
a + /3, 5 + y3,

C + /8, J + /3

a + 7j ^ + 7) c + 7, c?+7

the order of this is equal to the order of the system

a 4 a, & + a, c + a =0,

a + /?,
b + ff,

c +./3

« + 7> ^ + 7j c + 7

Ze5s the order of the system

a + «, /3 + a, 7 + a

a + a, 5 + a, c?+a

a + 7, 5 + 7, d-\-y

=
0,

0,

a+5, y8+5, 7 + 5

and this is

= (a+5+c + a + /S + 7)(« + 5-fc? + a + /8 + 7)

-{a' + 5' + a5+(a + 5)(a + /3 + 7) + (a/8+a7 + /97)}

= (a+5 + c)(a + 5+c?) + (2a+ 25+c+£Z)(a+ )S+ 7) + (a+/3+7)'

-a'-5'-a5- (a + 5)(a + /8 + 7)-a/8-a7-/37
= ah + ac-\-ad+bc + bd + cd+{a + b + c-\- d) {(X + jS + j)

+ a' + yS' + 7' + a;8 + a7 + /37,

which is =(7,+ C^H^ + H^,

and similarly for the other systems of the case 2°.

PP
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In tb^ case 3°, for the first system we have three equations of

the orders a + a, Z> + a, c + a respectively; and the order of the

system is

(a + a) {b + a) (c 4 a),
= ahc + (a5 -f ao + Z>c)

a + (a + 6 + c) a' + a'

and the result may be verified for the other systems.

273. We may proceed in like manner to calculate the

weight of the system of determinants considered in the last

article. Beginning again with the simplest case, let us suppose
that the system i u, v, w

|

is to be combined with one or
/ / ^ i

1
U

J
V

J
w I

more other equations and the variables eliminated. Now the

result of elimination between uv' — vu\ uw — wu^ and any other

equations will contain as a factor the resultant of m, u\ and

the other equations. If we reject this factor we get the same

result as if we had eliminated between uv —
vu\ vw — wv and

the other equations, and then rejected the factor got by elimi-

nating between v, x)\ and the other equations. To illustrate

the method employed, let us suppose that m, u\ v, v\ w^ w

respectively contain any quantity not eliminated in the degrees

X, /[*,
1/

;
and that we are to combine with the determinants of

the given system another equation i? = 0, whose order is r, and

containing the uneliminated quantity in the degree p. This

quantity then will enter into the resultant of H, uv — vu\ uw'- wv!

in the degree

But the resultant of -R, w, w', will contain the same quantity in

the degree

When, then, this factor is rejected from the former result, the

remainder is

p {mn + nZ + Zw) + r {\ (m + w) + /* (w + ?) + V (Z 4- »i)}

The order then of the system of three determinants is the

quantity multiplying p, and the weight is the quantity multi-

plying r.
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274. Finding in this way the weight of any system of those

considered in Art. 272, the result is that if the orders of the

several functions be as written in Art. 272, and if their weights

(that is to say, the degrees in which they contain the vari-

able not eliminated) be a' + a', &' + a', &c., a' + j8', &c., then

the formula for the weight is derived from that for the order,

by performing on it the operation

, d ^, d „. , d r^, d o

275. If we form the condition that the two equations

at' -h W^ + cr' + &c. = 0, df + h't'^ + cT"' + &c. = 0,

should have a common root, we obtain a single equation, namely
the resultant of the equations. But if we form the conditions

that they should have 4:wo common roots, we obtain (Art. 82)

not two equations, but a whole system, no doubt equivalent to

two conditions, yet such that two equations of the system
would not precisely define the conditions in question. Now we

may suppose that t is a parameter eliminated, and that a, J, &c.

contain variables, and we may propose to investigate the order

of the system of conditions in question. Now, Art. 82, these

conditions are the determinants of the system

J, c, J, ..

where the first line is repeated m - 1 times and tha second l-\

times; there are Z+w — 2 rows and l + m-l columns. The

problem is then a particular case of that of Art. 272. We
suppose the degrees of the functions introduced to be equi-

different; that is to say, if the degrees of «, a be X, /u,
we

suppose those of ^, ^ to be \ 4 oc, ft + a
;
of c, c' to be X + 2a,

fju + 2a, &c. The formula of Art. 272
is,

order a,+ cj}, + H,.
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To apply it to the present case we may take for the quantities

a, bj c, &c. of Art. 272, 0, a, 2a, &c.
;
and for the quantities

a, /9, 7, &c., X, \-a, X-2a, &c. C^ is then the sum of

Z-i-w-2 terms of the series a, 2a, 3a, &c., and is therefore

if we write I-{-m = k, ^{k-l) {k-2)oL, In the same case

C^ is the sum of products in pairs of these quantities, and is

therefore

{k-S){k-2){Jc-l){3k-^) ,^
1:2X4:

^'

Again H^ is the sum of m — l terms of the series X, \ — a, \ — 2a,

&c., and of Z— 1 terms of the series
/*, )t*

-
a, /x

—
2a, &c.

We have then

ZT,
=

(9W
-

1) \ + (Z
-

1) /x
- ia {(rw

-
1) (w

-
2) + (?

-
1) (Z

-
2)}.

Moreover B^ = i {H^^ + 8^)^ where 8^^ the sum of the squares of

the same m — 1 and I- 1 terms is

^{m-l)X'+[l-l)ti^-\a[m-l)[m-2)-fia.[l-l)[l-2)
A{m-l){m-2){2m-Z) (Z- 1) (Z-2) (2Z-3)

]

I 1.2.3 1.2.3
J

•

Collecting all the terms, the order of the required system is

found to be

\m (m - 1) X' + \l{l- 1) //.'+ (Z- 1) [m
-

1) Xfi

+ hn {m - 1) (2?
-

1) Xa + i? (Z
-

1) (2m
-

1) /xa

If the two equations considered are of the same degree, that

is to say, if Z = w, we may write \ -t- /t
=

^, X/t
=

^, and the

order becomes

^m [m — 1) (^ + 'moi) {p+ {m— 1) a]
— {m~\)q.

If all the functions a, Z>,
&c. are of the first degree, writing

X =
ytfc
=

1, and a = in the preceding formula, the order is found

to be I (Z + 7?i - 1) (Z + m -
2).

276. If the degrees in which the uneliminated variables occur

in any terms be denoted by the accented letters corresponding

to those which express their degrees in the variables to be

eliminated, then the formula for the weight of the system is
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obtained from that for the order bj performing on it the opera-

tion X' ^^ 4- m' -^
—

\- cf! -r » In other words the weight is
dX dfjL da °

w(m-l)W + Z(?-l)ya/+(?- 1) (m-l)(X/ + /iV)

+ im (m -
1) (2^-1) [Xa + aV) + J? (?

-
1) (2m

-
1) (/^a' + oifi)

+ lm[l-l){m- l)a.cL.

277. The next system we discuss is that formed by the

system of conditions that the three equations

ai^ + 6r^ + &c. = o, ar + z>r-^ + &c. = o, a'r+5'r-^ + &c. = o,

may have a common factor. The system may be expressed by
the three equations obtained by eliminating t in turn between

every pair of these equations, a system equivalent to two con-

ditions. The order of the system may be found by eliminating

from the equations the variables which enter implicitly into

a, Z), c, &c., when the order of the resulting equation in t deter-

mines the order of the system.

Let us suppose that a, a\ a' are homogeneous functions in

a;, ^, z of the degrees \, /ot,
v respectively ;

that &, V^ h" are of

the degrees X — 1, /*
—

1, v - 1, &c., and if we take the reciprocal

of ^ as a fourth variable, the equations are of the orders

respectively X, /a, v, forming a system of the order Xfxv. But

the system of values ic = 0, 3/
=

0, s = is a multiple point in the

three equations of the orders X-Z, ytt-m, v — n respectively.

The order then is to be reduced by (X
—

I) {jh
—

ifti) {y
-

n). It

is therefore

IfjLV + mvX + nXfi
— Xmn —

fxnl
— vim + Imn,

This then is the order of the system we are investigating. If

the orders of &, &', c, c', &c. had been X + a, ft + a, X -i- 2a,

IM 4- 2a, &c., then the order of the system would have been

Ifiv + mvX + nXii + a [mnX + nlfi + Imv) + a^lmn.

The weight is found by operating on this with X'
-j- + &c., and is
dX

I
[fjLv + vfi') + m (vX' + Xv) + n (X/i' 4 fiX') + mn (aX' + Xa')

+ nl
[oLfjf + /Aa') + hn (a/ + va!) + 2lmnQia.\



294 ORDER OF RESTRICTED SYSTEMS OF EQUATIONS.

278. It is a partlcnlar case of the preceding to find the

order and weight of the system of conditions that an equation

af + hf^+ &c. = may have three equal roots
;
because these

conditions are found by expressing that the three second differen-

tials may have a common factor. Writing in the preceding
for Z, w ;

for
72,

w - 2
;

for
/i,,
X + a

;
and for v, A + 2a

;
we find,

for the order of the system,

3 [n
-

2) A. (X + na) -f w (n
-

1) [n
-

2) a'
;

and in like manner for its weight

6 (w
-

2) XV + Zn[n- 2) (Xa' + aX') + 2n [n -l){n- 2) aa'.

\ Again, to find the order and weight of the system of condi-

tions that the same equation may have two distinct pairs of

equal roots, we form first, by Art. 272, the order and weight

of the system of conditions that the two first differentials

af~^ + &c., hf"^ + &c. may have two common factors. We
subtract then the order and weight of the systeiji found in the

first part of this article. The result is that the order is

2 (w
-

2) (n
-

3) X (X + wa) + i^ (w
-

1) (w
-

2) (n
-

3) a\

and the weight is

4 in -2){n- 3) XV + 2n [n
-

2) (w
-

3) (
Xa' + aX')

-^n{n- 1) {n
-

2) (n
-

3) aa'.

Before proceeding further in investigating the order of other

systems, it is necessary to discuss a different problem, and I com-

mence by explaining the use of one or two other terms which

I borrow from geometry.

279. Intersection of qwantics having common curves. Two

systems of quantics are said to intersect if they have one or

more "
points

"
common, that is to say, if they are both capable

of being satisfied by the same system of values of the variables.

A " surface
"

is said to contain a " curve
"

if every system of

values which satisfies the k—1 equations constituting the curve,

satisfies also the k—2 equations constituting the surface. Thus,

in the case of four variables, three equations U— 0, F= 0, W=
constitute a curve, and the two equations U= V—0 con-

stitute a surface which evidently contains that curve.
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Now a system of k quantlcs in k variables, in general, as we
have seen, intersect in a definite number of points, that number

being the product of the orders of the quantics. But it may
happen that they may have an infinity of points common,
these points forming a " curve

"
in the sense in which we have

already defined that word. Besides that curve they will have

ordinarily a finite number of points common, which it is our

object now to determine. Let us take, for example, to fix the

ideas, the case of four independent variables; and suppose that

we have four equations of the form

U =^Au +Bv -{ Cw =0,

V =A'u + B'v + G\o =
0,

W=A''u -{-B^'v -^C'w =0,

Z = A'^'u + B'^'v + C'^'w = 0.

We suppose the degrees of
Z7, F, TF, Z to be

Z, w, w,^ ;
of m, v, w

to be \, /i, V] and A^ B\ A'^ B"^ &c. are therefore functions of

the degrees Z — X, Z —
/-t ;

m —
\, m —

fj.^
&c. Now, evidently,

these equations will be all satisfied by every system of values

which make u — 0^ v = 0^ w =
\
and these equations not being

sufficient to determine "
points," will be satisfied by an infinity

of values of variables. In other words, the four quantics Z7, F,

TF, Z have a common curve uvw. And yet £/, F, W^ Z may
be satisfied by a number of values which do not make m, v^ w
all = 0. It is our object to determine this latter nugnber ;

and

our problem is, When a system of quantics has a common curve,

to find how many of their Imnp^ <fec. points of intersection are

absorbed by that curve, and in how many points they intersect

not on that curve.

280. Let us first consider the curve formed by A; — 1 of the

quantics; for instance, in the example we have chosen for

illustration, the curve UVW. Now evidently a portion of this

curve is the curve uvw^ but there are besides an infinity of

points satisfying C/'FTF which do not satisfy m, v, w. We speak
then of the curve UVW^ as a complex curve consisting of the

curve uvw and a complementary curve. Now the order of a

complex curve is always equal to the sum of the orders of its
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components. For, by definition, the order of the complex curve

UVWh the number of points obtained by combining with the

Equations of the system an additional one of the first degree:
that order being in the present case Imn. And evidently, since

of those Imn points Xfiv lie on the curve uvWj there must be

lmn — \fiv on the complementary curve.

The two curves intersect in points whose number i is easily

obtained. For evidently all points which satisfy the three

equations

and which do not satisfy UjV^w] must satisfy the determinant

A, B, G

A\ B\ C
A'\ B'\ C' =

0,

the* degree of which h I -{ in + n - \ —
/jl
— v. The intersection

of this new quantic with uvw gives all the points in which

uvw meets the complementary curve. We have therefore

i^XfjLV (l + m + n — X— fi
—

v).

281. To find now the number of points common to UVWZ^
we have to consider the points in which the curve UVW
meets Z] and it is required to find how many of these are not

on the curve uvw. But since uvw is itself a part of the curve

UVW, it is evident that the points required are contained

among the p {Imn
—

Xfiv) points in which the complementary
curve meets Z, And from these points must be excluded the

t points in which the complementary curve meets uvw. Using
then the value given in the last article for

t,
we find, for the

number which we seek to determine,

Imnp
—

Xfiv [l-\- m-\-n -\-p) + Xjjlv (
X, + /i. + v).

We shall state this result thus, that if k quantics of orders

Z, m, n, p, &c. have common a curve of order a
;
then the

number of points which they will have common in addition to

this curve is less than the product of the orders of the quantics

by a [I + m -\- n -\- &c.)
-

yS, where /3 is a constant depending

only on the nature of the curve and not involving the orders
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of the quantics. We shall call this constant the rank of the

curve. We have seen that when the curve is given as the

intersection of quantics w, ir, w^ the order is Xfjuv and the rank

XyLtV (\ + yU + v).

We saw, in the last article, that if the intersection UVW
consists of two complementary curves whose orders are a, a',

and whose ranks are yS, /3', the number of points in which the

two curves intersect is a (Z + m + w)
—

/S ;
and by parity of

reasoning it is a {I -\- m -\- n)
— &'

-^

Hence the orders and ranks

of the two complementary curves are connected by the equa-
tions a + a' = Imn^ /3

—
/3'
= (a

—
a') (? 4- wi + n).

282. Next, let us consider the case where the quantics have

common two or more distinct curves uvw^ uvw\ &c. Let the

intersection for instance of UVW consist of the two curves

uvw^ uvw\ and of a complementary curve a"
; then, in the first

place, the order of a" is evidently Imn — \yiv
—

X'fiv, Secondly,
we have ,seen that uvw meets the remaining intersection of

UVW in points whose number is

\fiv (Z + m + w — \ — /I
—

v).

If then I of these lie on uvw' (that is to say, if uvw^ uvw'
intersect in i points) there must be on the complementary curve a"

\lJLV (Z -H 771 + w — \ —
yu-
-

v)
— 1.

And in like manner a" meets uvw in

X'fjb'v (l + m + n — \' — fi —v) —i points.

As before, then, the number of points on neither curve in

which a'' meets any other quantic Z is

(Imn
—

Xfiv
—

X'fiv) p —
X/jlv {l + m + n — \ — fi

—
v)

- \Vv' (Z + m + w - V -
/a'
-

v'j + 2i,

or Imnp
—

(X/jlv + X'fjifv) (Z + w + w +^) + Xjjlv [\-{- fi + v)

+ X>V(X'+/a'+/) + 2«.

Thus, then, the diminution from the number Imnp effected

by a complex curve is equal to the sum of the diminutions

effected by the simple curves less double the number of their

points of intersection. The same holds no matter how many
QQ
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be the curves common to the quantlcs; and we may say that

when a complex curve consists of several simple curves the

order of the complex is equal to the sum of the orders of its

components ;
and the rank of the complex is equal to the sum

of their ranks increased by double the number of points common
to every pair of curves.

283. We give, as an illustration of the application of these

principles, the problem to determine how many surfaces of the

second degree can be described through five points to touch

four planes. Let 8, T, Z7, F, W be five surfaces passing

through the five points, then any other will be of the form

aS+^T+yU+BV+eW] and the condition that this should

touch a plane will be a cubic function of the five quantities

a, y8, 7, 8, £. We are given four such equations, and it is

required to find how many systems of values can be got to

satisfy them all. If the four equations had no common " curves"

the number of their common ''

points
" would be 3* or 81. But

the existence of common curves may be seen in this way : The
condition that a surface of the second order should touch a

plane vanishes identically when the surface consists of two planes.

Let us take then for S and T two pairs of planes passing

through the five given points, S= (123) (145), T= (123) (245);

then evidently, the condition that aS + i3T+ yU+ 8V-]- bW
should touch any plane whatever, must be satisfied by the sup-

position 7 = 0, 8 = 0, £ = 0. This "
curve," then, which is of

the first degree, will be common to all four quantics. And, if

we call this the line (123) (45), it is evident, by parity of

reasoning, that the quantics have common ten such lines

(124) (35), &c. Now if,
as before, we take S as the system of

two planes (123) (145), T= (123) (245), and take U= (145) (234) ;

then, while the line (123) (45) is denoted by 7 = 0, 3 = 0, s =
0,

the line (145) (23) is denoted by /S = 0, 5 = 0, e = 0; and these

two lines intersect, being both satisfied by the common values

^ = Oj 7 = 0, S = 0, £ = 0. And, in like manner, (123) (45) is

intersected by (245) (13), (345) (12). Thus, then, the ten lines

have fifteen points of mutual intersection. The rank of a single

curve of the first degree being got by making X =
yLt
= v=l in
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the formula \fxv {\ i- fx -\- v) is three. Hence the rank of the

entire system is ten times three increased by twice fifteen or

is 60. And the number of points which satisfy the four

quantics is 81 - 10 (3 + 3 + 3 + 3) + 60 or is 21.

284. We have shown, Art. 272, how to determine the order

of a system of determinants, the number of rows and columns

in whose matrix differ by one. We shall now show how, in the

last mentioned case, to determine the rank of the curve. Com-

mence, as before, with the simple case

f, V, w

l\ v\ w

and we see that the intersection of uv —
vu\ uw — wu is a

complex curve, consisting of the curve uu' and of the curve

with which we are concerned, and knowing the order and rank

of uu\ we find the order and rank of the other curve. Repre-

senting as before the orders of the several terms by

a + a, 2> + a, c + a

we thus obtain

E-ank = rank of [uv
—
vu\ uw —

wv!)
— rank of (w, u')

—twice number of intersections of the two curves,

and this is

=
(a + 5 + a + /3) (a + c + a + /3) (2a + 6 + c + 2a + 2^)

-
(a + a) (a + ^) (2a + a + yS)

- 2 (a + a) (a + ^) (& + c + a + /3),

or, introducing the former notation (see Art. 272),

(7j
= a + 5 + c, &c., J3j

= a + ^, &c.,

this is =
(a + Z> + ^J (a + c+^J (a + (7j + 2jyj

-(a' + air. + ^/-Zrj(2a,-f-3^J;

or, what is the same thing,

= {a'+a,+ (a + (;j^,-f5/}(a+0, + 2irj

-(a' + aS, + 5/-5,)(20, + 3iJj,
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which Is easily found to be

+ iZ,(C,«+26',)

or attending to the relation H^
-
2H^H^ -i- H' = which exists

in the case of two equations (a, jS), this is

= 0,+ CA
+ H,(G,' + 2Q
+ C, (H,' + 2^J

or, finally, the rank is

=
((73+ C^n^+C,H, + H,) + [G,+ G,H^ + H:i (G. + H,),

and passing successively to the cases of four columns and three

rows, five columns and four rows, &c., it may be shown that

C,, Oj, C^ referring to the series of numbers, a, J, c, &c., and

-5j, H^j H^ to the series of numbers, a, /S, &c., the foregoing

expression for the rank holds good for the system in which the

number of the rows and columns differ by one.

285. The formula of the last article may be applied to

calculate the order of the system of conditions, that the equa-

tions a^'" + &c., af + &c. may have three common roots. The

conditions are formed by a system of determinants, the matrix

for which is formed as in Art. 275
;

save that the line a, Z>,
c

is repeated n — 2 times, and the line «', h\ c',
??i — 2 times.

The matrix consists of m + n - 2 columns and m + n — ^ rows.

The order of the system then calculated by the last article is

found to be

1.2.3
^ "^

1.2.3 >'+i(^-l)(^-2)(m~2)\V

-f J (w
-

1) [m -2)[n- 2) X^i^ \- \ [m
-

I) n [n
-

I) [n
-

2) X'a

•\-\[n-l)m[m-l)[m-2)iM^a.^\[m-2){n-2) {m[n-l)+n[m-\)]\tiOL

+ {Jn (w
-

1) (w
-

2) m (w - 2) + Jw (w
-

1) (w
-

2)} a'X

+ Win [m ^ 1) (wi
-

2) n (w
-

2) + ^{m -
1) [m

-
2)} a>

+ Im [m
-

1) (m
-

2) 72 (w
-

1) (w
^

2) a'.
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In the case where we have a = 0, \ = /a
=

1, this reduces to

J (w + n - 2) (m + n - 3) (w + n - 4).

The weight of the system, found by the same process as

before is

Jn [n -l){n- 2) X'\' + ^m{m- 1) (m
-

2) /^V'

+ (,,_l)(,i_2)(m-2)(V\'+^\V)+(7w-l)(m-2)(n-2)(X^/+J/4,V)

+ (771
-

1) w (n
-

1) (w
-

2) (\Va + ^W)
-f (n

-
1) 7w («i

-
1) {m

-
2) [fifi'a + ^fiV)

+ i (w
-

2) (n
-

2) {2mn -m-n] (X/a + X>a 4- Va')

+ {in [n
-

1) (n
-

2) m (m
-

2) + Jn (n
-

1) (w
-

2)} (aV + 2aa'\)

+ {Jm (m
-

1) (m
-

2) w (w
-

2) + Jm (m -l){m- 2)} (aV+2aa»

+ |w (??2
-

1) {m-2)n{n- 1) (w
-

2) aV.

286. The next problem we investigate is when a system
of quantics have a " surface

"
common, to find how many of

their points of intersection are absorbed by the common surface.

We mean by the order and ranJc of a surface^ the order and

rank of the curve which is the section of the surface by any

quantic of the first degree. Thus, consider the case of five

independent variables, then a system of three equations con-

stitutes a surface, and if their orders be X, yu, v, the order of the

surface will be Xyttv, and its rank X/Ltv (\ + /a + v) ;
these being

the order and rank of the curve got by uniting with the given

equations an additional one of the first degree.

Now, first let k - \ quantics have a surface in common,
whose order and rank are a, /3; they will also in general

have common besides a complementary curve whose order is

readily found. Thus if A; =5, joining with the given quantics

another of the first degree, we then have a system of 5 quantics,

having a curve common, and therefore by Art. 281 intersecting

in Imnr - a(? + m-fn + r) + /3 points besides. But these are the

points in which the quantic of the first degree meets the

complementary curve, and therefore this is the order of that

curve.
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287. Next let us investigate the number of points in which

the surface and complementary curve intersect each other.

Let
Z7, F, Wj Y (being as above of the orders

/, rrij n, r re-

spectively) be respectively of the forms

Au +Bv + Cw =0,

A'u -{-Rv +C'w =0,

A''u +B''v +G''w =0,

where m, v, w are of the orders \, /i, v respectively.

.
Then the points common to

Z7, F, TF, Y which do not make

w, r, M? = 0, will satisfy the system of determinants

A, A\ A\ A''

B, B, B\ B'

C, G\ G\ C
But since A is of the order l—\Boi. the order ? —

ytt,
A^ of the

order m — \ &c., it follows (Art. 272) that the order of the set

of determinants is

(Im + ln + lr + mn -\-mr-\- nr)

-
{I {- m -{- n -\- r) {\ + fi + v)

+ (X' + ;a' + v' + \/i + Xj/ + fiv).

If now we combine this system of determinants (equivalent

to two conditions), with the k—^ conditions which constitute

the surface, we determine the points common to the surface

and complementary curve. And their number is the order of

the system of determinants, multiplied by Xfiv, Writing then a

and /S for the order and rank of the surface X/iV, \fJLV (\ + /* + y),

and denoting by 7 the new characteristic

XflV (X* -{ fl^ +V^-\-\fJL-{-fJLV + v\),

which we may call the class of the surface, we find

t = a (Im -f Zw + Zr + mn + mr-\- nr)

-/3(Z + m + w + r)

288. If then we have an additional quantic Z also con-

taining the given surface, and if it be required to find how

many points not on the surface are common to all 5 quantics,
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these will be evidently the points of intersection of the com-

plementary curve with Z^ less the number of points of intersec-

tion of the complementary curve with the surface. If then

Z, m, w, r, s be the orders of the quantics, the number sought
will be got by subtracting from

s [lmnr
—

OL[l-t m + n + r) -\- ^j,

the number

a [Im + ln-\- mn -\-lr + mr-\- nr)
-

/3 {? -f r^ + w + r) + 7.

And the difference is

Imnrs

— a (Zw+...+r5)

+ /9 (Z+ ??2 + w + ^ + s)
-

7)

which is the formula required.

289. Next let us consider the case {k
=

5) where a system of

quantlcs have common not only a surface, whose characteristics

are a, /3, 7, but also a curve, whose characteristics are a', /8',

intersecting the surface in i points. As before, consider first

4 of the quantlcs. Their intersection we have seen consists

of the surface and of a complementary curve, whose order is

Imnr — a[l-\- m-{- n-\-r)-\- p.

And if the complementary curve be itself complex, consisting

in part of the curve a', and also of another curve, whose order

is ol\ we have evidently

a" = Imnr -oi{l-\-m-\-n-\-r) + — a\

The points therefore which we desire to determine are got by

subtracting from the sa' points of intersection of the curve a''

with the remaining one of the given system of 5 quantics,

B + 8' where 8 is the number of points in which the curve a''

meets the surface (a, /3, 7), and 8' is the number of points where

it meets the curve. But we know 3, since we know, by
Art. 287, the number of points where the surface is met by
the entire curve complementary to it

;
and therefore have

8-{-i — oL [Im -i- //2 + &c.)
— /3(?+m+n + r)+7;

and we know 8', knowing, by Art. 280, the number of points
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in which the curve a' is met by the entire curve complementary
to it,

and therefore have

B' + 2i = a' {l + m + 71 + r)- ^\

Substituting the values thence derived for B and S' in sa'' - 8 -
S',

we get
Imnrs

- a. {Im +...+ rs)

-{^{l+m + n + r + s)

-7
— a' (Z + wi + n + r + s)

+ 31

In other words, the diminution from the number Imnrs pro-

duced by curve and surface together is equal to the sum of

their separate diminutions lessened by three times the number

of their common points.

290. This result may be confirmed by supposing one of the

quantics to be a complex one Z^Z'^, where Z'^ contains the

common surface, and Z^^ the common curve
;
and the degrees

of Z\ Z'' are s\ s\ Then the quantics C/, F, W, Y, Z\ by
Art. 288, have common points not on the common surface

Imnrs -
ol[s' [1+ m+ &:q,.) + lm+mn + &Q,.]+^[s+l+m+&c,) —y.

But among these will be reckoned the aV points in which

the common curve meets ^', deducting however the t points

common to the curve and surface. To find then the number

of points TJVWYZ' which lie on neither curve nor surface,

we must deduct from the number last written aV — i.

Consider now the intersections of Z7, F, TF, F, Z'^
;
these

are a system of quantics having common two curves inter-

secting in i points ;
viz. the given curve a', and the curve of

intersection of the common surface by Z'\ whose order will be

as\ and whose rank will be as' [\ + ^i + v + s^). The number

of points VVWYZ'' which lie on neither curve nor surface

will be

Imnr^''- (a'+ as')[l+ m + n + r+ /')+ /S'-f a.s\\+ti+v + s') + 2u
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Adding, and writing .9 for s' + s'j we get

Imnrs- a (?m +...+ rs) +&c.,
as in the last article.

291. We next suppose the quantics to have common two

surfaces having { points of intersection. The method would

be the same if there were several surfaces. Let the last

quantic be a complex one, consisting of Z' which passes

through the first surface and Z^' which passes through the

second. Then the system t/", F, TF, F, Z\ have the common
surface X//,v and the curve Xfjfvs\ which have i points common,
and the number of points of intersection, not lying on either

surface, is thus

Imnrs -
\fiv [[I -\- m -\- n -\- r) s +lm-\- &c.} + ^ {l-\-7n + w + r + «')

- 7 - X'lJbvs' (?+ w 4- w + r + /) + X^ivs (V -f ft' + / + s') + ZL

In like manner for the system Z7, F, TF, F, Z'\ the number of

points of intersection not lying on either surface, is

Imnrs' - Xfivs' {I + m + n-Vr + /') + Xfivs' {X-\-fjL + v + s")

- \>V {(? + ??2 + w 4 r) 5"+ Irn + &c.} + ff' {l + m-tn+r+ s') + 3^.

Adding these, we have for the whole number of points of

intersection

Imnr (/ + s')
-

{\/jlv + X>V) {{I + m + n + r) {s' + s') + Zwz + &c.}

+ (l3 + ^'){l-^m-\-n + r-{-s-\-s")-y-y+ei.

In other words, the combined effect of the two surfaces is

equal to the sum of the effects of the surfaces separately con-

sidered, diminished by six times the number of their common

points. When there are only four variables, two surfaces

always must have common points of intersection.

292. Lastly, let the two surfaces have a common curve

whose order and rank are a'', /S''. Proceeding^ as in the

last article, we find that the system UVWYZ' have common
indeed the surface X/jlv^ and the curve \'i/vs: But since

this curve is a complex one, consisting in part of the curve

a!\ ^" which lies on X/iv, we are only to take into account

the complementary curve which, by Art. 282j lias for its order

A
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X'ljfvi— a", while its rank is

)8" 4- (XVvV - 2a'0 (V + / + v' 4 /) ;

and the complementary curve intersects a''/8'' in

a" (V 4 / + v' + /)
- ^" points.

The number of intersections is therefore

Imnrs^ — X/jbv {{I + m + n + r) s' + lm + &c.} 4 l3[l-]-m-\-n-\-r-^s^)-y

- (V/xW - a') {l+m-hn + r + s')

-f /S" 4- (\>'vV- 2a")(V4 /+ /+ /) 4- 3a" (V4- /4- v'+ /)
-

3/3''.

Similarly the intersections for UVWYZ^^ are

Zwwr/'- \>V{(?+w4-n+r)/'+ ?m4-&c.} + i8'(?4- w2+ y?4-r+/')
- y

-
[Xfivs'

-
a") (?+ wi + w 4 r 4- 5")

+.j^'+ (kfivs''- 2a'0 (\ 4- /x + V + s") + 3a" (\ 4 /* + k 4 /')
- 3^".

Adding, we have

Z?nwr (/ 4- s')
-

{\fiv 4- X'//) {(Z + tw + « 4- r) (/ + «") -\-Im-\- &c.{

4-()e + yS'4-2a")(Z-fm4-w + r4-/ +

-7-7' + a"(X + /* + v4-V + /x'4-/)-4ye".

In other words, the diminution is obtained by regarding
the two surfaces as making up a complex surface, whose

order is the sum of their orders, whose rank is the sum of

their ranks increased by twice the order of the common

curve, and whose class is the sum of their classes increased by
four times the rank of the common curve and diminished by

a''(X + fi + v-\'\' + /+v).
We must leave untouched some other cases which ought to

be discussed in order to complete the subject; in particular

the case where the surfaces touch in points or along a curve.

293. We come now to the problem of finding the order of

the system of conditions that three ternary quantics should

have two common points. The method followed is the same

as that given by Prof. Cayley for eliminating between three

homogeneous equations in three variables, and which we have

explained (Art. 94). Let the three equations be of the degrees

Ij w, n. Multiply the first by all the terms
a;'"''""*, yx^"""*, &c.
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of an equation of the degree m + w — 3, the second in like

manner by all the terms of an equation of the degree n + l—S,
and the third by all the terms of an equation of the degree
l+ m — 3. We have thus in all

i {m+n-l) {m-{-n-2) + J {n+l-1) (n+Z-2) + \ {l+m-1) (Z + m -
2)

equations of the degree Z+ w + n — 3, from which we are to

eliminate the i{l + 7n-\-n-l) {l+ m-\-n-2) terms
ic*'*^""'""^,

&c.

But, as it has been shewn in the place referred to, the equations
we use are not independent, but are connected by

i(Z-l)(Z-2)+i(«*-l)(^-2) + i(w-l)(?*-2).

relations. Subtracting then the number of relations, the number

of independent equations is found to be one less than the number

of quantities to be eliminated
;
and we have a matrix in which

the number of columns is one more than the number of rows,

the case considered in Art. 272. But, as was shewn, Art. 93,

when we are given a number of equations connected by rela-

tions, the determinants formed by taking a sufficient number of

the equations, require to be reduced by dividing out extraneous

factors, these factors being determinants formed with the co-

efficients of the equations of relation. If then, in the present

case, we took a sufficient number of the equations and deter-

mined the order by the rule of Art. 272, our result would require

to be reduced by a number which we proceed to determine.

294. Let us commence with the simplest case where we have

k equations in k variables, the equations being connected by a

single relation. To fix the ideas we write down the system
with three rows

a,



.W8 ORDER OF RESTRICTED SYSTEMS OF EQUATIONS.

place, suppose that the two first equations are in the simplest

form, and that V = — 1. The true order then is that determined

from the first two equations ;
that is to say, if we indicate the

orders, as in Art. 272, C^+C, (a+/3) + a''+/5"'+a/3. Now suppose
that we had omitted the first row, the order deduced from the

second and third would be C^ + 0, (/3 + 7) + ^^ + 7''' + /S7 ;
which

we see, in order to give the true order, requires to be reduced

bj (7
—

a) ( Cj -f a + /3 rf 7) ;
In other words, by the order of X.

multiplied by the order of the determinant obtained from the

three equations. And the general rule to which we are thus

led is : Leave out one of the rows and determine the order of

the remaining system by the rule of Art. 272
;
from the number

so found, subtract the order of the determinant formed from all

the equations, multiplied by the order of the term in the relation

column belonging to the omitted row. It is easy to verify, that

we are thus led to the same result whatever be the omitted

row. Thus

= a,+ (7,(^-f7)+/3^ + 7' + )57->^(<^x + a + /5 + 7),

since the orders X — X" = 7 — a.

And our result may be written in -a symndetrical form if we

write A for the common value of \ H- a, V + /3,
\" -f 7, when

it becomes

^,+ 0, (a + /8 + 7)4-a'+/S^+y+/87+7a+ay8-^((7, + a + ^47),
or c,+ o,z?, + //,-^(6; + s;).

295. And, generally, if there be any number of relation

columns, I have been led by a similar process to the following

result : Let the terms in the relation columns be A, X', X", &c.,

/A, fji\ yu.", &c., V, v', v\ &c.
;
then we must have

X + a = X' + /3', &c., /cA + a = / + y8',
&c. v + a = / + /3', &c.

Let A^ Bj C denote the common values of these sums, and let

£f/, H^^ denote the sum and sum of products as in Art. 272

of the quantities A, B, C] then the order of the system is

This result may be stated as follows, in a way which leads

us at once to foresee the answer to some other questions that
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may be proposed as to the order of systems of these equations.

In the case we are considering, the entire number of columns,

counting the relation columns, is one more than the number

of rows
;
and the order of the system is that given hy the rule

of Art. 272, if we give a negative sign to the orders in the re-

lation columns. In like manner, when the number of columns,

counting the relation columns, is equal to the number of rows,

the system, by Prof. Cayley's theorem, represents a determinant

whose order is that which we should obtain by calculating

the order of the entire system considered as a determinant,

the orders in the relation columns being taken negatively. And
so no doubt if the entire number of columns exceeded the

number of rows by two, the order of the system would be found

by the same modification from the rule of Art. 285.

296. Let us now apply the rule just arrived at to the

problem proposed in Art. 293. We consider the three ternary

quantics of the order
Z, w, n respectively ;

and we regard these

as depending upon two arbitrary parameters, the orders in

these parameters being as follows
;
the coefficients of x\ a;"*, x\

the highest powers of
cc,

are of the orders \, /t, v; those of

£c'"*^,
x^'^z are of the orders X-f a, X+ a', and so on, the orders of

the coefficients increasing by a for every power of
?/,

and by a!

for every power of z. Then the terms in the first column

consist first of ^[m-\- n — \) {m-\-n — 2) terms whose orders are

X; X-a, X —
a'; X*— 2a, X— a — a', X — 2a', &c.

; secondly, of

\[n-\-l—l){n+l—2) terms whose orders are /i : /^
—

a, /x
— a'

;

&c., and thirdly of \[l + m —
\)[l-\-m

—
2) similar terms in v.

These may be taken for the numbers a, /3, 7, &c of Art. 272.

The numbers a, &, c, &c. of that article are 0, a, a! : 2a, a + a',

2a', &c., there being in all ^ (? + w -f w — 1) (Z + m + w -
2) such

terms. Lastly, the numbers A^ B, (7, &c. of the last article are

found to consist of J(Z— 1) (1—2) terms, fM+ v, fju+v—a, /x + v-a';
together with ^{m—l){m- 2) and ^ (w

—
1) (w

—
2) correspond-

ing terms in v + X and X + /a. In calculating I have found it

convenient to throw the formula of the last article into the shape

where 5, denotes the sum of the squares of the terms o, Z*, c, &c.
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Also If 4)[l)-^Ar -\- BF + Cr + Dl-\- E^ it is convenient to take

potice that

<j>[l + m-i-n) -f 4>[l)^-(f>{m)-\r(t>[n)-(j>[l+ m)-^{m-\-n)-(f>[n-irl)

= l2Almn [I + m { n) + 6Blmn + E.

I have thus arrived at the result, that the order of the system
or number of the sets of values of the parameters is

imn {mn
-

1) X' + ^nl {nl
-

1) /tcH ^Im {Im
-

1) v^

+ {{nl-l)(lm-l)-i[l-l){l- 2)} fiy

+ {{Im
-

1) [inn -l)-\{m- 1) {m - 2)} v\

+ [[nl
-

1) (ww
-

1)
- J (w

-
1) (w

-
2)} XfjL

+ mn\ [Imn
— Z + 1 — ^ (w + w)} (a + a')

+ nlfi [Imn
— m + I — \ [n -{-I)] [ol + ol)

-\-lmv[lmn-n + l—^[l-\-m)]{aL-\-a)

+ \ Imn {Imn- l—m— n-\-2) [ai^-r a''^) + \lmn (2Z?wn
— Z—m — w + 1) aa'.

If the order of all the terms in the first equation be X, in

the second
/a,

in the third v, we have only to make a and a' =
in the preceding formula. In this case, supposing X = /^

= »/ = 1
,

the order becomes

\ (mn \-nl-\- Im) [mn \- nl \- Im — b)

-4(?-l)(Z-2)-H»«-l){»«-2)-i(n-I)(n-2),

and in particular if 7 = wi = w, the order is

|7i(w-l)(w' + n-l).

This last result shows that if U, V\ U'\ F, F', F", W, W\ TF"

be given homogeneous functions of [x^ y, z] each of the order w,

then the number of curve-triplets

U-^eU'+<l>U''=^0, F+<9F'+<^F'' = 0, IF+^TF'+^?F''=0,

having 2 common points, is

297. Mr. S. Eoberts applies to the problems of this Lesson

a method directly applicable to binary quantlcs, since they

can always be resolved into factors, and which extends to

the case of ternary and higher quantlcs, for the question

whether or not they can be so resolved does not affect the
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problems here discussed, and the orders determined in the

case of quantics which are the products of factors must be

generally true. Thus, to determine the order of the resultant

of two binary quantics of the degrees w, w; if the order of

the terms in the first be X, X + a, X + 2a, &c., it may be

resolved into the product of m factors ax + hy^ the orders of

a and h being
—

,

—ha respectively ; similarly, for the second

quantic; and the resultant is the product of mn factors, the

\ X'
order of each beinff 1 [- a : and, therefore, mn times° m w ' ' '

this number will be the order of the resultant. Now
Mr. Eoberts argues that we may deal in the same manner

with the problem in Art. 277
;

that knowing, by Art. 272,

the order of the matrix a, & to bea,
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X, X -f a, X 4- /3, &c. is the product of their degrees multiplied by

where Hj^ has the same meaning as in Art. 272, and P, $, &c.

are the sum, sum of products in pairs, &c. of the numbers

-7 ,
—

, &c. Thus, for instance, this formula applied to the

case of ternary quantics gives the order of the conditions that

a curve should have a cusp. We determine by the formula

the order for the co-existence of
Z7j, ZJ^, C/g, TJ^^ U,^^

-
U^^^ which

system belongs either to cusps or double points on the line z^

and we subtract the order for the co-existence of
C/^, Z^^j U^i ^,

which belongs to the latter. The result is

12(n-l)(n-2)X'+8w(w-l)(w-2)(a + /8)X

-f 2w (rz
-

1) (n
-

2) (n + 1) a^ + 2W (w
-

1)' {n
-

2) (a"''
+ /8').

The problem of finding the order of conditions that two

binary equations should have two common roots is discussed

as follows : Consider first the simpler system, formed by taking

two factors from each equation,

[ax + hy) [a'x + Vy) [a''x + V'y) [a'^'x + 5"»,

and we have the pair of conditions

(a&'O [a'V')
=

0, [ah''') [a'¥")
=

0,

whose order combined is 4 (X -f /* + a)^ ;
but from this we must

subtract the irrelevant systems [ah") [ah'")^ [^'h") [ah'")^ which

reduces the order to 2 (X + /^ + a)^ But if we take two factors

from the first equation and one from the second, the system

(a5'')
=

0, [o!h")^^ is satisfied by tt' = 0, J" = 0, whose order

is /x (/A + a). Now since the number of ways in which two

factors of the first equation may be combined with two of

the second is ^Z(Z
—

1) x |w (w
—

1), and the number of ways
in which one of the second may be combined with two of the

first is JZ (Z
—

1) w ;
the resulting order in general is

iZm(Z-l)(«z-l)g
+ ^+ay +

iZm(m-l)^g
+

a)

as in Art. 275.
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By the same process of reasoning Mr. Roberts arrives at the

order of the conditions (Art. 296) that three ternary quantics

should have two points common, in the form

{ilmn{l-l){m-l){n-l)-^'2.ilmn{m-i){n-l)] |^
-f
^ + - +a+a I

+
.iZ««(^-l)|+^4

+ Jf + (a +
a')g

+
£)

+
aa'}.

In this way the order of conditions that a curve should have

two double points is found to be

:^(^n-'l){n-2Y{n-\-l){3\ + n{0!. + a')}'
-
i (n

-
1) (n

-
2)

X
{15\''' + lOn (a + a) A, + n (w + 6) aa' + 2n (2n

-
3) (a' + a')],

Mr. Roberts investigates other problems by the same method
;

as, for instance, the order of conditions that four curves may
have two points common, or that a surface may have a biplanar

double point. For these I must refer to his paper.* I only

give the following result : The order of conditions that three

binary quantics should have two roots common is

* Prof. Cayley, in the Cambridge and Dublin Mathematical Journal, vol. IV., p. 134,

determined the order of a matrix with k rows and h+l columns, in the particular

case where each constituent is of the first degree. My own investigations were pub-

lished. Quarterly Journal, vol. I., p. 246, and in the Appendix to my Geometry of

Three Dimensions, second edition. After this Lesson was printed in the second edition

Mr. Samuel Roberts communicated to me some extensions of the theory there

developed, and his results have since been published, Proceedings of the London

Mathematical Society, March, 1875.

SS
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LESSON XX.

APPLICATIONS OF SYMBOLICAL METHODS.

298. In this Lesson, which is supplementary to Lesson XIV.,
we wish to show how the symbolical notation there explained
affords a calculus by means of which invariants and covariants

can be transformed, and the identity of different expressions

ascertained. In order to facilitate the reader's study of recent

memoirs, we employ the notation explained, Art. 162, which

is now almost exclusively used; to save the necessity of

reference, we repeat what has been already said, and, in order

to fix the ideas, we suppose the variables to be three, though
the method is perfectly general. The variables then are

^\i ^2» ^3 5
^^ there are different sets of cogredient variables,

such as the coordinates of different points, they are written

l/ii y%'i Vzr ^i» ^a? ^3?
^^* ^^ ^^® ^^® abbreviation a^ for

a^x^ + a^x^-^a^x^, a^
for a^y,-^ a^y^ + a^y^',

if we are only

dealing with one set of variables so that no confusion is likely

to arise, we sometimes suppress the suffix, and write a instead

of a^. The quantic of the ii}^ degree is symbolically written

<?/, or
(flj,£Cj + a^x^ + a^xj" ;

that is to say, a^, a^^ a^ are umhral

symbols not regarded as having any meaning separately ;* but

a^ denotes the coefficient of
ic,"

in the quantic, a^''^a^ that of

tix^'^x^^ and so on. And so generally any homogeneous function

of the ii}^ degree in the letters
«^, a^, a^ may be replaced by

a multiple sum of the coefficients of the quantic; any other

function of these letters is not regarded as having a separate

meaning. Other quantics may be denoted by ^^, c', &c., the

symbols 5^, h^^
b

,
&c. being used in the same way. In the cases

with which we principally deal the quantics are supposed to

*
It-has, Jiowever, been stated, Art. 163, that we can at any moment interpret a

formula by substituting for Cj, a^, a, differential symbols with regard to x„ X2, x^.
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be identical
;
and a", 5", c", &c. are only different expressions

for the same quantic.

We use (a^c), [ahd)^&c.^ to denote determinants formed with

the constituents
a^, a^, a^\ ^,7^27^3) ^^* ^^ order to express

invariants or covariants of the quantic we take any number of

such determinants and multiply them together; then evidently
the product can be translated as a function of the coefficients

of the given quantic, provided that the a symbols, h symbols, &c.

respectively each occur n times. If not, we join in the product
such powers of a^, 5^, &c.—that is to say, of (a^x^-\- a^x^-\- a^x^^
&c.—as will make up the total number of a's, Z>'s,

&c. to n.

We are then able to replace the symbolical letters by coefficients

of the quantic, and the resulting product is a function of the

coefficients and the variables, the latter entering in a degree equal
to the sum of the orders of a^, h^^ &c. in the symbolical product.

It is easy to show that we obtain an invariant in the one

case and a covariant in the other; and we refer to Clebsch's

Theorie der hindren algehraischen Formen for a formal proof
that all invariants and covariants can be so expressed.* All

this has been stated already (Art. 162). When a covariant

is expressed in the manner explained, it is evident that its

order in the coefficients is equal to the number of symbols

ttp &j, &c., which enter into the determinant factors, and that its

order in the variables is equal to the number of non-determinant

factors «^, J^, &c.

Since the differential coefficients of w = a/ are respectively

naj^'^a^^ na^'^a^^ na^'^a^^ the equation of the polar, which is

1 f diL du du\ ^ , „_, ^ CI- -1 1

n [y^ dx,
+ ^^^/ ^»

dx)
=

"' ^"'=°'""' "' "y
= ^- S^'l^'-'y.

the second polar is
a^'^aj^,

and so on.

* The principle of the proof is briefly this : we have seen, Art. 218, that from any

invariant or covariant P of a single quantic, we can, by the operation a' -r + &c.,

obtain a corresponding form n for a system of two quantics, and that we can fall

back from 11 on P by making a' = a, &c. By repeated application of this principle,

if the form P be of the »''* order in the coeflS.cients, it may be considered as derived

from a form IT belonging to r different functions, each of which may be symbolically
written (aia^i + a^x^Y, {b^Xi + b^x^)^, &c. Every form therefore of the r*^ order for

the aingle quantic has a corresponding form for r linear factors, and it is proved
without difficulty that for the latter case the only invariant or covariant forms are

those expressed as in the text.
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299. Confining ourselves now to the case of two variables,

a^ or a here stands for a^x^ + a^x^^ [ah) stands for afi^
—

a})^ '-,

and any covariant is expressed symbolically by a product

{ahY[acy{hdy ikii. multiplied by oJ'lfd'&Q.^ the number of a's

5's, &c., in the entire product being each w or a multiple of n,

If^, q^ r, &c. all vanish, the symbol denotes an invariant. Any
symbol which simply changes sign by an interchange of a

and h (as, for example, [abYa~'V'~^^ where a is odd) denotes an

expression which vanishes identically (see Art. 153).

If we eliminate
a;^, x^ from the equations

a = a^x^ + a^x^^ h = h^x^ + b^x^, c =
c^aj^ + c^x^y

we have

{A) a [he) + h [ca) + c [ah)
=

0,

an identity of the greatest use in transforming these expressions.

Thus, for example, transposing a [he) to the other side and

squaring, we have

(B) 2hc [ah) [ac)
= h' [acf -f c' [ah)'

- a' [he)'.

To illustrate the use of this, multiply by a""^Z>"~V~', in order

that each term may denote a covariant of an w-ic, and we have

2a"-T-V [ah) [ac)
= ^VV"^ [ac)'+ cV-'h""' [ah)'

- a'^-Y'' [hc)\

Now, since a", ?>",
c" all equally denote the quantic, the three

terms on the right-hand side of the equation are only different

expressions for the same covariant; and we learn that the

covariant a''~'^b''~^c'~^ [ah) [ac) is half the product of a" (which is

the quantic itself) by 5"~^c"'^ (5c)', which denotes the Hessian.

We can always (as has been stated Art. 163) interpret these

symbolical expressions by supposing a,, a^^ &c., to denote

-—
, -J— , &c., by supposing that we operate on the product

(zx^ ax„

of several distinct quantics uvw^ and by making the variables

identical after differentiation. In this way a or x^ ,
—

\- x^ -^ ,

applied to any homogeneous function, only affects it with a

numerical factor. If we thus interpret equation (J5), [ah) [ac)
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is Q^ where Q is

dx^ \dxj ^ ^

d^u d''u { d'u

% /du^^ d'^u / du\
f
du\ d'u /du\^

j' \dx^/ dx^dx,^ \dxj \dxj dx!^ \dxj
'

and {ab) >s m, where B is

-^, ^,
-
(^^^j

.

On the right-hand side of equation B^ a^^ h^^ c'"* respectively

operate on functions which have not been before differentiated,

and therefore affect them with the numerical factor n{n—l)\
on the left-hand side 5, c operate on a function which has been

once differentiated, and each affects it with the numerical factor

(n
—

1). Equation B therefore gives us (w
—

1) Q = n UH,

300. From equation B other useful formulae may be derived.

Squaring it,
we have

[C) a'{hcY + h'{ca)'-{-c*{ahy

= 2 {bV [ahf [acY + cV {Icf {ha)' + d'h' {caf {cbf].

If this be applied to a quartic form, the three terms on the left-

hand side are all different expressions for the same thing. So

•are also the three terms on the right; and we learn that the

covarlant 5V (ab)' [acf differs only by a numerical factor from

the product of the quantic itself by the invariant (^c)\

Considering the four expressions

a = a^x^ 4 a^x^^ b = h^x^ + b^x^, c = c^x^ + c^x^^ d^ d^x^ + d^x^y

we at once verify the identity

[!)) (ad) [be) + {bd) [ca) + [cd) [ab)
=

0,

which is also of very great use in the theory. We deduce

from it

[E) 2 [bd] {cd) [ab) [ac)
=

[bd)' [ac)' + [cdf [ab)'
-
[adf [bc)\

(F) [ad Y [bcY + [bdY [caY + {cdY [abY

= 2[[bdY[cdY[abf[acY+[cdY[adY{bcY{ba)'-{-{adY{bd)\caY{cb)'}.

To these may be added an identity which is really a different

form of {B) ; this is

(G) <^.K-K%-W[^y\
where [xy) denotes [x^y^— x^y^ ;

and from it we deduce
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301. A symbolical expression may be always so transformed

that the highest power of any factor [ah) shall be even. For

the signification of the symbol is not altered if we interchange
the letters a and h

;
therefore

and by the help of equation A^ (f>^

—
<f)^

can always be so trans-

formed as to be divisible by {ah). Thus ^c"""^ (a6)'"'"* [ac] is at

once reduced to c"" [ahf^. For

hc'"^-' [ahr" [ac]
=

ic'""-' {aby""-' {h {ac)
- a {he)}

=
^c^"" (a5)»*.

302. If we arrange symbolical products according to the

number of determinant factors which they contain, we can,

by these formulae of reduction, reduce them to certain standard

forms. If there is but a single factor (aJ), the covariant

vanishes identically (Art. 299), since it changes sign by an

interchange of a and h. The possible forms with two factors

are {ah)'\ {ah){ac)j {ah){cd)^ of which the last vanishes identi-

cally, and, in Art. 299, we have expressed {ah) {ac) in terms of

[ahy. There is therefore only a single distinct covariant

symbolically expressed with two determinant factors, viz. the

Hessian H— a'^lf"^ {ahf. Any such form must denote either

the Hessian or the product of the Hessian by a power of

the quantic. So again, for three factors, the possible forms are

{ahf^ {ahf {ac)^ {ah) {ac) {ad), {ah) {ac) {he), {ah) {ac) [hd) ;
of

these the first, fourth, and fifth vanish identically, and the

second and third are found to be related as follows: Multiply

equation B by a"''^>""Vc?""'(afl?) ;
two of the terms on the right-

hand side become identical, the third vanishes, and we have

2a"-^^>"-^c"-^c^"-^(a&) {ac) {ad)=2a'^'h''-'cV-'{ahy {ad),

showing that the covariant expressed by the left-hand side is

the product of the quantic itself by the covariant whose value

is given (Art. 156). Generally every symbol having a pair of

factors with a common letter {ah) {ac) may be reduced to a

more compact form by substituting for this pair their value

from equation J5, and so expressing the symbol by others in

which this pair of factors is replaced by a single square factor.

Symbols with four factors can be reduced to either of the forms
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{ahy or [al))\cdY^ which is H'\ For five factors the fundamental

forms are {abY[ac) and [a})f[ac){de)\ the latter being the pro-

duct of two distinct covariants. For six factors the forms are

(ahf (Art. 153), [ah)' [hcf [caf (Art. 155), and {ah)'' {cdf {e/)%

the last being the cube of the Hessian. We give a few

examples of the reduction of these forms.

Ex. 1. To reduce a''-*J"-ic"->c?'»-^e"-^ (ab) {ac) (ad) {ae). Multiply together

2bc {ab) {ac) = b^ {aef + c^ {abf
- a^ {bc^,

Ide {ad) {ae) = d^ {ae)^ + e^ {ad}^
- a« {de)^- ;

multiply the product by a'*~*b'*-'^c"-^d^'^e"~% and assemble the identical terms, then

we have

4o'«-*i»-ic»-ii?«-ie»-» {ab) {ac) {ad) {ae)

= 4c«e»a»-''*«-3J«-2 (aJ)2 {ad)^
- 3a"J»-2c"-2(;n-2en-2 (Jc)2 {de)"^

The last term is — SUH"^. The other term on the right-hand side is reduced by

equation C. Multiply by a"~*b"^'*d^-* the equation

a* {bd)* + b* {ad)* + d* {ab)* = 2 [b^-d^ {abf {ad)"^ + d^a* {bd)^ {baf + a^b"^ {ad)^ {bd)\

then we have 2a'^-*b''-H''-'^{abf{ad)'^ = d''a''-*b''-*{ab)*. The right-hand side there-

fore of the preceding equation reduces to 2SU^ — SUE^, where S is the covariant

a»-*6»-* {ab)*.

Ex. 2. To reduce {ab)*{ac)^. Multiply equation C by a^'Si^-^C *{ab)% then we

have, assembling identical terms,

cnan-%n-6 („^)e
_ 2a^-%^-*c^-^ {ab)* {ac)^ + 2a*-*b*~*c''-* {abf {bc)^ (m)'.

Thus, if we call the standard forms a»-«i»-« (a*)« and a"-*b'''*c'*'* {ab)^ {bc)^ {ac)'', M
and T, we have 2a"-«6"-*c»-2 (a*)* (ac)^ = UM - 2T.

Ex. 3. To reduce {aby {ac)'' {ad)^. Multiply together the three equations

2bc {ab) {ac) = c^ {abf + 5^ {acy - a' {bcf,

2od{ac) {ad) = d^ {ac)^ + c« {ad)^- a^ {cd^,

2bd {ab) {ad) = b^ {ad)'' + d^ {ab)^
- a^ {bd)'',

and multiply by a'^~^b^~*c^~*d^'*, then we have

6a»-65n-2cn-2^»-2 (a^)2 (a^)2 (^^)2

= - Ad^a^-*b^-*c^-*{abY{bc)''{ca)'' + Qa^-^b^-*c^-''d^{ab)*{acy-Za^-*b^-*c^-^d^-%ab)* {cdy

= - 4:UT+ ZU{UM- 2T) - 3SII = W^M- lOUT - SSH.

Ex. 4. To reduce {ab)^ {ac)^ {cd)^. Multiply equation (C) by {cd)^, and by

gn-4^n-4^n-6(^n-2^ then WO haVO

4an-4^»^2cn-4(^n-2 (^ab)'' {acf {cd)^ .

= 2a^b^-*c^-^d^-' {be)* {cdf-^ a'»-»6«-*c«-2(?"-2 {ab)* {cdf - 2a^-%^-''c^-^d"'-^ {acY{hc)\dcY

Multiply by three, and observe that in Ex. 3 we find that

6a"6»-*c»-«(i"-2 {be)* {cd)^
- 6a»-2i"-V-6(;"-2 {ac)^ {bcY {dcf = iUT + SSH.

and we have 6a»- '•5»+2c»-4^»-2 ^ab)^ {aef {cdf = 2UT+ SSH.

Ex.5. To reduce {ab)'' {cd)^ {ac) {bd). Multiply the equations

2ad {cd) {ca) = a' {cd^ -f d'' {acy
- c^ {ady,

2bc {cd) {bd) = b^ {cdy + c' {bd^ - d^ {bey.
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and multiply also by a^-*b'^-*c^~*d'*-* {aby, and we have

- 4a'»-36'»-3cn-3^n-3 («&)« {cd^ (uc) {bd)

- an-2^n-2cn-it2n-A ^^bf [cd]* + 2a»-*6«-2c»-*^"--2 {ab^ {cdf {acf

- 2a'*-*b''-*c^*d« {aby {bcY {caf

= SH-2TU+ 2a'»-*i»-2c'-*(?''-2 {aby {cdy {ac^ ;

therefore, by Ex. 4,

- 12a'»-3i'»-3<;»-3(;n-3 (^aby {cdf {ac) {bd) = QSH - ATU.

"We stated (Art. 156) that the expression for the discriminant of a cubic was

{ahf {cdy {ac) {bd). The present example shows how the corresponding covariant

of a quartic can be expressed in terms of the fundamental forms S, T, U, H.

303. If
<^, y^ be covariants of the orders p, q in the vari-

ables, we may write these symbolically </>
=

[4>^x^ + <i>^x^^^

yjr
=

{yjr^x^ + yp-^x^Y^
and we can obtain from them the series

of covariants c^/^'*!^/'*!^'^)*, where k has any value from 1

up to the least of the two numbers p and q. This operation,

in German called UeherscJmbung^ we shall call transvection, and

the covariants generated we shall call transvectants of the two

given covariants.

In the notation used Lesson XTV, 12^<^\fr denotes a covariant

differing only by a numerical factor from the transvectant
;

that is to say, if we denote differentiation with regard to x^^ x^

by subindlces, the series is

Thus the first in the series is the Jacobian, and if n be the

lower of the orders of <^ and
-^/r,

the last in the series 12"0'\|r,

is the result obtained by introducing differential symbols into

the one quantic and operating on the other (Art. 139). We
obtain transvectants of a single quantic by supposing <^ and

•>/r

to denote the same quantic. The transvectants then of odd

order vanish, and those of even order form the series of co-

variants considered (Art. 141). The method of formation of

covariants explained in this article has a prominent place in

the proof given by Gordan and Clebsch, that the number of

covariants of any form is always finite. Thus the first step in

the proof is to show, as we shall presently do, that any
covariant symbol formed with Ic letters a, 5, c, &c. may be

reduced to a transvectant of the original form combined with

a covariant whose symbol contains only li—\ letters.
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304. There is no difficulty in forming the transvectant, or

any other derivative of a form
cj) symbolically expressed.

The transvectants of (^, -yjr,
we have seen, are given by the

formula
(<^>|^)'

=
(fi^j

—
fa^i)*? where ^^^ ^^ denote differentiation

of
(j)j

and 7?p 972
differentiation of

yfr.
Now let the symbolic

expression of
(f)

be
(f)
= 21a^b% &c., where M denotes the

aggregate of the determinant factors. Then, since
ar^, x^ only

enter in
6?, Z>, &c., we have

^'
=

''I + *' i + <^<=-' ^^
=

"• ja
+ *•i + ^^-^^

Similarly if ^ =Ndd' &c., we have

''
= 'S + ^'^+ '^'•' ^'^ 'Vo

+
'^'5S+

'^'-

If we put these values into
{^^rj^

—
^^ViY we see that the symbolic

expression for the transvectant consists of a group of terms,

each of which contains all the determinant factors if, N of the

two given forms, together with a function of the k^^ order in

the determinants (ac), [ad), (be), (hd), &c. In particular the

transvectants of combined with the original form u (or g'\

where ^ is a symbol not occurring in
</>),

are found by oper^ating

on 4> with
^{ag) ^ + [bg] | + (o^) ^^

+
&c.}'.

Ex. To form the symbol for the Hessian of the Hessian. Here we have

(f>
= a''-'^b"-%aby, xf/

= C'-^d^-^icd}-, and we are to operate on (pxf/ with (^jtjg
-

^j^Ji)' J

or with rdd.^dddd d d-]2

r'^ ^ ^ + (""^ da jd
+ (*'^' * ^ + («>

di ddi

or, collecting terms, with

^ (-)' 1. 1. +
« (-)M

,^, I #,
+ 4 (.)M1 1 i I .

It would be therefore

4 (n
-

2)2 {n
-

3)' (ai)2 (a/)^ (ac)^ a''-*5"-2c«-*(i;»-2

+ 8 (n
-

2)' (n
-

3) {aby {cdY {ac) {ad) a^^-^b^'-^c^'-^d;^-^

+ 4 (w
-

2)* {abY {c<T)^ (ac) (bd) a*-^b'^^c^'^d^-^

It was shown, Art. 302, Ex. 4 and Ex. 5, that the first and third of these terms were

expressible in the form aSH + ^TU, and the same thing is easily seen to be true

of the second, if we substitute for 2cd (ac) {ad) its value c^ {ady + d"^ {ac)"^
— a^ {cd)"^

from equation B. Thus we prove that the Hessian of the Hessian is expressible
in the form aSJf + ^TU, as was otherwise proved (Art. 211);

TT
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305. It is convenient to transform the formula given in the

last article for
{u(f>)^ the transvectant of any form

cf)
combined

with the original. By equation A

where it will be observed that the operator a -7- + 5 -^ + &c.
^ da do

leaves the subject unchanged except by a numerical factor.

Thus then if ^ = MdF}fc^ &c., where
;? + 2' + r + &c. = ?

[u^) = lM[ag) a^-'W.„g'-^ -g'^Ma''' [[ah] ^ +
&c.|

h'c' &c.

Thus we have the expression divided into two parts, one in

which we have the old determinant factors M together with

the new factor (ag) ;
the other in which the letter g does not

enter into the determinant factors. Conversely, if we have a

symbol in A; + 1 letters, one of which g only occurs once, this

is immediately resolved into the transvectant of ^, w, together

with a form whose symbol only contains h letters.

So, in like manner, the second transvectant with any form
(f>

is

[u4>Y
-

\[ag)^ + {hg) ^ +
&c.|'

0,

and therefore consists of a group of terms, each having all the

determinant factors of <^, together with two new factors, each

containing g. But, as before, this might be written

^h^va+'i^^-^H^^m*
3

+ f(f-,)
^^^ therefore if <f>=^MaF¥ &c., we have

ip ^,:^..~yir^ ^^^y = Z
(Z
-

1) M[agyar'h\ . ./"'^ -f ^r,

where -^ consists of a group of terms into the determinant
' ~

factors of which g enters only once
;
and therefore by the former

part of this article, -^ can be reduced to a function whose

*-;

-.A'
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Bymbol does not contain g^ together with the transvectant of such

a function. Thus then any symbol of the form
<j> (ag)' can be

reduced to a function whose symbol does not contain g^ together
with the first or second transvectants of such functions. The
same thing would be true of a function of the form

<f) (ag) (bg)^

as appears by writing the second transvectant in the form

And so we see generally, that any symbol 4> (^ff)' (^^Yi where g
occurs in all k times, can be reduced to the /c^ transvectant of

</), together with terms in which g occurs only k — 1 times,

which again may be reduced in like manner. If, then, we

arrange forms according to their order in the coefficients, it

has been proved that the forms of any order consist either of

forms of lower order multiplied by u or by powers of u,

or else of transvectants obtained by combining u with forms

of lower order.

306. We have just shewed that taking any one letter g
in the symbol for a form, that form may be regarded as a

transvectant of u combined with other covariants, and that the

symbol for each of these other covariants will contain all the

determinant factors of the original form, striking out those

which contain g. So again taking any letter J" in the symbol
for any of these other covariants, we express that covariant

as a transvectant of u combined with covariants whose symbol
contains all the determinant factors of the original, striking

out those which include the letters J" and g. Proceeding thus

we see that taking any of the letters, say, a, b, c, and considering

the factors of the given form which contain these letters only,

say [aby [bcf {cay^ then the given form may be obtained by
transvection from a form in these three letters having as a factor

{ab}' ibcy [ca)\

All that has been said in the last article applies equally if

the original form, instead of being a covariant of a single
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function, were a simultaneous covariant of several; that is to

say, if instead of a", 5", c" all representing the same function
Z7,

they represent different functions
Z7, F, W\ &c. It remains

true that if V be the function to which g refers, the form

represents a transvectant of V and of other functions, whose

symbols could be separated in like manner. It may be seen thus

that if we had all possible covariants of two forms
CT,
F separately

considered, including in the series the powers and products of the

simple covariants, the system of the simultaneous covariants

of Z7, F is obtained by adding to these all possible transvectants

of a form of one set with a form of the other. If the forms so

obtained be combined by transvection with the covariants

of a third fundamental form TF, we obtain all possible forms

of the system £/, F, TF, and so on. We refer to Clebsch, p. 186,

or to Gordan, Programm^ p. 18, for a proof that if the system
of covariants of the separate forms

t/, F, TF be finite, the

number of distinct forms obtained by transvection in the manner

described, and therefore the number of covariants of the system,

is also finite.

307. We proceed now to give an outline of the method

by which Gordan has shewed that the number of distinct forms

for a quantic of the n^^ degree is finite, and we shall shew that

if this be true for a quantic of the degree w— 1, it will be as

true for one of the degree w. The symbol for a form belonging
to a quantic of the [n- 1)*^ degree being MaFb^d &c., where

the a symbols, h symbols, &c. each occur n—\ times, it follows

that if we multiply the symbol by ahc &c. we shall have a

form for a quantic of the n^^ degree, since the a symbols, &c.

will then each occur n times. We shall speak then of forms

belonging to quantics of different degrees, as being the same,
when the determinant factors in their symbols are the same,
and when these symbols only differ by a power of ahc &c.

We propose to establish the following theorem, viz. that the

forms for a quantic of the n^^^ degree consist either of the forms

which had occurred already for a quantic of the degree w- 1, or

else of the mutual transvectants between such forms and the

series of two-lettered forms {abf^ («^)*) <^c. And in order
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to establish this, we shall shew in the first place that every
form for a quantic of the n}'^ degree either has in its symbol
a factor {abf where p is not less than ^n^ or else is a form

belonging also to a quantic of the (n
—

1)*^^ degree ;
and with

regard to the latter, we add the further restriction,* that if

its symbol be Ma^Uc^ &c., p the greatest of these indices shall

not be less than \n. We shall prove this latter theorem

by shewing that if it is true for forms of the rn!^ order in

the coefficients, it is true for forms of the order m + 1
;
and

it evidently is true for forms of the first order, that is the

quantic itself. Now it was shewn (Art. 305) that all forms

of the order m + I can be obtained from forms of the order m
by transvection of such forms with u. Since this transvection

only adds new determinant factors to the symbol without

removing any of the old, it follows that every form of the order

m having [ah)^ in its symbol, will give rise by transvection

to forms of the order m + 1 having the same property. We
need only consider therefore forms MaFb'^d' &c. Now we saw

(Art. 304) that the k^^ transvectant of such a form is got by

operating Tc times with

that is to say, it will be of the form M[agf af-''})'G\,.g'~^^

together with transvectants of the order k — \, The term

which we have written will, in case k is as large as \n^

contain the factor {cl(J)^\ and if k be less than ^?2, then since

by hypothesis p is at least \n^ p - k the index of a, will

be positive, and therefore the term will still be divisible by
abc &c., and will therefore denote a form belonging to a

quantic of lower or er, while n — k the" Index of g^ will

exceed ^n. W^e see then, that if forms of the order m in the

coefficients consist only of the two classes we have named,
the k^^ transvectant of such form will consist only of the same

two classes, provided this be true for the {k- ly-^ transvectant.

* This limitation is only necessary for the proof of the theorem, and is not used in

any of its subsequent applications.
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And SO down step by step till we come to the transvectant
;

that is to say, the product of the given form by a, for

which it is obviously true. The theorem we have enunciated

is therefore proved.

It follows from what has been just proved, that every
invariant symbol must contain as a factor [ahf^ where p is at

least half n
;
for the other class of symbols, viz. those occurring

in quantics of lower order, of necessity represent covariants,

since they have the factors a, Z>, &c., each of which contains the

variables.

Forms having [ahf for a factor are (Art. 306) transvectants

of forms having this as a factor, and it can be seen without

difficulty that, except when w = 4, such forms will when p
exceeds \n be of lower order in the variables than the quantic

itself. With this exception, then, it appears that forms for the

^th (Jegree are simultaneous covariants of certain forms all of

lower order than n; and therefore if the number be proved

finite for numbers less than n, it is also finite for n (Art. 306).

The case n = 4 requires a little speciality of treatment, for which

we refer to Clebsch, p. 267.

308. It would evidently be convenient if a general symbolical

expression could be given for the result of elimination between

two equations. When one equation is simple it is easily seen

that the eliminant between it and an equation of the n^^ degree

is (aa) [ah) (ac), &c., where the symbol a relates to the equation

of the w*^ degree, and the remaining symbols to the simple

equation. I gave in 1853 a general formula for the resultant

of a quadratic and an equation of the n^^ degree {Cambridge

and Dublin Math. Jour.^^ IX., 32). The theorem was re-

discovered by Clebsch in 1860, and extended by him to the

In the same paper I investigated a formula for the discriminant of a binary

quantic, and in this way obtained that for a quartic. Clebsch subsequently gave in

his paper [Crelle, Lix.),
" Ueber symbolische Darstellung algebraischer Formen," a

rule for obtaining a general symbolic formula for the resultant of two binary quantics

or for the discriminant of a binary quantic. The method of proceeding is to apply

Cayley's form of Bezout's method of elimination, Art. 87, to two quantics written

eymbolically, but the resulting rule is, as might be expected, very complicated.
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case of a system of any number of equations, one of the second,

one of the
ti*^,

and the rest of the first degree {Crelle^

vol. LVill). We give here Clebsch's investigation of the

general theorem. To fix the ideas, I write only a system
of four homogeneous equations in four variables, but it will

be understood that the method is equally applicable to any
number of variables. Let the equations then be

a =
a^Xj^ + a^x^ + a^x^ + a^x^

=
0, /3 = jS^x^ + 0^x^ -f ^3^73 + ^^x^

=
0,

U= u^^x^ + Sz^jjCPja-j -f &c. = 0,

and ^ = an equation of the n^^ order in x^^ cr,, tCg, x^ which

may be written symbolically (a^x^ + a^x^ + a^x^ + a^x^
= 0.

The method of elimination employed is to solve between the

linear equations and the quadric, and substituting in the

two systems of values found, to multiply the results together.

Now we may in an infinity of ways combine the quadric with

the linear equations multiplied by arbitrary factors, so as to

obtain a result resolvable into factors : that is to say, so that

U+ (\cc^ + \x^ + &c.) {cL^x^ + &c.) + (/Lt^rr^ + &c.) {^^x^ + &c.)

=
[p^x^ + &c.) {q^x^ + &c.).

We shall imagine this transformation effected, but it will

not be necessary to determine the actual values of X^, /Lt„
&c.

for it will be found that these quantities disappear from the result.

Taking, then, the coefficient of any term x-Xj^ in the quadricy
the equation written implies that we always have

Instead then of solving between the quadric and the linear

equations, we get the two systems of values by combining with

the linear equations successively p^x^ + &c. = 0, q^x^ + &c. = 0.

And by the theory of linear equations the resulting values of

cCj, £^2,
&c. are the determinants of the systems

Pil P2J Psi P,
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If then we substitute the first set of values in a^x^ + &c., we

get the determinant

Vxi P.^ V.'> P,

^U ^21 «37 ^4

/^I. ^., /^s, /3.

which we may write {a^p^ot^8^). The result of elimination may
thus be written symbolically B = {(^iP^^^^S '^i9.2^z^X' ^^ "^®

in the second factor the symbol h instead of «, for the reason

explained (Art. 162), in order to obtain powers of the coefficients

of
(f) ;

but it is understood that the h symbols have exactly the

same meaning as the a, since after expansion we equally replace

the products a*aa}a*^^ h'¥Ub"\ by the corresponding coefficient

of
<^, <^iUm' ^^ ^^y ^^^^ write the result of elimination in

the more symmetrical form

for this after expansion will be only double the former ex-

pression.

Let us now write

then R may be easily expressed in terms of ^, B^ G. For we
have

2E^{G+^/{G'-AB}Y + {G-^/{G'-AB)Y,

or i?=(7"4- ''^!'"^^ 0"-^((7'-^^)
1 • ^

^ «(«-i)^-2K!izi) c"-'((7'-^5)' + &c.

309. We proceed now to examine more closely the expressions

for Aj Bj (7,
and to get rid of the quantities p and q which we

have introduced, so that the result may be expressed in terms

of the coefficients of the given quadric.
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Now A^ which is the product of two determinants, may be

written as a single determinant,

iiPl^2+P2^l)j P2^, J UP2^3+Ps^',)i i {P,^^+PdX 0^87 ^21 «2

iiPiq,+P4^t)j k[p,q,+p,%\ 1[p£,-^Pa%)i Pd< 0^4. /547 ^4

A
a.

^.

3':Z3

^ '^ \ /^4!/4 J

'1 J ^2 r "^S 1 "^4 J

7 ^i ) ^4 )

> «3 > «4 >

multiplied however by (- 1)*"~\ where m is the number of

variables, that is to say, in the present case, 4.

For, every element of this determinant must contain a

constituent fram each of the last three rows and columns; it is

therefore of the first degree in the terms p^g^^ ^ {Pi^2'^P2^i)i ^^'
5

and if the coefficient of any of these terras be examined, it will

be found, according to the number of variables, to be either the

same, or the same with sign changed, as in the product of the

two determinants. Now in this determinant we are to substitute

from equation [A),

But when this change has been made, if we subtract from each ef

the first of the four rows and columns the a row and column each

multiplied by ^\, and the yS row and column each multiplied

by \fjL^^ &c., the additional terms disappear, and the determinant

reduces ta

W'n»
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columns, a, ^, &c., by the abbreviation (see p. 18)

(a, 13, ay

the upper line denoting the columns, and the lower the rows

by which the matrix is bordered. Thus, then, we find for

any number of variables

^ = (-l)-^f«»
A

•••«).

In like manner B={- 1^'
(^' ^' '"fj

-

And in the same way

^=(-^)""'G;?;:J)- .

Now it was proved, Ex. 2, p. 32, that
(«)(J)

-
[fj

= A
(°| J)

,

where A is the discriminant of the quadric. And it is proved

in the same way, in general, that

(a, ^, ,..a\
(a, ^, ..,h\ _ (a, ^, ...^V^ ^ fa,

^ ..«, h\
^

U, yS, ...a) U, /3, ...^y U, /3, ...Z^y' U, /5, ...a, ^^

If, then, we call the last written function -D, we have

C'-AB^-AJD,
and the formula of last Article becomes

310. As an example of the application of this formula we

give Clebsch's investigation of the equation of the system of

inflexional tangents to a cubic (Crelle, 59), remarking in the

first place that formulae of reduction corresponding to those

given (Arts. 299, 300), exist for quantics in any number of

variables. Thus for ternary quantics the most useful are

a [bed)
— h [acd) + c [ohd]

- d [abc)
=

0,

[abc) [ade) + [abd) {aec) + [abe) [acd]
=

;

to which may be added the corresponding equations for con-

travariant symbols (Art. 160)

P{abc) = a [abc) + b {acd) + c (aab),

[aab) {acd) + {abc) {aad) + {cuca) {abd)
—

0,
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where P is a^x^ + a^x^ -f ol^x^.
To come now to the problem

proposed, the equation of the system of inflexional tangents

to a cubic is got {Higher Plane Curves^ Art. 74) by eliminating

between the equation of the curve and those of its first and

second polars, and one of these equations being linear and

another quadratic, the formula of the last article is applicable.

By Art. 308 the eliminant is 4:C^-SABC, where A^ B^ G

are respectively g ^)
,

^'^ ^ , g ^)
. But we have proved,

p. 18, that

The result therefore is when cleared of fractions

But remembering that a' and If are each w, this may be

divided by w, and thus gives

uH^ + 18P^' + 108 QHu + 2\^Ru\

where P=-^<^'h'
{f\-uai^\-uhi^^ ,

«..«»(j)'-^0(S)-..@(»)-».(?)(:),

In the above formula, as at p. 17, Zf denotes the determinant

formed with the unreduced second diff'erential coefficients
;
but if

we suppose that, as in the Higher Plane Curves^ each coefficient

has been cleared of the numerical factor six, we must write in

the above for ZT, 216^; also, since P, Q^ B involve the second

differential coefficients in the 2nd, 4th, 6th degrees respectively,

these will be 6^, 6*, 6^ times the corresponding P, Q, R.

Making these substitutions, the eliminant becomes

uH'+ ZPH' + 3 QHu + Bu\

To reduce this further observe that a (\^-ZH\ for f
j

expanded is - [u^^^^
- u\^ a^ + &c., but a^a (Art. 298) is m„ &c.^



332 APPLICATIONS OF SYMBOLICAL METHODS.

on making which substitutions, the truth of what has been

stated appears. In a similar manner it is easily seen that

aM 7
j

= — Hh^ from which at once follows that a^h^ I 7
j

= — Hu.

We have then P= ^Hu.

In order to calculate Q^ it appears from what we have just

stated that

«*
C) ®-© ^ '® =^^'' ^°^ »'®® =-^^ =^^'•

Again we can show that db [^
= ZH' for {Art. 33, Ex. 2)

\h)~ [a) \b)'~-^\a b)"*
^°^ ^^ actual expansion it is easily

seen that ah
( ^' 7, ]

= 65^*. Collecting the terms we have

Q = — ZH*, Thus as the two terms 3P£?', 3^^^ cancel each

other, the eliminant is seen to be divisible by u and reduces

to^ + ^w.

311. It remains to calculate R. Now let us in the first

place observe, that if it be required to diiFerentiate H^
which is u,.s w,., «.. with regard to

iCj,
it follows from what

was said at the end of Art. 34, that the result is

that is to say, the result is -a, f ^ j
. Taking then the determinant

,

and multiplying the fourth column by

{Z\ and the fourth row by f
^ j ,

we have

h.K^hi

jA the result of substituting the

differential coefficients of H for a^ a„ a, and for 5„ 5„ h^ in
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the determinant just written. We have also (Art. 33, Ex. 2)

0'-(:)(')(9=-«©(::?)-

But if we take «j f
J
and differentiate it by the same process

as that already employed, we find that the second differential

of // with regard to
cc,, cc^,

is a,5, (^/ ^J ,
and so on. Thus it

will be seen that (7
J (^\] is A

(7), by which we mean the

result of substituting in
(^) for a,, a^, a^ symbols of differentia-

tion applicable only to H, We may get another expression for

\b) [a h)
' ^^ '^^ ^^® coefficient of X in the expansion of the

Hessian of u + \H, For, that Hessian is found by substituting

in the determinant which expresses the Hessian, for each

second differential coefficient
i/^^, u^^-\-\afi^

f
'

^ j ,
and it is easily

seen that the coefficient of \ in this expansion is as stated.

But if we remember [Higher Plane Curves^ Art. 225) that that

jt\ is what is called [Higher

Plane Curves^ Art. 231), we identify the result now obtained

with that there given (Art. 232, Ex. 1), viz.

H'-bSu'H-^ue.

312. In the theory of double tangents to plane curves

explained [Higher Plane Curves^ Art. 384), it is necessary to

calculate the result of substituting in the successive emanants

a3"2-«2^3> ai^s-^a^i) ^2^x-^i% for x^^ a;^, x^, and to show

that each result is of the form P^ + Q^ (a^cc, + a^x^ + V'tT* ^^
give as a further illustration of the use of symbolical methods

the application of them to the calculation of Q^^ &c. These

results of substitution may be symbolically expressed a'^
[aau)''',

a~^ [aauf^ &c., where a only is a symbol. These expressions

may be reduced by the help of a general formula for [aoLuY^

which is found as follows, as in Higher Plane Curves^ Art. 390 :
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This square differs only in sign from the determinant

Wo., u.

i ) "'a •>

But this determinant is reduced as at p. 18, so that the outside

row and column become 0, 0, 0,
—

a,
—

a,
— w

;
and we have

(-r=«1«>«'(:)--«C)-(:::).
In the calculations we have to make, we suppose that the

values of
ic^, a?^, x^ make u vanish. To calculate then Q^^ multiply

this equation by a"~^, the first term on the right-hand side

has u for a factor and vanishes, a"~^ (

j
is — ^H^ and a"'^

( J

is — olH, Thus we have Q^
= - oi^H.

Again ^3= a"-^
(^)

[am) + a^oTQ [aotu]
- 2a"-^a

(^)
(aaw),

but the first and last terms vanish identically ;
and the middle

term reduces to — a^ [clHu]^ for we have seen that the difierentials

of the Hessian are — a^'^a^ [ J ,
&c.

Again, for Q^ we have to calculate

^"(^©-{:)--(:)}'=«-(:)'--.(:)(:)

The first term vanishes, the second is 4a^ f

j J?, the third is

—
^^[fA "£^)

as may be seen from last Article, and since

<!«-'
{^\

is _ 3J3j the fourth is - 6a'
i^^

H. Thus we see that

th« result is divisible by a', giving

<3.
=
-6g)^-.a(f)^-a-«'(:y.
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313. As final illustration of the use of symbolic methods we

give typical expositions of binary quantics, in the first place, of

even degree by means of three independent quadratic covariants

(Clebsch, p. 414). Let the three independent quadratics be

and their Jacobians k = (Zm) ?^m^, \ = [mli] mk^^ jj,

—
[hi) kl^^

and denote by accented letters symbols for the same form.

Then for 'p
—

'p'^ any fourth quadric (compare p. 181) we have

[pKf = ^r(i]{m'p){jL'p\ and writing i> = - {lm)(mk)(hl)^ the identity

k,
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or again, that there Is an infinity of triangles conjxigate to this

conic which are inscribed in the polar conic of y relative to the

curve
a^^"

=
;
in other words, that all the conical polars of this

curve are apolar to the conic /S ^

314. The exposition, however, can be made to Involve

invariants of lower degrees by using as its basis instead of the

quadratics their Jacobians. In fact, as in Art. 193, we can

see that R^^^u^
= DJ^^-V BJ^^ + DJ^^ = ufi^^

-
ufi^^ + ufi^^^,

or, in the present notation, that

h {oLKf + I (aXy + m (afi)'
= (akj k + (aQ'X -f (amy fi

whence /D" = {(akyK + (aljx. -v (amy fi]

X {(akyK + (aiyx -f (am'yfi]

X {(at'^yfc + (airyx + (am^^OV}.

If n be even, we can multiply out and replace all powers of

Kj X, fjb by functions of the same order in k^ Z,
m without

denominator. If n be odd, the product of all factors but one

gives us even powers of
/c, \, fi which can be so treated, and the

last factor when expressed by /;, Z,
m introduces a new factor

D upon /. Thus the coefficients are the n^^ transvectants of/ on

It'fm^^ where a-f/S + 7 = iw, and are accordingly of much

lower order than the others, which were its transvectants of

the same order on KKyi^ where a + /3 + 7 = ^72.

It is in this manner that Glebsch developes the expression

for the sextic by its quadric covariants when E does not vanish.

Each covariant symbolically contained in

E'f= a/ {(ay\ + (amyiL + (anyv] {(aiy\ + (am')V + (aw')V}

is found as a linear function of
Z, m^ n by means of the invariants

A^ /gj -^'^1 -^t ^^^j 0^ expanding, the products of the second

order of \, /*,
v are replaced by quadric functions of

Z, w, n

without denominator.

315. In a similar manner Dr. F. Lindemann (Math,

Ann, XXIII., p. 133) has given the typical exposition of forms

of the order 3/> by means of four independent cubic covariants

in connection with the formulae of Art. 219&, and the consequent

geometrical reference to a twisted cubic without the canonical

reduction employed in Arts. 219c, d.
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In fact, now denatmg the cubics by kj^, l^^ m^^ nj^ and the

forms -J^^, ^34i» -^4127 ^,23 by kJ, K% f^J'i ^x% ^t Is easily seen that

for any other cubic aj we have (aKy=(mn)(nl)(Jm)(al)(am.)(an)y
and writing (kicy

= (pCf = &c. = A, that

Aa; = (aKyk: + (aXyi: + (a/^)';/i; -i- {avyn^

Whence we find the 3^^ y* by raising this to the degree p

or = {{akjic + (aVy\ + (awz')V + («^')V}

Either form expanded is a function of degree p in four

variables with invariant coefficients. Taking the point z^
=
kj^

^2
— Cj <^^' ^3 variable with x its locus is a twisted cubic,

and the coordinates of the osculating planes determined by x are

u^
—

/e/, Wg
= \^, &e. The equations of three quadrics through

this curve or of three quadrics touched by all its osculating

planes can be easily found from the obvious relation

A {xxj = k^Kj + ?;\,.' +«>/ + «;".',

and the others which follow from it as successive polars. When
found these equations enable us to return to a binary system

introducing only invariants of the cubics.

Thus the equation of the surface, whose intersections with

the twisted cubic are the ?>p points of the binary quantic, is

either a/ = where
ct^
=

(a/f)' 2?^ + (a\)\ + (ayLt)\ + (av)\, or

yg/ = where yS^
= (akyu^ + (pXyu^ + (am)\ + (anyu^^ this

tangential form involving invariants of lower order.

This surface a/ = is unique, and if we denote by Wp'=0,
iio.'

=
0, i^T-*

=
0, the three quadrics touched by all osculating

planes of the twisted cubic, it Is shown by Dr. LIndemann that

this is because the three equations o.p0.l~^
—

0, cc/a/"^
=

0,

(XtOl^'^
= Of are identically true, and therefore a/ = is conjugate,

or apolar, to all the quadrics which can be inscribed in the

developable surface of the twisted cubic.

XX
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NOTES.

HISTORY OF DETERMINANTS. (Page I).

The following historical notices are taken from Baltzer's Theory of Determinants ;

and from the sketch prefixed to Spottiswoode's Elementary Theorems relating to Deter-

minants. The first idea of determinants is due to Leibnitz, as Dirichlet has pointed
out. In Leibnitz's letter to L'Hopital, 28 April, 1693 (Leibnitz's Mathematical Works,

published by Gerhardt, vol. ii.. p. 239), is to be found the first example of the

formation of these functions, and of their application to the solution of linear equa-
tions

;
the double suflSx notation (p. 7) is employed, and he expresses his conviction

of the fertility of his idea. But nowhere else in his wi-itings is there to be found

any proof that he sought to draw any new fruits from his discovery; and the method
was lost until re-discovered by Cramer in 1750. Cramer, in his Introduction a VAnalyse
des liqnes Courbes (Appendix), has exhibited the determinants arising from Hnear

equations in the case of two and three variables, and has indicated the law according
to which they would be formed in the case of a greater number. The rule of signs

by the method of displacements (p. 6) is given by Cramer. The equivalence
of the other method by permutations of suffixes was afterwards proved by Bezout

and Laplace. In the Histoire de VAcademie Royale des Sciences, Annee 1764 (pub-
lished in 1767), Bezout has investigated the degree of the equation resulting from the

elimination of unknown quantities from a given system of equations, and has at the

same time noticed several cases of determinants, without however entering upon the

general law of formation, or the properties of these functions. The Histoire de

VAcademie, An. 1772, part II, (published in 1776), contains papers by Laplace and

Yandermonde relating to determinants of the second, third, fourth, &c. orders. The

former, in discussing a system of simultaneous differential equations, has given the

law of formation, and shown that when two rows or columns are interchanged, the

sign of the determinant is changed, and that when two are identical, the determinant

vanishes. The latter employs a notation in substance identical with that which, after

Mr. Sylvester, we have called the umbral notation, and explained p. 8. In his Memoir
on Pyramids {Memoires de VAcademie de Berlin, 1773), Lagrange made an extensive

use of determinants of the third order, and demonstrated that the square of such

a determinant can itself be expressed as a determinant. The next impulse to the

study was given by Gauss, Disquisitiones Arithmeticce, 1801, who showed, in the case

of the second and third orders, that the product of two determinants is a determinant,

and very completely discussed the case of determinants of the second order arising

from quadratic functions, i.e. of the form b^ — ac. In 1812 Binet published a memoir

on this subject (Journal de VEcole Polytechnique, tome IX., cahier 16), in which he

establishes the principal theorems for determinants of the second, third and fourth

orders, and applies them to geometrical problems. The next volume of the same

series contains a paper, written at the same time, by Cauchy, on functions which only

change sign when the variables which they contain are transposed. The second part

of this paper refers immediately to determinants, and contains a large number of very

general theorems. Cauchy introduced the name "
determinants," aheady applied by



NOTES. 339

Gauss to th« functions considered by him, and called by him "determinants of

quadratic forms." In 1826 Jacobi took possession of the new calculus, and the

volumes of Crelle's Journal contain brilliant proofs of the power of the instrument

in the hand of such a master. By his memoirs in 1841, Deformatione et proprietatihtis

determinantiuvi and De determinantibusfunctionalibus {Crelle, vol. xxii.), determinants

first became easily accessible to all mathematicians. Of later papers on this subject,

perhaps the most important are Cayley's papers on Skew Determinants {Crelle,

vol. XXXII. and xxxviii.). Of elementary treatises on this subject, I have to

mention Spottiswoode's Elementary Theorems relating to Determinants, London (1851) ;

Brioschi, La teorica dei determinanti, Pavia, 1854
;
and Baltzer, Theoi^ie und Anwen-

dung der Determinantem, Leipzig, 1857
;

fifth edition, 1881. French translations

both of Brioschi's and Baltzer's works have been published.

COMMUTANTS. (Page 8),

In connection with the umbral notation may be explained what is meant by
commutants, which are but an extension of the same idea. It is easy to see what,

according to the rule of the umbral notation, is meant by ^, tj, p, ^t], tj^,

^ ^ f, ^, ^^ ^»j, ^',
d d

if we write for brevity ^, rj,
for y , -y . We compound the partial constituents in

each column in order to find the factors in the product we want to form, and take the

sum with proper signs of all possible products obtained by permuting the terms in the

lower row. Thus the first example denotes p.tj^
—

^tj . ^jj, which is the Hessian : the

second denotes ^^^^tj-.tj*— 5*-5^^. 5'?' &c., which is the ordinary cubinvariant of a

quartic.

Again, since multiplication is performed by addition of indices, it will be readily

understood that we can equally form commutant* where the partial constituents are

combined by addition instead of by multiplication. Thus, considering the quantics

(«2, «u «o3[^, yfy («4, "3, «2» «i, "oJa:, y)*,

the invariants in the last two examples may be written 1,0, 2, 1, 0, which

1, 0, 2, 1, 0,

expanded are a^a^
—

a^a^ ; a^a^a^
—

a^a^a^ + &c.

All these commutants with only two rows may be written as determinants, but

it is a natural extension of the above notation to form commutants with more than

These all denote the sum oftwo rows, such as ^, r\,
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tant, instead of giving the discriminant, will be found to vanish identically. It may,

however, be made to yield the discriminant by placing certain restrictions on the

permutations which are allowable. For further details I refer to the papers of

Messrs. Cayley and Sylvester in the Cambridge and Dublin Mathematical Journal, 1852.

ON RATIONAL FUNCTIONAL DETERMINANTS.* (Page 14).

The determinants considered Ex. 5, 6, are particular cases of the important form

(P (x), \lr {x) ...

where <p [x), \// {x) denote rational integral functions of x, and
(f> (y), cp (z), &c., the

same functions of y, z, &c. respectively. Such a determinant may be briefly denoted

by its top line
| (p {x), xp {x) ...

\
, Thus the determinant Ex. 5 may be written

I 1, x, x'^...x^-^
I

. This last determinant we have seen has for its value

by which notation Prof. Sylvester denotes the continued product of the differences

(x—y) {x
—

z) {x
—
w) ... X iy

—
z) {y

—
w) ... x {z—w) &c.

This alternate product is of the nature of a square root : its square we know is a

symmetrical function of
cc, y, z, &c., and is unaltered by any permutation of these

variables; but itself has two values corresponding to the different arrangement

of the variables, its sign being altered if we permute any two of the variables.

The function
| 1, x, ...a;""*

|
was suggested by Cauchy as a symbolic representation

of a determinant, viz. expanding it as the sum of a series of terms ±yh^w^ ..., and

changing the exponents into suffixes, or the term into x^^z^w^ ..., we have the

development of the determinant

yo, yv -yn-i

It may be further remarked in passing, that any rational function of the variables

JT, y, &c., which, however the variables are permuted, has only two values, must

be of the form P+QX,^, where P, Q are symmetric functions of the variables.

Returning now to the general determinant
| <p[x), yp{x)... \ ,

it obviously con-

tains X^ as a factor, for on the supposition x=y, it vanishes as having two rows the

same, and is therefore divisible by x — y; and similarly with regard to every other

difference. Let us then in particular examine \x!*,xP,x'^ ...
\ ,

which we may call

I a, /3, y, ...
I

in order to find the value of the remaining factor. If a be the least

of these exponents, we may divide each row by x*, »/*,... respectively, so that we can

at once reduce the investigation to that of the case where a = 0.

In the following we employ a method given by Jacobi, Be Functionibus Alter-

nantibus, Crelle 22, (1811); depending on the consideration of the determmant

11 11
I

For convenience we work with the case of three

I
a;-o' x-b ' x^c

'"

|

"

variables, but it will be seen that the process is perfectly

general. Consider then the equation which is obviously true

_1 1^ J_
x—a' X — 6' x—c

1 1 1

y-a' y-6' y-e
1 1 1

?-a' « — 6' z-c

^{x,y,z)lHa,h,c)

(x-a){x-b){x-c)it/-a) {^-b){f/-c){z-a){z-b){z-c)

* This note is, in substance, Professor Cayley's.
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and expand each side by descending powers of a;, y, z, "We have

1 1 a a2 ,

x — a X x^ x^

whence, on the left-hand side, the term multiplying the reciprocal of x'y^z* is

a*-i, 6*-S c«-»

In order to expand the right-hand side, observe first that if Hi, H^ <fec. have the

same meaning as at Art. 272, then

{x
— a){x— b){x-c) x^ X* XT'

^

as is easy to see by multiplying together the expansions for &c. We have also
X— Q)

l^{x,y,z)=-\ \,x, x2

1, y, y^

1, «, 22

Hence, the right-hand side is ^ (a, J, c) multiplied by

\
\ Ui ,

1 Hi , IE,,
\
X^ X* X^ X^ X x^

and the term midtiplying the reciprocal of x^y^h'f is $ (a, h, c) multiplied by

Ea-z, Ha -2, H^^i

= ^{a,b,c)

H
We have thus o«-S *«-', (?•-»

a/3-1, J^-», <j^-i

af-\ bi-\ c*^-'

.i,

y-l

-^a-sj -^a-2J -^'•-l

^/3-3, ^/3-2, -SiS-i

-ffy-3> ^y- ^.

which we may write (a
—

1, /3
—

1, y— 1)
= ^ (a, 6, c) if (a

—
3, /3

-
3, y — 3).

We may verify this equation by writing a = \, ^=2, y= 3, observing that

$i {a, b,c) = - (0, 1, 2), that H^^, ^-i vanish and that //<, is 1.

If we write a= 1, and for /?, y write /3 +1, y + 1, we have

^_„ 5Li, Hq

{0,^,y) = l^H{-2,(3-2,y-2) = l^

-2> •"-!>

jErp_2, Ei3_i, Ejj

Hy-i, Hy_i, H^
But since H^^, E_i vanish, and E^

—
\, the last determinant reduces to I

Hq~-u ^q-\ I

I ^y-2> -^y-i
I

•

Thus we have finally (0, /3, y) = $^ {Ho^Ey_i
—
E^^iHy-^.

As an example, taking

fi
—

l, we get (0, 1, y)=— Ey_2Vi ^ formula which includes that of Ex. 6, p. 15.

We may also consider determinants involving the square roots of rational functions

1 M{^)},^4{^{^)}, •..

Mm,yM{y)}, ...

but these, although presenting themselves in the theories of Elliptic and Abelian

functions, have been but little studied.

HESSIAN. (Page 17).

The name was given by Sylvester after Professor Otto Hesse, who made much
use of the functions in question, which he called functional determinants. They
are a particular case of those studied under the same name by Jacobi {Crelle
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vol. XXII,), the constituents of which are the differentials of a series of n homo*

geneous functions in n variables. It is so convenient to have short distinctive

names for the functions of which we have repeatedly occasion to speak, that I have

followed Sylvester in calhng the former Hessians, the latter Jacobians, see Art. 88.

SYMMETRIC FUNCTIONS. (Page 56).

The rules for the weight and order of symmetric functions are Prof. Cayley's.

The formula, Art. 59, I have taken from ;Serret's Lessons on Higher Algebra.

The differential equation. Art. 60, is an anticipation of the differential equation for

invariants, of which I speak. Art. 143. Brioschi (see M. Roberts, Quarterly Journal^

vol. IV. p. 168), remarked that the operation [y^x] (Art. 65), expressed in terms of the

d
.
d

^^^^^da-^d^^^'^'

ELIMINATION. (Page 66).

The name * eliminant
' was introduced I think by Professor De Morgan ;

I believe

I have done wrong in using a second appellation when a name to which there was

no objection was already in use. The older name ' resultant
' was employed by Bezout,

Bistoire de VAcademie de Paris, 1764. The method of elimination by symmetric

functions is due to Euler {Berlin Memoirs, 1748). The reduction of the resultant to that

of a hnear system was made simultaneously by Euler {Berlin Memoirs, 1764) and Bezout

(Paris Memoirs, 1764). The theorem as to the degree of the resultant is Bezout's.

The method used in Art. 74 of forming symmetric functions of the common values

of a system of two or more equations is Poisson's (see Journal de VEcole Polytechnique,

Cahier xi.). Sylvester gave his mode of elimination in the Philosophical Magazine

for 1840, and called it
'

dialytical,' because the process as it were dissolves the relations

which connect the different combinations of powers of the variables and treats them

as simple independent quantities. Cayley's statement of Bezout's method is to be found,

Crelle, vol. Liii., p. 366. Sylvester's results in Art. 91 are to be found in the Cambridge

and JDublin MatheniaticalJournal foxA^h'l, vol, vii., p. 68
;
and Cayley's general theory

(Art. 92, (fcc.) in the same Journal, vol. iii., p. 116. It was noticed by Lagrange, that

when two equations have two sets of common roots, the differential of the resultant

with respect to the last term vanishes (see Berlin Memoirs, 1770). Sylvester showed,

in January, 1853, that the same was true of all the differentials, Cambridge and

Dublin Mathematical Journal, vol. viii., p. 64. He showed at the same time, that the

common roots were given by the ratios of the differentials. The proof in Art. 99 is, I

beheve, my own. The theorem. Art. 99, is Jacobi's Crelle, vol. xv., p. 105. In this

part I have made some use of the Treatise on Elimination by Eaa de Bruno. The

theorem of Art. 102 is Prof. Cayley's.

DISCRIMINANTS. (Page 98).

The word ' discriminant
' was introduced by Sylvester in 1852, Cambridge and

Dublin Mathematical Journal, vol. vi., p. 52. The word 'determinant' had been

previously used, and had come to have a perplexing variety of significations. The

theorem referred to, Note, Art. Ill, was the basis of my investigations {Cambridge and

Dublin Mathematical Journal, 1847 and 1849) ^on the nature of cones circumscribing

surfaces having multiple lines. If the equation of a surface he bo + b^x + b2x'^+ &c.,

and if xy be a double line, y must be contained by bo in the second and ^, in the first

degree. The discriminant with respect to a; is a tangent cone which has y- for a factor.
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BEZOUTIANTS. (Page 107).

It has been shown (Art. 85) that the resultant of two equations of the n** degree is

expressed by Bezout's method as a symmetrical determinant. This may be considered

(Art. 118) as the discriminant of a quadratic function which Sylvester has called

the Bezoutiant of the system. When the quantics are the two differentials of the

same quantic, then if we resolve the Bezoutiant into a sum of squares (Art. 165), the

number of negative squares in this sum will indicate the number of pairs of imaginary
roots in the quantic. The number of negative squares is found by adding (as in

Art. 46) \ to each of the terms in the leading diagonal of the matrix of the Bezoutiant,

and then determining by Des Cartes' rule the number of negative roots in the equation

for X. The result of this method is to substitute for the leading terms in Sturm's

functions, terms which are symmetrical with respect to both ends of the quantic ;

that is to say, which do not alter when for x we substitute its reciprocal (see Sylvester's

Memoir, Philosophical Transactions^ 1853, p. 513).

LINEAR TRANSFORMATIONS. (Page 108).

The germ of the principle of invariance may be traced to Lagrange, who, in the

Berlin Memoirs, 1773, p. 265, established the invariance of the discriminant of the

quadratic form ax^+ Ihxy + erf, when for x is substituted x + \y. Gauss, in his

Disquisitiones Arithmeticce (1801), investigated very completely the theory of the general
linear transformation as applied to binary and ternary quadratic forms, and, in par-

ticular, established the invariance of their discriminants. This property of invariance

was shown to belong to discriminants generally by the late Professor Boole, who, in a

remarkable paper, Cambridge Mathematical Journal, 1841, vol. iii., pp. 1, 106, applied
it to the theory of orthogonal substitutions. He there showed how to form simultaneous

invariants of a system of two functions of the same degree by performing on the

d d
discriminant of one of them the operation **'

j- + *' tt + <^c. Boole's paper led to

Cayley's proposing to himself the problem to determine a priori what functions

of the coefficients of an equation possess this property of invariance. He found that

it was not peculiar to discriminants, and he discovered other functions of the co-

efficients of an equation at first called by him '

hyper-deterroinants,' possessing the

same property. Cayley's first results were published in 1845 {Cambridge Mathe-

maticaljournal, vol. I v., p 193). From this discovery of Cayley's, the modem algebra
which forms the subject of the bulk of this volume may be said to take its rise.

Among the first invariants distinct from discriminants, which were thus brought to

light, were the quadrinvariants of binary quantics, and in particular the invariant >S^

of a quartic. Mr. Boole next discovered the other invariant 7" of a quartic, and the

expression of the discriminant in terms of S and T {Cambridge Mathematical Journal,
vol. IV., p. 208). It is worthy of notice that both the functions S and 7* had been

used by Eisenstein {CrelJe, 1844, xxvii
, p. 81) in his expression for the general solution

of a quartic, but their property of invariance was unknown to him, as well as the

expression for the discriminant in terms of them. Cayley next (1846) published
the symbolical method of finding invariants, explained in Lesson xiv. {Cambridge and
Dublin Mathematical Journal, vol. I,, p. 104, Crelle, vol. xxx.). The next important

paper was by Aronhold, 1849 {Crelle, vol. xxxix., p. 140), in which the existence of

the invariants S and T of a ternary cubic was demonstrated. Early in 1851 Mr. Boole

reproduced, with additions, his paper on Linear Transformations {Cambridge and
Dublin Mathematical Journal, vol. vi,, p. 87), and Sylvester began his series of

papers in the same Journal on the Calculus of Forms, after which discoveries followed
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in rapid succession. I can scarcely pretend to be able to assign to tHeir proper
authors the merits of the several steps; and, as between Messrs. Cayley and

Sylvester, perhaps these gentlemen themselves, who were in constant cc«nmunicatioa

with each other at the time, would now find it hard to say how much properly

belongs to each. To Mr. Boole {Cambridge and Dublin Mathematical Journal,
vol. VI., p. 95, January, 1851) is, I believe, due the principle that in a binary quantic the

d d
operative symbols -fi

—
~j- naay be substituted for x and

t/. The jmnciple was

extended to quantics in general by Sylvester, to whom is to be ascribed the general
statement of the theory of contravariants, Cambridge and Dublin MathematiealJournal,

(1857), vol. VI., p. 291
; although particular applications of contravariants had pre-

viously been made in Geometry in the theory of Polar Reciprocals, and in the theory
of ternary quadratic forms by Gauss {Disquisitiones Arithmeticce, Art. 267), who

gives the reciprocal under the name of the adjunctive form, and establishes its

invariance under what he calls the "transformed substitution." Sylvester also re-

marked that we might not only replace contravariant by operative symbols, but also

by the actual differentials
;r > -7-5

&c. To Boole I would ascribe the principle

(Art. 126) that invariants of emanants are covariants of the quantic (1842), Cambridge
Mathematical Journal, vol. ill., p. 110, though Boole's methods were generahzed by

Sylvester, Cambridge and Dublin Mafhematical Journal, vol. vi., p. 190. Some
of the first steps in the general theory of covariants may thus be ascribed to Boole,

though a remarkable use of such a function had been made by Hesse in determining

the points of inflexion of plane curves. I had myself been led to study the same

functions both for curves and surfaces, in ignorance of what Hesse had done

{Cambridge and Dublin Mathematical Journal, vol. ii., p. 74). The discovery of

evectants (Art. 134) is Hermite's, Cambridge and Dublin Mafhematical Joui^ial, vol. vi.,

p. 292. In Cayley's first paper he gave a system of partial differential equations

satisfied by invariants of functions linear in any number of sets of variables. The

partial differential equations (Art. 149) satisfied by the uivari^its and covariants of

binary quantics were, as far as I know, first given in print by Sylvester {Cambridge

and Dublin Mathematical Journal, vol. vii., p. 211). Sylvester there acknowledges

himself to have been indebted to an idea communicated to him in conversation by

Cayley ;
and he also speaks of having heard it said that Aronhold also was in pos-

session of a system of differential equations. These are not made use of in Aronhold's

paper {Crelle, vol. xxxix.) already refen-ed to, but he refers, Crdh, vol. LXii.,

to a communication made by him in 1851 to the Philosophical Faculty at Konigsberg,

which, if it ever appeared in print, I have not seen. Yery probably there may be other

parts of the theory to which Aronhold may justly lay claim. After the publication in

Crelle, vol. xxx., of Cayley's paper, in which the symbolical method of forming in-

variants was fully explained, Aronhold worked at the theory in Germany simultaneously

with the labours of Cayley and Sylvester in England ;
and the mastery of the subject

exhibited by his papers leads me to suppose that of some of the principles he must

be able to claim independent if not prior discovery. The method in which the subject

is introduced (Art. 121) is taken from his paper {Crelle, vol. LXii). I refer in a note

on next page to the valuable paper by Hermite {Cambridge and Dublin Mathematical

Journal, vol. IX., p. 172), in which the theorem of reciprocity was established, which

had at first suggested itself to Sylvester, but was hastily rejected by him, and in

which the whole theory of quintics received important additions. Mixed con-

comitants are Sylvester's {Cambridge and Dublin Mathematical Journal, vol. vii

p. 80). The theorem, Art. 135, is Cayley's and Sylvester's. The application of sym-

metric functions to the invariants of binary quantics was, I believe, first made in the

Appendix to my Higher Plane Curves (1852) . The method (Art. 138) of thence finding
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conditions for systems of equalities between the roots is Cayley's {Philosophical

Transactions, 1857, p. 703). With regard to the subject generally, reference must

be made to the important series of papers by Sylvester, beginning in the sixth

volume of the Cambridge and Dublin Mathematical Journal; to a series of papers
on Quantics published by Cayley in the Philosophical Transactions

;
and to Aronhold's

Memoir on Invariants {Crelle, vol. LXii.). The name 'invariant,' as well as much
of the rest of the nomenclature, is Sylvester's.

CANONICAL FORMS. (Page 150).

The name is Hermite's
;
the theory explained in this Lesson is Sylvester's, see

a paper (Philosophical Magazine, November, 1851) published separately, with a sup-

plement, in the same year, with the title An Essay on Canonical Forms.

COMBINANTS. (Page. 161).

The theory of combinants is Sylvester's, Cambridge and Dublin Mathematical

Journal (1853), vol. viii., p. 63. In the case of the resultant of two equations it had,

I think, been previously shown by Jacobi, that the resultant of Xm + /xw, \'u + fi'v

was the resultant of u, v multiplied by a power of (\/i.'
—

\'/u). Sylvester's results

Arts. 185, 188, 189, are given in the Comptes rendus, vol. LViii., p. 1074—9.

APPLICATIONS TO BINARY QUANTICS. (Page 175).

In Lesson xvii the discussion of the quadratic, cubic, and quartic, is mainly
Prof. Cayley's. See his Memoirs on Quantics in the Philosophical Transactions, 1854

The second form of the resultant of two quadratics, p. 180, is, as elsewhere stated,

Dr. Boole's. Sylvester proved [Philosophical Magazine, April, 1853) that every
invariant of a quartic is a rational function of S and T. The theorem, Art. 206, that

the quartic may be reduced to its canonical form by real substitutions, is Legendre's

{Traite des Fonctions FlHjHiqu^, chap. ii). The discussion of the systems of

quadratic and cubic, two cubics, and two quartics, was, I believe, for the most part new,
when it appeared in the second edition in 1866. The form for the resultant of two cubics,

obtained by him by a different method, was published by Clebsch {Crelle, vol. LXiv.),

but had been previously in my possession by the method given in Art. 213. On
the connection p. 174 between concomitants of binary systems and those of a larger

number of variables, R. Sturm's paper (Borchardt, Lxxxvi. pp. 116-46) should be

refeiTed to. Also for the reduction of the system of two quartics, p. 224, announced

by Sylvester, see Stroh, Math. Ann. xxii. 293, who cites d'Ovidio as having also

effected it.

In Lesson xviii the canonical form of the quintic ax^ 4- bg^+cz^, which so much
facilitates its discussion, was given by Sylvester in his Essay on Canonical Forms,
1851. The invariants J and K were calculated by Prof. Cayley. The value of the

discriminant and its resolution into the sum of products (p. 230) was given by me in

1850 {Cambridge and Dublin Mathematical Journal, vol. v. p. 154). Some most

important steps in the theory of the quintic were made in Hermite's paper in the

Cambridge and Dublin Mathematical Journal, 1854, vol. ix., p. 172, where the number

of independent invariants was established
;
the invariant 1 was discovered

;
attention

was called to the linear covariants
;
and the possibility demonstrated of expressing by

invariants the conditions of the reality of the roots of all equations of odd degrees.

The theory of the quintic was further advanced by Sylvester's "Trilogy" {Philo-

sophical Transactions, 1864, p. 579) ;
and in Hermite's series of papers in the first

volume of the ComjJtes vendue for 1866 already referred to. The values of the

iiirariants A, B, C of the sextic were given by Prof. Cayley in his papers on Quantics,

Y Y
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and the existence of the invariant E pointed out. The rest of what is stated in the

text about the sextic in Arts 252—6, 260—1 is nearly as it appeared for the first time in

the second edition. Arts. 257-9 are from Clebsch "
Theorie, &c." p. 297, and Arts. 262

to the end of the Lesson are from the sources indicated in the foot-notes.

The term **apolar" is due to Th. Reye, whose investigations on "Moments of

Inertia, &c.," Borchardt, Jowrwa? lxxii, led to his *'

Erweiterung der Polarentheorie

algebraischer Flachen," vol. Lxxviji, p. 97, which he opens by remarking, that the

polar theory of surfaces of the n^'^ order has hitherto dealt only with polars of points

taken singly or in groups. But in regard to any such surface Fn there also corresponds

to any surface of class k, for k <n, a definite surface of order n — k which becomes

identical with the polar of a group of k points in case the surface of class k reduces

to such a group. He claims a special interest for such surfaces of class Jc for which

every arbitrary surface of order n — k may be regarded as polar in regard to the

surface Fn, and calls them "
apolar to the surface / „," because to them no definite

polar belongs. Rosanes had previously (Borchardt, Lxxvi, p. 313) termed two

binary forms of the same degree whose quadriuvariant vanishes "conjugate to each

other." To explain the relation between the terms and connect them with the

process of transvection, let x„ Xg ... be any variables, and Mj, Mj, ... contragredient

to them, so that when both are linearly transformed, the former by a direct and the

latter by its reciprocal substitution the value of UiXi + Mj^z + "3^3 + i^ unchanged,

then any relation among the former may be expressed symbolically by the vanishing

of an expression {uix^ + a^^ + a^^ +)" = «x", and any relation among the latter

by that of (aj^j + a^u^ + a^u^ +)p — a^. We may refer to these as the locus ax"

and the envelope a^P. Substituting for «„ u^, .. -7— , ^v— ,
... in «tiP, supposing

p <n, and operating with the result on rta," a new locus is found, agPax'^'P = aoPax"^,

which is called a polar of a„P in respect of aj^, it being obvious that polars of higher

degrees may be formed by repeating the operation, if need be, on additional factors

d d
of the symbol a^". Again, supposing j9 > n, and substituting for a;,, x^, ... -y- • -r— >

in ax", and operating on a„P, we find a new envelope aa"att^"" = oa^aiJ^*^, which

should be similarly considered a pole of a^" in respect of a^^.

When n =p, the derived function is an invariant whose vanishing aa'^ = ««" =
is the condition for Ox'* = 0, and ob" = to be "conjugate."

If the form aa"a„P'" or Ua^'auP"^ vanish for all values of the variables u, a^"*

is "apolar" to a«P, and if Cx^ be any other function such that ax"*!?"" = ej?, then

a,p = 0, or uyP is conjugate to any form which contains aa:" as a factor.

TABLE OF A FEW TRANSVECTANTS OF A QUANTIC OF ANY DEGREE.
Let the quantic of degree v be written with binomial coefficients

j/,, v^, &c.,

a = a^x" + v^a^x'^^'^y + v.^i^v-'^'ip- +,

and let a covariant h whose source h^ is a function of ao, ai, ... supposed cleared of any
common numerical factor, so that it is in its lowest terms, be of the degree /o, then

with binomial coefficients h — h^^xP + pib^xP^'^y +.

The source may be named without suffix, thus, for the Hessian h — a^a^
—

a^,

g =ao%j— 3a(,aia2+2ai^ ^ — aQa^
—
4ia^a^+^a^, j = a(,a2ai+2aia2a^—a()a^^—a^a{^—a2^f

k = a^a^
—

5ffoai«4 + 2oQa2«3
—

6aia2' + Sai^g, f — a^a^
—

^a^a^ + \ha^^^
—

lOa^^,

'I
—

a^a^a^
—

Za^a^a^ + 21x^0^
— a^a^ + Za^a^^ — aja3a4

— Za^a^ + ^a^a^,

o = a^a.j
—

7oo«i«6 + 9aoa2«5
—

^(to'^z<^i + ^^ia^a^
—

30a,a2a4 + 12a^a^,

p = a^Ug
—

Suittj + 28a2aQ
—

bGa^a^ + 3004^,

q = 2aort6 {(^o^i
—

4^103 + 3ff2^)
—

3«o^«3' + ISa^a^a^a^
—

VlaQa^a^a^
— 21a^a^

-
l^a^a^ox- + 108a,a3a3a4

-
54a2^«4 + 16ao«3^a4

- ^^a^a^ ->r ZQ,a^a^ -\2{\i.,- i^\
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e = {ttQ^a^
—

Za^a^a^ + 2a^) a^,
—

a^'^a^ + daQU^a^a^ + iaQa^a^
-

ba\^a2a^
— ^a^a^a^

also let tto^i
— a^Q

—
{ah\^ a^h^

—
2aibi + a^b^ = {ab)2, &c., then the transvectant

2 (a/O, =ff', 2 (2j/
-

5) {ah)2 ~{u-3) ia
j

4 {2v
-

5) {ah)^ = {v-4)k;
4 {2u

-
5) (2/;

-
7) iah)^ = (i;

-
4) (v

-
5)/a + 12

(t-
-

1) (2j;
-

7)J;

.8 (2i/
-

5) {2u
-

7) (aA)5 = (v
-

5) (i/
-

6) o;

8(2j/-5)(2i;-7)(2i;-9)(aA)e= (i'-5)(i/-6)(i;-7)i)a+ 10(v-l)(2j/-9)(5i;-22)Z; «fec.

2 (ai), = k; 2 (2v
-

9) (ffi)2
= ^v

-
5)/a -6{2v-9)j; 4 (2j/

-
9) {ai)^ = (j/

-
6) o

j

4 (2i/
-

9) (2v - 11) (ai)4 = {v-6){v- 7) i^a
- 4

(i/
-

12) (2j/
-

11) Z; «fec.
;,

2 (hi) J
= a^a^a^—afja^a^

—
a^a^a^

—
^a^a-^a^a^+ Saj^a^+ ^a^a^a^— a^a^a^ —^a^a^a^+ Za^a^

= 3 («/•), ; 2 (2v
-

5) {2v
-

9) (^1)2
= (v

-
5) {2v -b)la~ {2v -1)%' + {2v

-
5) (1/

-
6) e

j

3 (3i/
-

13) (a/")2
=

(j/
-

6) Za + (3y
-

13) e
;
&c.

The additional function of a„ a^ &c. appears on p. 237 as (9), where also e is (8)

with altered sign, or — ilf of Art. 235. The other sources h, g, i, k,/, 0, p are the series

given in the end of Art. 192
j J is equally well known, and I and q begin with the

sextic. Arts. 252, 257.

The 23 forms of the COMPLETE system of the quintio a may now be described

as follows :

From a determine its covariants k, i, j, e, form also the linear covariant a ={ij)2

by operating with i onJ ;
the quadricovariant t of the cubic j ;

and the Jacobian 2f

of the quadrics i, x. We have then

As invariants : the invariant of i, of i and t, of t, and the eliminant of 3^, a.

As linear covariants : a, and its Jacobians with i, t, and ^.

The quadric covariants : i, t, 2r. The cubics : j and its Jacobians with i and t.

The qualities: e and its Jacobian with i. The quintics: a and its Jacobians

with i, (Jc) and with t. The sextics: h and its Jacobian with i. The septic: the

Jacobian of h with/; and the nonic: the Jacobian of a with h, {g).

The 26 forms of the complete system of the sextic a may also be thus

described :

From a determine its covariants h, i,j, I, q
• form also the quadric covariants m, n

(Art. 259), which are (Z»)2, (wi)2. We have then

The invariants : /, iaj)^, the invariant of
/,
that of m, and (Imn).

The quadrics :
I, m, n and their Jacobians \, ^, v.

The quartics : i, q, and the Jacobians of i with
I,
and of q with I and with m.

The sextics: a, J, and the Jacobians of a with I and with m, and of^ with I.

The octavics : h, k, and the Jacobian of h with I. The decimic : the Jacobian of

h with i
;
and the duodecimic : the Jacobian of a with h", {g).

In this notation we have the following sums of powers of differences

OF the roots by help of which the first few terms in the equation for the

squares of the differences can be calculated. They were given by M. Roberts

{Quarterly Journal, vol. iv. p. 173), in whose papers will be found several interesting

relations among the covariants of binary quantics.

a^S (a
-

/3)2
= - v2 (y

_
1) ^^ a*2 (a

-
/3)^

= v' {v
-

1) {1.2^2
-

^ {y
-

2) {v
-

Z) aH],

a«S (a
-

/8)6
= v2 (y

_
1) {_ y4^3 + ii,2 (y

_
2) (y

-
5) a2A^ - ii; (y

-
2) (7z/

-
15) a^j

-r.l^(i^-2)(i/-3)(v-4)(..-5)a^/'l,
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a^Z (a
-

/3)8
= 1/2 (i;

- ] )
jj/«/i^

-
^v^ {v

-
2) (1/

-
7) aViH

- 2v^ (v
-

2) {3v
-

7) a^hj

+ -,V»'' ("
-

2) (i/
-

3) (1/2 + 81/ - 21) a^i^ + _t_y2 (^
_

2) („
-

3) (1/
-

4)
•

(./
-

21) a*hf

TABLE OF EXPANDED RESULTANTS, CHIEFLY OF EQUATIONS
WRITTEN WITHOUT BINOMIAL COEFFICIENTS.

1. The resultant of the two quadratics {A, B, Cj[x, y)-, {a, b, cTx, yf

is {Ac - Cay- {Ab - Ba) {Be - Cb\

or a''C''-abBC+ac{B''--'lAC) + b''AC-bcAB + c'A''.

2. The resultant of the quadratic {A, B, C%x, yY and the cubic (a, &, c, d\x, y,Y, is

c2C3 - abBC^ + acC {B' -2AC)- ad {B^ - 3ABC)

+ b'^A C2 - beABC + bdA (£2
- 2^C) + c'A^C - cdBA^ + d'AK

3. The resultant of quadratic and quartic is

o2C* - abBC^ + acC^ (^ -2AC)- adC {B^
- 3ABC)

+ ae {B*
- 4^2^C + 2^2^72) + 52^ ^'^ - 5c^^C2 + ^fjAC {B^

- 2AC)
- beA (53

- 3^5C) + 02^2^2 _ cdA^BC + ceA^ {B^ -2AC) + d:'A^C- deA^B + e'^A*.

4. The resultant of quadratic and quintic is

a^C- - abBC* + acC^ {B^
- 2AC) - adC^ {B^

- 3ABC)

+ aeC {B*
- AAB'C + 2^2(72)

_ af (£5
_ 553^^' + 542^^2) + b^^AC* - hcABC^

+ bdAC- (^2 -2AC)- beAC {B^
- BABC) + b/A {B*

- AAB^-C + 2A'^C^)

+ 02^2^*3 _ cdAWC^ + ceAW (52 -2AC)- c/A^ {B^
- BABC)

+ d'-A^C^ - deA^BC + d/A^ (^2 -2AC) + e'A'C - e/BA'^ +pAK
5. Discriminant of cubic is

21AW- + 4:AC^ + 4:DB^ - BT-C - 18ABCI).

6. Resultant of two cubics {A, B, C. dJ^x, yf, {a, b, c, d^x, yY.

The value expressed in terms of the determinants of the form Ab — Ba is given
in p. 77 (and for forms with binomial coefficients, p. 207). Expanded it is

«3^3 _ a^CI)-'- + a-'-cB {C^ - 2SD) - a'^d {C^ - BBCB + 3^2)2) + a*2^i)2

- abcD {BC - SAD) + abd {BC^ - 2BW - ACB) + ac'B {B'' -2AC)
+ acd {2AC^ + ABD - B^C) + ad^ {B^

- SABC+ SAW) - b^AD^ -i- V^cACD

- b-'dA (C2
- 2BD) - be'ABD + bedA {BC - SAD) - bd'A {B^

- 2AC)

+ c^AW - c^dA^C + cd'^AW - d^A\

7. The discriminant of a quartic written with binomial coefficients, expanded is

a'e3 - Ua^de- - ISa'^c^e'^ + b^'^cd'^e - 21aH^ + hiab'^et' - ^ob'^dT-e - ISOabc^de

+ lOSabcd^ + 81ac*e - 5iac^d^ - 27b*e^ + 108¥cde - Qib^d^ - bU^c^e + Seb^c^d',



RESULTANTS. 349

8. The discriminant of a quartic written without binomial coefficients is

4 (12«e
- 3bd + c"^)^

-
(72ace + 9bcd - 27ad'^ - 27eb^ - Ic^f,

or expanding and dividing by 27,

256a3e3 - 192a'bde^ - 128a^c^e- + lUa^cd^e - 27a'^d* + Uiab^ce^ - Gab^d^e

- SOabc'^de + ISabcd^ + 16ac*e - Aac^d^ - 21bH^ + lUl^cde - U^d^ - Ab^c^e + Jfid^d?.

9. The resultant of cubic (^, B^ C, -D^x, yY and quartic (a, b, c, d^ e^x, yY is

aW* - cC'bCD^ + aHJy' (C^ _ 2BB) - aHB {C^
- BBCB + 3AB^)

+ a?e {C^
- 4.BCW + 2B^D^ + ^ACB'^) + ab'^BB'^ - abcB"^ {BC - SAB)

+ abdB {BC^ - 2B''B - ACB) - abe {BC^ - SB-CB - ACW + bABB^)

+ acW^ (B^ -2AC) + acdB {2AC^ + ABB - B^C)

+ ace {B^C- - 2AC^ - 2Bm + ^ABCB - ZA^r^

+ ad-^B (£3
_ ZABC^ 3A^B) - ade {B^C- 3ABC^ - AB^B + bA^CB)

+ ae2 (jB*
- 4^52^' + 242^2 + 4:A-^BB) -r ¥AB^ + bc^ACB^

- b-^dAB (C2
- 2BB) + bHA {C^ ~ BBCB + BAB"^)

- bc^ABB"^

+ bcdAB {BC - BAB) + hceA {^WB + ACB - BC) - bd'AB (^ - 2AC)

+ bdeA {B^C - 2AC^ - ABB) - bc^A {B^
- BABC+ BAW)

+ c^AW^ - c^dA^CB + c'eA^ {C^
- 2BB) + cd^A^BB - cdeA^ {BC - BAB)

+ ce^A'' {B^
- 2AC) - d^AW + d^eA^C- de'^A^B + e^A*.

10. The resultant of two quartics (.4, B, C, B, E%x, y)*, {a, b,. c^ d, e^x, y)* is

(cf. pp. 220, 277),

a*E* - a^bBE^ + a^cE^ (2)2 -2CE)- a^dE {D^
- BCBE + 35^)

+ a^e {B*
- 4:CB^E + 2C^E^ + ABBE'"- - 4AE^) + aWCE^

- a%cE^ {CB - BBE) + a^bdE {CB"^ -2C'^E- BBE + 4.AE'^)

- a%e {CB^ - BC^BE - BB^^E + bBGE"^ + ABE"^) + a2c2^ {C^ - 2BB)
- a?cdE {CW - 2^Z>2 - BCE + oABE)
+ a?ce {C^B"^

- 2BB^ - 2C^E + ABCBE + 2AB'^B - BB^E^ + 2ACE^)

+ a?d:^E (C3
- BBCB + BAD^ + BB^E - BACE)

- a^-de {C^B - BBCB^- + BAB^ - BC^E + bBWE - 2ACBE - bABE^)
+ a2e2 (C*

- 4:BCW + 2J52D2 + 4ACB^ + iB^CE - 2A C^E - 9ABBE + A.A'^E^)

- ab^BE^ + a¥cE^ {BB - 4AE) - ab^dE {BB^ - 2BCE - ABE)
+ ab'^e {BB^ - BBCBE - AB^E + BB'^E^ + 2ACE^) - abc'E'' {BC - BAB)
+ abcdE {BCD - BAB^ - BB^E + 4J CE)
- abce {BCB^ - BAB^ - 2BC^E - B^BE + SACBE - 2ABE^)
- abd^'E'{BC^ - 2B^B - ACB + bABE)

+ abde {BCW - 2B^-B^ - ACD^ - B^CE + lOABBE - SA'^E^)

- abe'' {BC^ - BB^-CB - AC-B + bABB^ + BB^E - 2ABCE - bAWE)
+ ad^E-' (52 -2AC)- ac'-dE {BW -2ACB- ABE)
+ ac'-e {BW - 2ACB'' - 2B''CE + 4^C2^ _ 4.42^2)

+ acd'E {B'-C
- 2AC^ - ABB + 4.A^E)
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- acde {B^CB - 2AC^D - ABD^ - ZB^E + 8ABCE - 2AWE)
+ ace'^ {B^C^ - 2AC^ - 2B^D + 4.ABCD - BAW^ + 2AmE + 2A^CE)
- ad^E {B^

- 8ABC + SAW) + ad^e {B^B - SABCB + SAW^ - AB^E + 2A'^CE)

- ade^ {B^C- BABC^ - ABW + hA^CB + A^BE)

+ ae3 (^* _ 4^52(7+ 2A'^C'^ + ^A'BB - ^A^E) + h^AE^ - ¥cABI?

+ h^dAE (2)2 -2CE)- hHA {B^ - ZCBE + 35^2) + yic-^ACE"^ - hHdAE {CD - BBE)

+ b^ceA {CB^ -2C^E- BBE + ^.AE') + hW'AE {C'
- 2BB + 2AE)

- b-^deA (OW - 2BB^ - BCE+ 6ABE) + bH-'A {C^-SBCB + 3AB^+ 8B^E - BACE)
- bc'ABE^ + bcHAE {BB - 4.AE)

- bc^eA {BB^ -2BCE- ABE)
- bcd^AE {BC- SAB) + bcdeA {BOB - SAB^ - SB^E + 4ACE)
- bee'A {BC^ - 2BW -ACB + bABE) + bd^AE {B^ - 2AC)
- bd'eA {BW -2ACB- ABE) + bde'A (B^C - 2AC^ - ABB + \A^E)

- be^A (5»
- BABC + SAW) + c^A^ET- - cHAWE + cHA"" {B^ -2CE)

+ c'^d^A'^CE - c^deA' {CB - dBE) + c2e2^2 ((72
_ 2BB)

- cd^AWE + ccZ2e42 {^bD
- 4AE) - cde'A^ {BC - SAB) + ce^A^ {B^

- 2AC)

+ d*A^E - dHA^B + dH-'A^C - de^AW + e*A\

TABLES OF SYMMETRIC FUNCTIONS

aa calculated by Meyer Hirsch and verified by Prof. Cayley. They have been since

extended to the eleventh degree by M. Fa^ de Bruno (see his Theorie des Foiines

Binaires), and in the American Journal of Mathematics to the twelfth degree by
Mr. W. P. Durfee, vol. v. p. 46 and p. 348, and to the thirteenth by Capt. P. A.

MacMahon, vol. vi. p. 289. The equation is supposed to be x*+bx"-'^+cx^~''+&c. — Q.

I. La = - b.

II. 2a2 = b^^2c;ZalB = c.

III. Sa' --b^ + Sbc- Sd; La?^ --be + Sf, Za/3y =; - d

IV. 2a4 = b*- Ab'^c + 2c2 + 4M-Ae; Sa^/S = b'^c -2<^- bd + 4e.

2a2/32 = c2 - 2i<? + 2e
; Sa'^Sy = bd-4e; Sa/Sy^ = e.

V. Sa* = - i* + 5&3(? - bbe^ - Wd + bed + bbe - 5/.

Sa*/3 --b'^c^ 36c2 + Jf-d - bed - Je + 5/.

Za3/32 = _ Jc2 + 262^ + cd- bbe + bf.

Za^^y =-b^d + 2cd + be- bf.

Za'^y = -cd + Sbe- bf-, La'f^yS - - 6e + 5/; LafiySt = -J.

VI. Zas =i6_654g + 952^2_2c3 + 663(i_125c(?+ 3<i2_662e + 6ce + 6*/-6(7.

Sa5/3 = h^c - 462^2 + 2c3 - bH + Ibcd -Sd? + bH - See - b/+ 6ff.

Sa4/32 = 62c2 _ 2c3 - 2b^d + 4bed - 3cf + 252e + 2ce - 65/+ 6y.

Xa3/3» = c3 - Sbcd + 3i^2 4. ^1^2^ _ Zce - Sbf+ Sg.

Sa^/3y = bH - Shed + Sd'^ - bH + 2ce + bf- 6g.

2a3/32y
- bed - Sd^ - SbH + 4ce + 76/

-
12g.

Sa2/32y2 = cZ2 _ 2ce + 2bf
-

2g ; La^l^yd = bH -2ce-bf+ Bg.

2;a2/32yo =ce- 4bf+ 9g; La^fiyds, = bf-6g; Sa/3ya£$ = g.
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VII. Zo^ =-b' + Ib^c - 1463c2 + Tic' - lb*d + 216'cd - IcH - 7i(Z2

+ l¥e - Ubce + Ide - lb'^f+ Icf^ Ibg
- Ih.

Za^(3 =- b^c + 553<j2 _ sjgs + i,*^ _ 952^^; + 7^,2^ + 4^,^2 _ ^3g + gJce

- 7(fe + *y- 7cf- hg + 7A.

2a5/32 = - iV + 36c' + Ih^d - 6^2^^ - ZcH + 76(^2 - 263e + \bcz

-lde + 262/+ 3c/-_ -^ig + 7^.

Sa*/33 = - Jc» + Z¥cd + c^cZ - 56cZ2 - ZhH + 2bce + bde + 762/- 7c/

-
7bg + 7^.

i:a5/3y = - J^^ + 4J)'^cd - 2cH - Ud^ + bH - 3bce + 7de - by
+ 2cf-{-bg-7k.

Za^^y = - b-^cd + IcH + bd"^ + S^'e - Uc& + 2d^-WJ + 4c/+ Ug - Uh.

Za3/33y = - c2rf + 26(^2 ^, ^^e - 5^e - 46y+ 7cy + 46^ - Ih.

Za3/32y2 = _ 6(^2 + 26ce + de- Wf- 8cf +7bgr- 7h.

Za*l3yd =-b^e + Sbce - 3rfe + b"^/- 2cf'-hg + 7k.

Za^fi^yd =-bce + 3de + ib^- 6cf~ 9bg + 21h,

Za2/32y25 =:-de + Scf- bbg + 7h
; "La^^yU = -by+ 2cf+ bg

- 7h.

La^^yda = - c/+ 5bg
- 14A

; Sa^/Jyat^ --bg + 7h; ZaPy^tQn = - h.

VIII. Za8 =b^- 8¥c + 20S*c2 - 1662^3 + 2c* + S^^d - B2b^cd + 2ibcH

+ 12J2^2 _ 8ccZ2 _ 86% + 2U^ce - 8c^e - IGbde + 4e2 + 86^
-

166c/+ 8(|/^- 862^ + Scff + Sbh - 8i.

Za^/S = 66c - 66*c2 + 962c3 - 2c* - ¥d + 1163c<? - 176c2d- 56^(^2

+ 8c(?' + 6*e - 1062ce + 8c2e + 96tfe - 4e2 - 6^/+ 96c/- ScZ/"

+ 625r
-

Sc^r
- 6A + Si.

Za«/32 = 6*c2 - 462c3 + 2c* - 2hH + %b^cd - 9b^d^ + 2ccP + 2b*e - 66*06

- 4c2e + IGbde - 4e2 - 26'/+ 46c/- 8df+ 2b'^g + 4c^
- 86A + 8i.

2a5j33 = 62c3 - 2c* - Zti^cd + 66c2cZ + 362cZ2 _ led? + 36*e - 962c« + 8c2e

+ bde - 4e2 - 36^/ + 6^ + 74/+ 8625r
_

%cg
- 8bh + 8i.

'

Za*/3* = c* - 46c2cZ + 262^2 + 4^^2 + 452^6 _ 4^2^ _ ^bde + 6e^ - 46'/

+ 86c/-Adf+ Ab^g
-

4c^
- 46A + 4i.

Za^^y = 65(i _ 5i,3cd + 56c2^ + 562(?2 _ 5ctZ2 _ 54g + ^^^^e - 2c2e - 96rfe

+ 4e2 + 6y- 36c/+8df- b^g + 2cg + bh- 8i.

2a5/32y = b^cd - 36c2cZ - bH^ + 5cflJ2 - 36*e + 1162ce - 4c2e - lObde + Se*

+ 363/- 86c/ 4- df- W'g + 4c^ + 96A - 16i.

2a*/33y = 6c2^ - 262(^2 _ ^^2 _ yice + 106c7e - 8e2 + 463/- 106c/+ df- 9Pg

+ \%cg + 96A - 16z.

2a*^y2 = 62(^2 _ 2ccZ2 _ 262ce + 4c2e - 4e2 + 263/- 45^^ 4. 8^_ 252^

-
4c5' + 8bli - 8%.

Sa3/33y2 = cd"- - 2cH - bde + ie-.+ hbcf- 7dJ - Wg + 2c^ + 86^ - 8%.
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}:a^l3yS
- b*e - ib'^ce + 2c'^e + Abde - ie^ - b^f+ Ucf - Mf^ b-g

-
leg

- bh + 8i.

5:a«/32ya = i^ce ^ ^c'e- bde + 4e2 - 4iV +l\bcf-Uf+ ^g -
&cg

- lObh + 2ii.

Za'/3'ya = c'e - 2bde + 2e^ - bcf+ 3cf/'+ 56^^
-

^cg
- bbh + 12i.

2a'/32y25 = icZe - 4e2 - 35c/+ 6^/+ 56^ - ^7bk -f 24i.

2a2/32y252 = e2 - 2(Z/'+ 2c^
- 2JA + 2L

i:a*^ySe = ¥f- Zbcf + Zdf- b'^g + 2cg + bh - %i.

I,a'^yoB = bcf- Zdf- bb'^g + 8cg + llbh - 32i.

^a^lPy^B = df- 4cg + 9bh - IGi
; Sa^/SySc^ = b'^g

-
2cg

- bh + 8i.

Ea?(^ydel= eg
- 6bh + 20i

; Za'/3y5£^tj = bh - 8i
; Za^ydil^nd = i.

IX. £a9 = - i" + 96V - 2755<;« + SOJ'c' - %c* - %H + 45S<ccZ - 546V</

+ 9c'cZ - \8h^d'^ + 27Jcc;2 - SfP + 9isc - ZU^ce + 21bc^e

+ 2Wde - IScde - %e'' - %\f+ 27b^cf- 9cy- ISbdf

+ 9ef+ 9b^g
- 18% + 9dg

- 9b^h + 9ch + 9bi - 9j.

£««/? =z-b^c + 7*5c2 - 14J»c3 + 7bc* + ¥d - lB¥cd + ZOb-'cH

- 9cH + 653^2 _ i9Jc(?2 + 3(^3 _ jsg + 1253^6 _ igjc^e

- \Wde + I8cde + SSe^ + b^f- \W-cf+ 9cf+ lObdJ

- 9ef- b^g + lObcg
- 9dg + bVi - 9ch -bi + 9j.

•S,a'^ = - b^c^ + bb^c^ - 6bc* + 2bH - 10b*cd + b¥cH + hcH

+ IWdr - lUcd^ + 3(^3 _ 2b^e + Sb^ce + bcH - 2Wde

+ 4c<fe + 96e2 + 2hf- mcf- bcf+ \8bdf- 9ef

-
2b^g + Abcg

-
9dg + 2bVi + bch - 9bi ^ 9;'.

Sa«/3' = - b^c^ + 3bc* + Sb^cd - db^c^-d - Sc^d - Sb^d"^ + ISbcd^ - Gd^

- 3b^e + \2bHe - 9bc'-e - 9b'^de + 9be'- + 3¥f- 9b\f

+ 9cy- 9e/- 3% + 9dg + 9b'^h - 9ch - 9bi + 9j\

ZaS/3* =-bc* + Ab'^c^d + cH - 2¥d? - Ibcd"^ + 3^^ _ j^j^cq + Uc^q

+ 13^2^6 - 2cde - Wbe + 4iV- Wcf- cf- 2bdf

+ lie/- 9¥g + 18% -
9^*7 + 952^ - 9ch - 9bi + 9j.

So^/Sy --bH+ Gb*ed - 9b^c^d + 2c^d- GbW + 12Jcc^2 _ gc^s + jsg _ s^s^e

+ 5Jc2e +' IWde - llcde - bbe^ - b*f-r 4b^df- 2cY- lObdJ

+ 9ef+ b^g
- Ucg + 9dg

- b'^h + 2ch + bi - 9j.

Xo«/32y = - b^cd + 4*2^2^; _ 2cH + bH'^ - Ibcd"^ + Bd^ + Bb^e - Ub^ce

+ 12bc^e + IW^de - Acde - Ube^ - 3b*f+ IWcf- Ac"-/

- 10bdf+ 18e/+ 3% - 8% - 3&2A + ich + lObi - 18j.

Sa5/33y = - b^c^d + 2cH + 2J'^2 _ ^jfcd"^ + 3(^3 + ¥ce - 2bcH - bbHe

+ 2cde + Ghe' - A¥f+ Ibb-'cf
- 80^/- bbdf- 2ef

+ 46'^
- 10% - 1062A + 18c/i + \Wx - \8j.
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- 6i2e« + 10<;g2 - b^f+ 136V - 2 1Jc'/
- llbH/+ 20cc?/

+ llJe/- 6/2 + h*g
-

12J2c^ + l^d^g + llic?^
-

lOe^

- h^h + llficA - l(idh + *2| _ lOct - hj + lOAr.

£o8/3? = i^c? - 66*c» + 96V - 2c* - 26^d + 126»ci ~ 12b^cH - %bcH

- lZb*di + 286VcP + c2cZ2 - lOSc?' + 26«€ - 106*c«

+ 4i2c2e + Gc^e + 2^lAde - 28hcde + lOcPe - llJ^e'

+ 2ce« - 2J5/+ 863c/+ 26c*/- 226«c£/+ 4ccf/'+ 206e/

- 5/2 + 26V - 662C5'
-

Gc'^r + 206cjfy
- lOeg

- 2¥k

+ 46cA - IQdk + 2bH + 6ci - lObJ + 10A-.

2o'/3» = 6*c' - 4^V + 2c* - 36*c(? + 126'c'd:- 2bc^d + 3b*d^ - 2462cd*

+ 6c'^2 + llbd^ + 36«e - 156*cc + 1862c«e - lOc'e + 12b^de

+ Zbcde - lUH - 15bH* + 10ce« - 36*/+ 1263c/
-

96c2/

- Sb'df- cdf+ 206e/- 6/2 + 36V - ^^^<^9 + ^^<^9
-

^^9

-
Ideg

- Zb^h - bch + 11<?A + 1062t - lOct - 106/+ 10A.

Za*^ =6V - 2c» - 463c2d + 86c3^ + 2b*di - 9c«cP + 2bd^ + 46«ce

- 126Ve + 10c3« - 863^6 + 126c£fe - 2die + 96V - 14ce«

- 46*/+ 1663c/- 186c2/- eb^dj + 20c«?/
- 46e/- 5/»

+ 46V - 662c«7
- 2cV - 46J^ + 14ey

- 1063A + 206cA

- lOdh + 1062t - lOct - 106;* + lOifc.

Ea*/3» . = (?* - 56g3^ + bb^cd^ + 5c^d^ - bbd^ + 56Ve - 5c3e - hb^de

- hbcde + hdH + 56V + 5ce2 - 663c/+ 106c2/+ 1062cf/

- Ificdf- 156e/+ 10/2 + u^g _ i5J2c5r + 5cV + 106c^

-
beg

- bb^h + 106c'^ - bdh + 562i - 5ct - 56;' + bk.

Sqs^y = b^d - 76*c^ + 1463c'^ - IbcH + 76*c^ - 2162c(?' + Tc'tP

+ 76^3 _ ^Bg + 6i4ce _ 962c*e + 2c3e - 1363^?* + 266c^

- lOd^e + 66V - 6cc2 + 6*/- 563c/ + 56c2/+ 126^^

- 12c^- 116e/+ 5/2
- 6V + 462c^

-
2c'^

-
116c^ + lOe^^

+ 63^ - 36cA + lOdh - bH + 2ci + bj
-^ 10^.

Za^^y r= b^cd - bb^d^d + 56c3cZ - b*d> + 962cd2 - Ic^d^ - ^bd^ - 36«e

+ 1764ce - 236Ve + 4c3« - 1663^e + 216c<fe + ^e + 1762ea

- 12ce» + 36*/- 1463c/'+ 126c2/+ 1362<^- Zcdf- 81be/

+ lO/'J
- 36V + ^^^^^g

-
4tfV

- 10*^^ + 20e5' + 363^

- 86cA -^dh-^ BbH + 4ci + 116;'
- 20-^.

Za«/3»y = 6Vi - Bb<^d - 2b*d^ + 662c^2 + Sc^d^ - Ibd? - 6*ce + W^c-^e

+ 563c?e- 156<jcfe+ IZd^e-36V+ 4ce*+ 46*/- 1963c/+ 186^*/

+ 156'4f- \^odf-^lb&f+ 10/2
_

4^4^ + 1562^^
_

8c2(7
- 46^^

-
4c^ + 46»A - 106cA ^dh-1 IbH + 20ci + 116/

- 20*.

2:a*/3*y = bc^d - UHd^ - cH^ + bbd^ - b^^cH + bbH^ - 8rf2e - 862e2

+ 4ce2 + 63c/
- 6c2/- 1262^+ \^cdf^ 236e/-^ 15/?
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Za*(3*y --c^d + Uc(P - 3cZ» + hc^e - Wde + Icde + 55e2 - h'^cf->r cY
+ Udf~ lle/+ 5% - 14% + Ug - Si^A + 9c^ + 5Ji - 9/.

Za»/3273 = _ J3^2 + 3^cd2 ^ 3(^5 + 2S3ce - GJc^e + 6c(7e + he^ - Ib^f^- ^hHf
- %hdf- ef+ 2¥g - Abcg + 9dg - 2b'^h - bch + Ui - 9J.

2a*i35y2 = - bcd^ + 3d' + UcH + I'^de - 8c^e + 2*e« - 56^+ ^c'/
•

+ 26(Z/- 2e/+ 5^3^
- 4% - \Wh + 4c^ + 185i -

18;'.

2a'^'7» = - d» + 3c(?e - SSe^ - 3cy+ 36(^+ 3e/+ 35cy
- 6J^

- 3&2A + 3c^ + 3i* - 3y.

2a«/3y5 = - J^e + 5^3^^ _ UcH - 5^»2cZe + 5ccfe + 5ie2 + J^/- 46V+ 2cy

+ 46cZ/'- 9e/- b'^g + 3% -
3cZ^ + b'^h - 2ch - bi + 9j.

Za^p^yS = - b^ce + Sbc^-e + b^de - 5cde - be^ + 45^- 16b^c/+ 6cy+ 156^
- 7ef- 4b^g + 11% - Mg + 46^^ - ^cTi - llbi + 27;'.

Sa^/J'ya = - ic^e + 252(^ + <;c?e - SJe^ + b'^cf
- bbdf+ 13ef - bb'g

+ 13% - Mg + 11^2^ - 20ch - llbi + 27;'.

2a*/32y23 = ^ i2^e + 2ccZe + be^ + S^V" 6cy- 2bdf+ Bef- hb^g

+ 12% - Mg + bb^h + ch- l%i + 27;'.

Sa'/S'y'^ = - ccfe + Zbe^ -»- 3c'/- 46c?/'- 76/- 7% + IMg + 126'^

- 13c^ -l%i + 21j.

J:a'^y^^= - Je« + 2bdf+ ef- 2bcg
- Bdg + 2b^k + bch - %i + 9;'.

i:a^(3y8t = - b*/+ 4b-^cf- 2c2/- Ud/+ 4e/+ b^g
- 3% + Bdg - b^h

+ 2ck + bi-
9/'.

2a*/32y^e = - *V+ 2<;y+ bdf- 4:ef+ bb*g
- Ubcg + 12dg

- bb^h

+ 8ch + 12bi - 36;'.

i:a}p^y5t
- -

<j2/+ 26^- 2e/+ Sc^r
- 3^^ - W^h + llcA + 6Ji - 18;'.

2a3/3V^« = - J(;/'+ 4e/+ 4% - Ug - WTi + 5cA + 30Jt - 54;.

2a2/32y252,
_ _ g^^ 3^_^

_ 5^^ + 75^ _ 9^_

Za</3y5£$ =-b^g + Bbcg
-

3d:^ + ^2^ - 2cit - bi + 9/.

2a»/32y5£$ = _% + zdg + 662A - lOcA - 136t + 45;.

2o2/32y25£^= -dg + bch - Ubi + BOJ; Za'pydtXt) =-b^h + 2ch + bi- 9;.

"S^a^^yBtln = -ch + Ibi - 27/; 2a2/3y5£^tj6 --bi + 9J.

X. Saio = b^o - lOb^e + Bbb^e^ - 506V + 256V - 2c^ + 106^^ - SOb^cd

+ lOOb^c^d - 406<?'^+ 2bb*d^ - GOb^cd"^ + Ibc'd^ + 106i«

- 106^6 + 506*ce - 60620^6 + lOc'e - 406'cfe + 60bcde - lOd'e

+ 1562e2 ~ 10<:e2 + 106*/- 406V+ 306c2/+ 3062^- 20ccf/

- 206e/+ 5/2
- 106V +3062tf^

-
^Oc^g

~
^Obdg + 10eg+ 10b%

- 206c^ + lOdh - 1062t + lOci + 106;
- lOyfe.

Sa^/S = b^c - mc"^ + 206*c» - 166'c* + 2c^ - Vd + lb¥cd - MobHH

+ BXbcH - Ib^di + 8362crf2 _ i5c2(P _ yj^s + jeg

- 146*ce + 3362c2e - lOc'e + IBbMe - 42bcde + lOt^

ZZ 1



SYMMETRIC FUNCTIONS. 355

-
ob*g + ISb^cg

-
8c^g

-
7bdg

- Ug + IIM - ^Ibck

+ 20dh - lUH + 20ci + Ubj - 20k.

Za^jS^y* s: b^d^ - 462c^ + ic^d^ + 4jbc^ - 2b*ce + Sb^e^e - 4c»e - Sbcde

- id^e - &%« + 10ce2 + 2b^f- mcf+ Ucy+ lOb^dJ

- Acdf- Sbe/+ hp - 2¥g + Gft^c^
-

8^^?^
-

2eg + 2**^

- 4.bch + 10^^ - 2i2i - 6(n + 10*;'
- lOA.

2a*/3»y' = i2<j(Z2 _ 2c2i2 - bd^ - 2bHH + 4c»e - bHe + 55cde + dH + i»i8«

- 12ce2 + Wcf- ISbcy- U^d/+ 17cd/+ IQbef- 15/2

-
bb*g + IW^cg - Ac'^g

- 19bdg + 2Qeg + bb^h - Zbch

-dh- 12bH + 4c* + 20^'
- 20*.

Za«^y2 =c'd^- 2bd? - 2fie + Abode + 2cPe - SJ'e^ + 2^2 + 2b(f'f

+ 2J2(;/-- 12c^+ 45e/+ 5/^2
_

6*2^^ + io<.2j7 + 45dj7

-
14e^ + 6J3A - 125C-A + IMh - 6bH + 2ci + 10*/

- 10*.

2:a*/53y» = J(? - 3JcJe - cPe + 3i2e2 + 2ce2 + 3icy- 5J2^+ c(^- Sbef

+ 5/2
-

3*2^^
-

4c2^ + I3bdg - 2eg + Bb^h + beh - Udh

- lObH + lOci + lObj
- 10k.

la^PyS = ¥e - 6i*ce + 9*2c2e - 2cH + GJaJe - \2bcdi + MH - 6*2*2

+ 6ce2 - **/+ hh^cf- bbc'^f- Wdf-^ 5cd/+ llbef- 6/^

+ *V - 4*2c^ + 2*2^ + 4*</^
-

lOey
- b^h + 36cA - Bdh

+ 62j _ 2a - 6;' + 10*.

2a«i32y5 = *4ce - 4*2c2e + 20^6 - ¥de + Ibcdt - 3d^e + b^e^ - Bce^ - 4*»/

+ Idb^cf- YIb<?f- lWdf+ lbcdf-\- ISbef- 15/2 + 444^

-
Ibb^cg + ec^g + 16bdg - 6eg

- U^h + llbek - ddh

+ 462t - eei - Ubj + 30*.

2a5/33y3 = b^eH - 2cH - 2b^de + ibcde - 3d^e + 2bH'^ + 2ce2 - *3c/-+ 2ic^

+ Zh^df- Acd/- 12be/+ IO/2 + 5b*g
-

19*2^.^ + 10<?2^ + 15*<^

-
6eg

- 553^ + IBbeh - 96?^ + 12*2i ~ 22ci - 12*;' + 30*.

2a*j8*y* = <?'« - Bbcde + 3d^e + 3*^62 - 3ce2 - *c2/+ ib^df+cdf- Sbef

+ 5/2 + b^cg
-

c2y
-

3bdg + 9eg
- 6b% + llbck - 15dh

+ 6*2i _ llct - 6*;' + 15^.

Za^f^y^d = *3(?e - Bbcde + Scf^e - *2e2 + 2ee'^ - 3b»qf+ 9bcy+ 2bHf
- \3cdf- bef+ 10/'2 + 5*V - 17*2<?^ + 4^2^ + IBbdg

-
l^eg

- bb% + 12*cA - Mh + 5*2* + 2c* - 21*;' + 30*.

r«</33y25 = bcde - 3(^26 _ sjzgz ^ 4j,g2 _ 3Jcy+ 4*2^+ bed/- bp
+ 7*2^;^

-
8c2^

-
15*6?^ + 12e^ - 12*^^ + 21*^!^ + 3dk

+ 26*2i _ 28ci - 42*;' + 60*.

2:a3/3'y'5 = d'^e - 2ce^ -cd/+ bbef
-

5/= + 4c«^
- Ibdg + 2eg

- ibeb

+ lldh + IbH - lOci - Ibj + 10*.
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5:a*/32y'^^ = i^e^ - 2ce2 - V>^df ^- 4.cd/- 5/2 + 2b^cg
-

^c^g + lOeg
- 2b%

+ Uch - lOdk + 2bH + 6ci - lObj + 10k.

Za?^y^S^ = <?e2 _ 2cdf- bef+ bp + 2cV + ^bdg
-

2eg
- Ibch + Uh

+ UH + ci - Ibbj + 15^.

Zo«j3ya£ = 6»/
-

bb^cf+ bbc-^f+ Si^ff/-
- bcdf- bbef+ 5/2

- 6^ + ^S^c^

-
2c'^g

-
45^/^ + 4:eg + i^A _ 36<;A + Mh - bH + 2ci + ftj

- 10^.

Z o*/32yii = 63^- 36^2/
_

i^df+ 5c(^^ Iff-bp- b¥g + 1962^^
-

gc^^

-
196c?^ + l&eg + 563^ - l^bch + 126?A - 5&2t + Sot + ISJj

- 40^.

2o*/3«y5« = 6^2/- 262c/- c</+ 66e/- 5/2
-

62c^ + bbdg
-

8e^ + &b%

- lebch + \2dh - 1362i + 24a + IZbj
- 40^.

Za*p2y22£
-
i^df- 2cdf- bef+ bp - ^b-^cg + ^c'g + 8&cZ^

-
\2eg + 96^^

- 235c7i + 18(i/^ - 962i + 4ci + 33jy
- 60^.

l.a?^ynt. -cdf- Zbtf+ bp -
Ac^g + 6&^^ + Uch - 2Adk - 21bH

+ 28a + 336/"
- 60^.

2a'/82y252, ^ je/- 5/2
-

Zbdg + 8e^ + bbch - 2dh - 7bH - 8a' + Zlbj
- 40Jfc.

Za2/327252j2 -yz _ 2e^ + 2dh - 2ci + 2bj
- 2k.

2a»/?y5e$ = b^g
- AbHg + 2c2^ + Abdg - Aeg

- b% + Uch - 3dh + bH

- 2ci - bj + 10k.

2o*/32y5f$ = b^cg
-

2c^g
-

bdg + Aeg
- mh. + llbch - Ibdh + 6bH

- lOci - UbJ + bOk.

Xa^fi^yStl = c^g
-

2bdg + 2eg
- bch + Bdh + IbH - IZci - Ibj + 2bk.

Za'/32y25«$ = bdg
-

ieg
- bbch + 12dh + 1462* _ 12ci - AUj + 100k.

^a^(i-^yWtl -eg- 4dh + 9d - 166;' + 2bk.

Za*/3y5£$Tj = b% - Bbch + 3dh - bH + 2ci + bj
- 10k.

2a3/32y5£^Tj = bch - 3dh - UH + 12ci + 156;'
- 60/fc.

2a2/32y25£^t, = dh- Qci + 206;'
- 50*

j Za3/3ya£^j)0 = 62i - 2a - bj + 10k.

Zo2/32y5 &c. = ci - %bj + 3bh
; Ea^fty &c. = bj

- 10k.

Prof. Cayley noticed a certain symmetry in the coefficients of the preceding formulae,

which may be more easily exhibited by using Hirsch's notation. If such a sum as

I,a^^y^dtl be denoted [32213] and the coefficients be Ui, a^, &c., so that (32213) will

denote a^a^a^^ then the formulae for the sums of the fourth order may be written

+ 4
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Absolute invariants, 111, 175.

Apolarity, 224, 336, 337, 346.

Aronhold, on symbolical methods, 147.

On invariants of ternary cubic, 343,
On the differential equations of in-

variants, 344.

Baltzer, on determinants, 338.

Bezout, on elimination, 81, 105, 338, 342.

Bezoutiants, 343.

Binet, on determinants, 338.

Boole, on linear transformations, 109, 343.
Form for the resultant of two quad-

ratics, 24, 165, 180.

Borchardt, proof that the equation of the
secular inequalities has all its roots

real, 54.

Bordered. Hessians reduced, 17.

Bordered symmetrical determinants, value

of, 36.

Skew symmetrical determinants, 266.

Brill, on sextic, 273.

Brioschi expresses differential equation of
invariants in terms of roots, 342.

On solution of the quintic, 257.
On determinants, 331).

Burnside, investigation of radius of sphere
circumscribing tetrahedron, 26.

Transformation of binary to ternary
forms, 172.

Applications of this method, 181, 189,
200, 202, 214, 222, 281.

On solution of biquadratic, 196.

Canonical forms, 150, 194, 228,277, 281,345.
Canonizants, 154, 226, 282.

Catalecticants, 156, 190, 261,

Cauchy, on determinants, 33, 338, 340.

Cayley (see also p. 343).
His expression for relation connecting
mutual distances of five points on
a sphere, 26,

of five points in space, 27.

Application of skew determinants to
the theory of orthogonal substitu-

tions, 41, 339.

Calculation of number of terms in a

symmetrical determinant, 45.

On symmetric functions of roots of

equation, 58, 342.

Statement of Bezout's method of

elimination, 83.

General expression for resultants as

quotients of determinants, 87, 306.
Notation for quantics, 99.

Cayley, discovery of invariants, 109, 343.
On the number of invariants of a

binary quantic, 132, 176.

Definition of covariants, 136.

Symbolical method of expressing in-

variants and covariants, 137.

Identifies two forms of canonizant of

equations of odd degree, 155.

On discriminant of discriminant, 166.

On tact-inVariants, 169.

Method of forming a complete system
of covariants, 176, 186, 199.

Eelation connecting covariants of

cubic, 186.

Solution of a cubic, 186.

Solution of a quartic, 195.

On criteria of reality of roots, 197.

On covariants of system formed by
quartic and its Hessian, 201.

On covariants of quintic, 237.

Canonical form for quintic, 238.

Tables of Sturmian functions, 240.

On Tschimhausen transformation,251.
On rational functional determinants,

340.

On invariants of sextic, 345.

Tables of symmetric functions, 350,
356.

Clebsch, on symbolical methods, 147.

Special form of ternary quartics, 151,
335.

Conditions a sextic may be sexti-

covariant of quartic, 282.

Proves that every invariant may be

symbolically expressed, 315.

Proves number of forms is finite, 320.

Investigates resultant of quadratic and

general equation, 326.

General expression for discriminant,
326.

Investigates equation of system of

inflexional tangents to a cubic, 330.

On type form of even binary, 335,
Form of resultant of two cubics, 345.

Cockle, on the solution of the quintic, 267.

Combinants, 161, 345.

Invariant of invariant of u + Xv is a

combinant, 211,

Of a system of two quartics, 219.

Common roots determined, 91.

Commutants, 339.

Complete systems,177,185,199,237, 260,347.
Concomitants, 121.

Conditions that equations should have two
common factors, 78, 97, 291, 312,
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Conditiona for systems of equalities be-
tween roots, 126.

That quantic should be reducible to
sum of powers, 166.

That u + X.V should have a cubic

factor, 166, 205, 221, 279.
That u + Xv have two double factors,

166, 220, 279.
That four points should form a har-
monic system, 179.

That three pairs of points should form
system in involution, 180.

For three quadrics to be differentials
of a quartic, 224.

to be quadric covarianta of two
cubics, 225.

That quartic should have two square
factors, 220.

That two quartics should be differen-

tials of same quintic, 220, 228.
That quintic should admit of being
brought by linear transformation
to Jerrard's form, 232.

That quintic should have two square
or a cubic factor, 233.

That sextic should have two square
or a cubic factor, 263.

That roots of sextic should be in in-

volution, 270.

For sextic to be Hessian of a quintic,
282.

For sextic to be sexticovariant of

quartic, 282.

That quantic have two square or one
cubic factor, 294.

Conjugate forms, 225, 337, 346.

Contragredience, 118, 346.
Contravariants, 117, 120.

Of binary quantics not essentially dis-

tinct from govariants, 127.

Continuants, 18.

Covariants, 114; distinct, 175.
How defined by Cayley, 136.

Number of, for binary quantic, 132,176.
Cramer, on determinants, 338.
Critical functions, 60.

Cubicovariant of cubic, 130, 183.
Cubic discussed, 183.

System of two, 204
;
of four, 216,337.

Cubic, quaternary, its canonical form, 160.

Cubinvariants, only tjpe of, 141.

Derivatives of derivatives expressed sym-
bolically, 321.

Dialytic method of elimination, 79, 342.

Differential coefficients of determinants, 35.

Of resultants with respect to quantities
entering into all the quantics, 96.

Differential equation of functions of differ-

ences of roots, 61, 342.
Of invariants, 131.

Differentiation mutual, of covariants and

contravariants, 126.

Discriminant defined, 99.

Of binary quantic expressed as deter-

minant, 23,

Discriminant of prodnct of two quantics,
101, 167.

Of discriminants, 166.

Sign of distinguishes whether equation
has even or odd numbers of pairs
of imaginary roots, 239.

General symbolical expression for, 826.
Distinct invariants and covariants, 175.
Double points of involution, 162.
Double tangents of plane curves, 333.

D'Ovidio, on two cubics, 213 ; quartics, 345.

Durfee, on symmetric functions, 850.

Eisenstein, expression for general solution
of quartic, 343.

Eliminants defined, 66.

Elimination, 67.

Emanants, 116, 333.

Equalities between roots of an equation,
conditions for, 125.

Equianharmonic, 184,

Invariant, 190, 259.

Euler, a theorem of, 25.

On the theory of orthogonal substi-

tutions. 44.

On ehmination, 77, 342.

Evectants, 122.

Of discriminant which vanishes, 123.

Symbolical expression for, 146.

Of discriminant of cubic, 130, 183.
Of cubinvariant of quartic, 192.

Of quartinvariant of quintic, 237.
Of sextic, 279.

Fa^ de Bruno, calculates invariant of

quintic, 230.

On elimination, 342.

On symmetric functions, 850.

Forme-type of quintic, 249.

Of even quantic, 335.

Of quantic of order 3p, 337.

Gauss, on linear transformations, 338, 343.

Gerbaldi, on two cubics, 213.

Gordan, on number of covariants, 176,

213, 224, 260, 320, 324.

Gundelfinger, on system of cubic and

quartic, 218.

Harley, on solution of a quintic, 257.

Harmonic invariant, 190, 260.

Hermite, law of reciprocity, 142, 179.

On transformation of a quadratic
function, 42.

On concomitants of system formed by
quartic and its Hessian, 201.

Canonical form for quintic, 233.

Discovery of skew invariant of quintic

233, 345.

Expression by invariants of conditions

of reality of roots, 242, 250.

Forme-type of quintic, 249.

On Tschirnhausen transformation, 251.

Solution of quintics by elliptic func-

tions, 257.

Expression of invariants of quintic in

terms of roots, 258.
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Hessians, 17, 1 17, 144, 183, 192, 227, 261,341 .

Contain all square factors of original

quantic, 163, 198.

Of Hessians, 202, 321.

Hill, on quintic, 260.

Hirsch's tables of symmetric functions, 350.

Homographic determinant, 33.

Hyper-determinants, 343.

Inflexional tangents to cubic, calculation

of their equation, 330.

Invariants, 111 ; irreducible, 175.

Absolute, 111, 190.

Skew, 131.

How many independent. 111.

Eelation connecting weight and order

of, 130.

Involution, 162.

Condition roots of sextic be in, 270.

Determinant, 25, 33, 180, 270.

Foci of, 179, 193, 259.

Jacobi, on determinants and linear trans-

formations, 339, 340, 341.

Jacobian, of systems of equations, 84, 117,
342.

Properties of, 84.

Geometrically interpreted, 162.

Its discriminant discussed, 164.

Of two quadratics, 179.

Of quartic and its Hessian, 201.

Of systems of quartics, 271, 274.

Jerrard, transformation of a quintic, 232,

250, 259.

Joachim sthal, expression for area of a

triangle inscribed in an ellipse, 26.

Theorem on form of discriminant, 102.

Kronecker, solution of quintic by elliptic

functions, 257.

Kummer's resolution into sum of squares
of discriminant of cubic which de-

termines axes of a quadric, 55.

Lagrange, on solution of quintic, 257.

On determinants, 338.

On conditions that equation should
have two pairs of equal roots, 342.

On linear transformations, 343.

Laplace, on determinants, 338.

Equation of secular inequalities, 48.

Leibnitz, his claim to invention of deter-

minants, 338.

Lindemann, on geometric exposition, 174,

216, 218, 336.

Condition for sextic to be Hessian of
a quintic, 282.

Linear covariants of cubic and quadratic,
187.

Of two cubics, 209, 215.

Of cubic and quartic, 219,
Of quintic, 235, 249.

MacMahon, on symmetric functions, 350:

Meyer, on apolarity, 224, 276.

Minor determinants, 10, 28.

Minor determinants, of reciprocal system
how related to those of original, 31.

Muir, on continuants, 18.

Multiplication of determinants, 20.

Newton, on sums of powers of roots of

equation, 56.

Number of terms in a symmetrical de-

terminant, 46.

Of quadrics which can be described

through five-^joifitS'^to touch four

planes, 2'3f. -^^^

Of invariants of a binary quantic,
132, 175.

Of distinct forms finite, 176, 325.

Order of determinants, 7.

Of symmetric functions, 58.

Of invariants, 130.

Of resultant of any equations, 76.

Of discriminants, 99.

Of systems of equations, 284.

Orthogonal substitutions, 42.

Osculants, 171.

Poisson's method of forming symmetric
functions of common roots of sys-
tems of equations, 72, 342.

Quadratic forms, transformed, 42.
Reducible to sum of squares, 151.
Number of positive and negative

squares fixed, 151.

General expression for resultant with

equation of n'* degree, 327.

Quadric systems, 179.

Quadrinvariants of binary quantics, 128.

Quartic, theory of, 189.

System of two, 219, 271.

Quartinvariant of odd quantic, 129.

Quintic, theory of, 227, 347.
Involved in theory of sextic, 273.

Reciprocal determinants, 30.

Reciprocity, Hermite's law of, 142, 179.

Reducing sextic for quintic, forms of,
257.

Resultant, order and weight of, &^, 75.
Of two quadratics, 63, 77, 83, 85, 180.
Of two cubics, 77, 85, 205, 345.
Of two quartics, 81, 86, 220, 277.
Of quadratic and any equation, 327.
Tables of, 348.

Reye, on apolarity, 346.

Roberts, Michael, on sources of covariants,
134, 238.

On application of Sturm's theorem to

quintics, 240.

On equation of squares of diflEerences,
347.

Roberts, Samuel, on orders of systems of

equations, 310.

Roberts, W. R. "W., on twisted cubic, 174.
219 c, d.

'

Rodrigues, orthogonal transformations, 44.

Rosanes,on conjugate forms, 346.
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Schlesinger, on conjugate forms, 225.

Seminvariants, 176.

Serret's notation for differential equation
of covariants, 65.

Sextic, theory of, 2r.O, 347.

Skew symmetric determinants, of even

degree are perfect squares, 38.

Bordered, 266.

Skew invariants defined, 131.

Of all quantics vanish when quantic
wants alternate terms, 234.

Skew invariant of qnintic, 233, 282.

Vanishes if quintic can be linearly
transformed to recurring form, 242.

Expression in terms of roots, 258.

Skew invariant of sextic, 260, 269, 282.

Source of covariants, 134, 238.

Sphere circumscribing tetrahedron, 26.

Relations connecting mutual distances

of points on, 26.

Spottiswoode, on determinants, 338.

Stephanos, on sextic, 273, 282.

Stroh, on two quartics, 345.

Sturm's functions, Sylvester's expressions

for, 49.

In case of quartic, 197.

of quintic, 240.

Extension of, 105.

Sturm, R., on geometrical representation,
345.

Superfluous variable, method of using, 207.

Sylvester (see also p. 343).
Umbral notation for determinants, 8.

Proof that equation of secular in-

equalities has all real roots, 28, 48.

Expression for Sturm's functions in

terms of roots, 49.

Dialytic method of elimination, 79, 342.

Expression of resultant as determi-

nant, 86.

Sylvester,extension of Sturm's theorem,105*
On nomenclature, 121, 122, 190, 341,

342, 345.

Canonical forms of odd and even
degrees, 153, 156, 227, 345.

Of quaternary cubic, 160.

Expressions for discriminant with re-

gard to variables which do not enter

explicitly, 168.

On osculants, 171.

On number of distinct forms, 176.
Reduces system of two cubics, 213.
Reduces system of cubic and quartic,

218.

Reduces system of two quartics, 224,
345.

Investigation of invariant conditions
for reality of roots of quintic, 242.

On Bezoutiants, 343.

On combinants, 345.

Symbolical expression for invariants, <fec.,

137, 314.

Symmetric functions, 56.

Their use in finding invariants, 124.

Tables of, 350.

Tact-invariants, 169.

Of complex curves, 170.

Tetrahedron, radius of circumscribing
sphere, 26.

Transvection and transvectants, 320, 346.

Tschirnhausen, transformation of equa-
tions, 250.

Type, or typical forms, 249, 335.

Umbral notation, 8, 314, 338.

Vandermonde, on determinants, 338.

Warren, on system of two quartics, 221.

THE END.

W. METCALPfJ AND SON, PRINTBRR, CAMBRIDGE.
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